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1.1 Dirac Notation and rules of Quantum Mechanics

1.1.1 States and operators

A quantum state is represented by the ket |¢)). The Hermitian conjugate is the bra (¢)|. The
inner product is

(p|lv) = ¢ (a number). (1.1)

If ¢ = (¢|)) then the complex conjugate is ¢* = (p|))* = (¥|p). Kets and bras exist in
a Hilbert space which is a generalization of the three dimensional linear vector space of
Euclidean geometry to a complex valued space with possibly infinitely many dimensions.
The inner product is linear

(0] (a1|t1) + azlia)) = ar1(@lhr) + az(g[hs). (1.2)

Operators are denoted by a hat A.

A(ci|thr) + caