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Density Functional Theory: Basic facts

O Is DFT a mean field theory?!
No, DFT is a map from the many-body system to the Kohn—Sham Auxiliary System.

O Is DFT an approximation?!
No, DFT is an exact theorem. The approximations comes only through the Exchange-Correlation (XC) functionals.

L Does one-particle Schrodinger equation (SE) mean that there is only one particle in the system?!

No, it means that the electron-electron interaction is ignored or mean-field integrated or is included into XC
functionals. So, the many-body SE can be written as independent one-particle SE’s.

O Is DFT an intuitive theorem?!
Yes, just look at the Poisson equation:
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One-particle Schrodinger Equation

h2
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General form: [

H(r)Yi(r) = V2 4+ U(r) | i(r) = githi(r)

Uk (r) = ) cni(k)o;(K,r) j(k, T + Ry) = ™o (k)




One-particle Schrodinger Equation

Matrix form:

det [ng (k) — E‘kS{,j (k)] = 0.

Variational form:

<’ﬁbnk’H”ﬁbnk> /’ﬁbnk )’ﬁbnk( )d'r — ZCZz(k)CRJ (k)Hw (k)

iJ

() = [ Vi) () dr = 37 5 () (S35 () = 1
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One-particle Schrodinger Equation

LCAO Method (Linear Combination of Atomic Orbitals) b, (k, ) Z ik-Ron, “R,)
f m
Plane-Wave Method b (k1) L iktra)r
J ) = Te ’
7
Orthogonalized-Plane-Wave Method 1 Noge
° 03 (k.r) = —=e BT N7 (ke + Gk, 7)
Pseudopotential Method
udopotential Metho %km:z% { Z“Ja )b (K, T)
i
Augmented-Plane-Wave Method
= WZ Z i (k) Y™ (O, 02) Y™ (0, )
=0 m=-1
Green Function or KKR Method () = /G(k v — 1 Yoa(r ) (') dr
LMTO Method (Linear Muffin-Tin Orbital) Vi (r) = Z B (k) Z R Rig (r — R,)
lm 7

SITY or
FIAWARE. 5



Density Functional Theory: The Hohenberg—Kohn Theorems

Theorem |: The ground-state wavefunction and therefore the ground-state energy is a unique functional of the

ground-state electron density. This is true for the ground-state expectation value of any observable physical
quantity.

Theorem II: The energy as a functional of the density takes its minimum at the true ground-state density.

Vi) &= 5p(r)
U 1
v:({r})) = Yo({r})

Thus, the many-body SE can be mapped to a one-particle fictitious system: The one-particle Kohn—Sham
Auxiliary System!

Vum €5 om0 & om0 B v
() 1) i) ()
i({r}) = Yo({r} Vi—1.N,(r) & Yi(r)
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Density Functional Theory: The Kohn—Sham System

The many-body system : ¥, (71, 7o, ..., TN )

HW) = (T + U+ V) %) = Ey|¥)

Ne h2 Ne Ne
]

The KS system:

{_ i V: 4 VS('P)] ¢i(r) = €ipi(r)

2Me

Ne
Ne(r) = Z i (7)]?




Density Functional Theory: The Kohn—=Sham Theorem

The Kohn—Sham System:

Tylne(r)] = (T T|W) Z/¢ (T)( 2) bi(r) dr Ii[ne(r)] # Tne(r)]
Uslne(r)] = & / [ el gy Un[ne(r)] # U

Eoena(r)] = / Ve (7)1 () dr

E[ne(rn=§; [oin (—fevz) i(r)dr+ [ Voa(rpna(r)dr + // ")) 40/ A 4 Erele ()

r— |

Exe[ne(r)] = Tlne(r)] = Ts[ne(r)] + Ulne(r)| — Un[ne(r)]




Density Functional Theory: The Kohn—=Sham Theorem

The Kohn—Sham System:

Va(r) = Vexa(r) + €7 / |fef'"3| dr’ + Vie[ne(r)]

Vielne(r)] = 0 Eie[ne (7))

e ()
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Density Functional Theory: XC Functional

52
B, fno(r)] = // Ne (T )Ny (T, T )d_r! dr

=

The XC functional:

nxc(‘l‘,‘l’") = ne(?‘) [g(T&T!) - 1]

g(r,7’) is a mean of the pair distribution function over the coupling strength.

There are two main approximation for XC functional:
1. LDA: Local density approximation

2. GGA: Generalized gradient approximation

ECGA — /d’rf(nT,nl,V’n,T,V’n,l)




Spin Density Functional Theory

The potential includes the exchange field as well:

V= / Vst (r)n(r) — B(r) - m(r)] dr
Now, observables are functional of both charge density and magnetization:

M(r) = (Z[m(r)[¥)

m(r) = gepp »_ 86(r — ;) = Sgepp Y _ o8(r — 1)

And the KS equation:

h2
Z { |:_ I€m V2 + I/S(T)] 50’0” - %QBMBO.O'O" ’ BS(T)} qbior’ (T) — Eiaqbéo('r)

ne(r’) \,  0Exc[ne(r), M(r)]
r — r’|dr * One(T)

O Exc[ne(r), M (r)]

I/S,(T) — I/e.-)d;(?") + éz

Bi(r) = B(r) —

SM (7r)




Spin Density Functional Theory

Spin-polarized system:
npp(r) npp(r)\ _ 1

ple) = (”m(l') nu(l‘)) =z r)oo+mix)-c]
n(r) = Te{p(r)}
m(r) = Tr{p(r)or} = m(r)u(r)

O = e€,0y + €0y + €;0;

The XC Functional:

Ecdln (r).n.(r)] = [ exclni(r).my (r)(r) dr

Spin-orbit coupling: B2 1 dU('r')
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Density Functional Theory: Self-consistent solution

Self-consistent Kohn—Sham equations

Initial guess

atirntin

|
g

Calculate effective potential

V) = Vest(r) + Vitanreeln] + VInT.nt]

l

Solve KS equation

[—&v1+ VI(r) |7 (r) = 7 W (r)

1
Calculate electron density

w70 = X f7 o o

Crutput quantities




Magnetism: Fundamentals

Exchange interaction: Direct Exchange, Indirect Exchange, Superexchange, Double Exchange
Magnetic order: random(PM), collinear(FM, AFM), noncollinear(AFM)

Characterization parameters: Magnetization, Susceptibility, Critical temperature
Characterization tools: Temperature, Light, External Field

Spins: classical vectors, (bosonic) quasiparticle

Phase transitions: FM @ Curie Temperature, AFM @ Neel Temperature




Magnetism: Magnetic materials

Type of

Magnetic

Temperature

magnetism suscepdiility, ¢ Atomic / Magnetic Behavior depandence Examples and comments
Negative and eco e The shells of the atoms are closed
Di ic small, L N R N N Temperature as in the case of covalent solids
amagnet: Aw-274x10° | o 0000 independent such as Ge, Si, and metals such as
Cu: -0.77x10° YY) Au, Cu, Ag, etc.
Positive and
small, .
p-Sn: 0.19x10° Temperature Atoms have |m1domly_onelg<;::l nd
Pt: 21.04x10° independent pagnerc moments as inafkala
Mn: 66.10x10° | § =7 N transition metals
Paramagnetic 10°-10* Ay
i L FollosCuricor | 107 S e ot
Positive and T H Corie-Weins law: moment as in ferromagnets (Fe),
small _ C antiferromagnets (Cr),
A=T_g | ferimagnes (Fe,0,)at high
temperatures
- Atoms have parallel aligned
}’ouu\r;l:cngm Ferromagnetic magnetic moments, possesses
:;ge. lied field, below Curie large permanent magnetization
Ferromagnetic mi:f',:sn'u cture temperature and even without external magnetic
dependent : z : t paramagnetic field as in some transition metals
Fel‘}il 00.000 above it and rare earths such as Fe, Co, Ni,
) ' Gd, Dy
Antiferromagnetic | Atoms have mixed parallel and
Positive and below the Néel anti-parallel aligned magnetic
Antiferromagnetic | small, temperature and moments Primarily oxides and
Cr: 3.6x10° paramagnetic salts of transition metals such as
above it MnO, NiO, MnF..
Positive and . .
large, function : ::;:w m:f:étrne Atoms have anti-parallel aligned
Ferrimagnetic of applied field, temperature and MAgNELc moments, possesses
microstructure ) paramagnetic large magnetization even without
dependent, ‘ ‘ ‘ above it external magnetic field

Ba ferrite: ~3




Magnetism: Quantum Theory

» Local Moment Magnetism: localized electrons
» lItinerant Magnet ism: delocalized electron

local itinerant

=0 11T 11111
T<Te \[\// tt111



Magnetism: Exchange interaction

Antibonding molecular orbital
Energy | - (empty)

<

1s atomic  1s atomic
orbital orbital

Bonding molecular orbital
(full)

H(ry,r2) = Ha(r1) + Hp(r2) + Hing (71, 72),

R PR N VAR JL -/
r) =— — ry) = — —
AL Qme ! |T1 — RA| BTz Zme 2 |’T'2 — RB|
é2 &2 &2 e
Hint(r1,72) = — — — + +




Magnetism: Exchange interaction

!‘p(rla S1, T2, 32) — Q/b(‘rla T2)X(Sla 32)

Us(r1,72) = Ny [a(r1)Ys(re) + ¢a(r2)s(r)] be(r1,m2) = N_[tha(r1)Yp(r2) — ¥a(r2)dp(r)]

Xs(Sla 82) — % [|T>1 |l)2 — |l)1 |T>2] ( |T>1 |T>2
- xa(strs2) = § [N 1D2 + 11111
N 1 D11
5T V2 £ [SasP) ey = (GaHlts) = £a +ep + 2N2(C + T)

ey = (Vy|H|ht) = ea +ep + 2N2(C —I)

Sap = ] ¥4 (r)s(r) dr
C= / i (11 ) () Hongop (71 ) g () dy g

. / (11 )ty (7o) Hams gy (71 ) (72) dry




Magnetism: Exchange interaction

» Energy difference:

C|S|2—1T
1—|S*

ey —es =2C (N2 — N37) — 2 (N2 + N3 ) =2

» Exchange energy (Heisenberg exchange parameter):
gt — g = —2J

» The eigenvalue of the square of the total spin S = s1 + s2 is zero in the singlet state (S = 0) and two in the triplet
state (S = 1), therefore, we can define an effective Hamiltonian,

Heg = €4 + %(E‘t — e@,)S2 — €g — JS?

» Heisenberg exchange Hamiltonian

Hott = —2J (81 - 82+ 2) + &4




Magnetism: Hamiltonian Models

(1D-Ising) (2D-XY) G
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Magnetism: Elementary Excitations

» Magnetic moments are not static.

» Thermal or quantum fluctuations result in spin wave excitations (magnon).

TTTTVNNVYTT T
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Magnons from Density Functional Theory

There are two ways to obtain magnon dispersion from DFT:

1. The first method is to extract magnon dispersion directly from DFT calculations:
a) TDDFT (real-time time-dependent DFT)
b) Dynamic transverse magnetic susceptibility (Linear response)
c)

2. The second method is to obtain the Heisenberg exchange constants from DFT:
a) Spin spiral (Frozen magnon)
b) Magnetic force theorem

c) Multiple Scattering Theory (Green’s Functions)
d) ..




Magnon Dispersion from real-time TDDFT

TDKS equation:

,O0¢hi(1, t) 1 _ 1 2
l (;)J;:' |:E( iV i _/Aexl(t})

c
! B
Fvs(r t}izﬂ" s(r, 1)
| 41?6 x (Vwg(r, t) x EV)] ¢i(r,t)
(a) (b)
. o on
\
. o R e < SRS ©
S A
(e (d)
e & © N e & O °
X y® X V@

https://doi.org/10.1002/pssb.201900654
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https://doi.org/10.1002/pssb.201900654
https://doi.org/10.1002/pssb.201900654

Magnon Dispersion from Transverse Magnetic Susceptibility

Dynamic transverse magnetic susceptibility within linear response theory:

350 45
40
. | . e 35~
Im XKS (q.w) = 5 N E (fnk — fmk—i—q) _ 250 308
Kk nm K E 200 253
N _ 3 150 202
— 2 15%
X |( i 41'?111{—1—(]"{T ‘ U nk)l 5(6.&1[{ — €mk+4q + ) 100 10E
50 5
0
H 0.35H q I 0.38N
) 400 (©
8 B E _ 350 Loong et al. (Experiment) e !
o¢ Im }‘L'—l_ (q.ff)) Rousseau et al. (TDDFPT)  « .
Q0w | 300f  Buczeketal. (TDDFPT) o Vi
< 250 Our caculaions = * %+
£ 200 Y
3 150 2 ...o -A!
100. uy CyTiis
50 =em, e
0 e S ___d‘}
0.35MH r q N

https://doi.org/10.1103/PhysRevB.97.024420
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Exchange parameters from DFT: spin spiral

1

Hy = —— JPe e 8
ex N mn Mo n, 0 I AU
mneefi Sin2(9) (Eaa [07 {9}] Eour [qv {9}])
€,e = SIN(A) COS(Yime )X + sin(f) sin(y,,q )Y + cos(6)z _ Z JE(1 — cos(q - Rua)).
Yma:q'Rmd‘I'qbd- n
1 — = (E°.10.{8}] — E°,[q.{0
E@ == D Jiben(d) - el sini(@) (Lapl 101 = Eggla. 1)
mnap -2 Jaﬁ | — " (Roy —R,
Ela.(Gr. ). 2 (1= 003 (@ (Roa = Ryp)
= Eo — % ;ﬁ Jd':,ﬁ(Siﬂ(Qa) sin(fg) + ; JE(1 — cos(q - Rug))
x cos(q - (Rogy — R,g) + ¢ — Pp) — c0s(6,) cos(bg)) + Z Jo‘iﬁ(l — cos(q - Ryp)).
E2,1q.{6)]1 = Elq.61. ....0).(¢1. . ...d)] "
I () =) I cos(q- (Roa = Ryp)) wg =229 1@ g = 42140 = EO.6)
n M M sin2(0)




Exchange parameters from DFT: spin spiral

MnO —3 1 ' - =3 |
40 ) —6 |{ 120} NIO P
O Direct | - O Direct| T

Energy [meV]
s
|

Energy [meV]

20¢

1o} r

—r vV
X T MM T

https://doi.org/10.1103/PhysRevB.88.134427
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Exchange parameters from DFT: Magnetic Force Theorem

» Total energy:
1 /1. T ! !
Esm = —5 drdr’u’ (r)J(r,r")u(r’)

» Exchange tensor:

Y
Jr,d)y= > J» J*
JE g =

(r,r")

» Energy change via rotation of magnetic moment:

AEpgr =~ Esp[u™, ng, mg] — Esp|ug,ng, mo

Therefore:

J(r,v") = —2B*(r) x5 (r.r")B*(r’)

» Kohn—Sham susceptibility:

) = S LI e (), () ()

EHT - Em
7

» Isotropic Heisenberg model:

H? (q) = 22 [Z.rm 6u — (g )]

VM,

heo(q) = S22 [(0) —J(q)]




Exchange parameters from DFT: Magnetic Force Theorem

I - B 16
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Exchange parameters from DFT: Green functions

» Multiple Scattering Theory (KKR):
1 A At A
=47 [ de f(f(e — ee) I Tr[A Y AT
I T
Jij = yp fdsf(ﬁ(e — €F)) ImTr[G:(S)PiGI(S)Pj]
ﬁ,— = ﬁiT - ﬁu
» KS formalism:

Jiom = 4 Nzy‘y‘y‘ y /KT

kk' nn uuveip VeEj

x f de f(f(e — ex)
X Im[ e P;

e+in—enk
Cip,n’l(k’)cy - l(kf) A j|

e+in—ey (K) DTV

o= Y f 0SBz — €r))

ﬂ,vew V€]

x Im{(Pi1,,GF, (4.2 R)
NUARCANCRES 33

G i(1.2,-R)
— ik-R ,I# nT(k)Cw nT(k)
‘[ ( ) Z 2+ in — ey (K)
Wy(l z,R)

_ [d3 (_a)e-ik-l{ Z Cip ) (K Cjyr i (K)
2n — 2+ i — en(K)




Exchange parameters from DFT: Green functions

BCC Fe: 18 | |
6 | Q) this work ()|
R Akai-KKR ~>¢ -
14 \ -
12 ngx ]
—_ \
> 10 | N\ ]
5 N
S 8t \x‘} i
— \
h"i..m 61 \{\ ]
N \ |
2 B '\":\ T
Ny
0 r | ‘% == 1‘1@7_1‘_?—.
) ‘"“u | |
2 3 4 5 6 7

https://doi.org/10.7566/JPS).88.114706
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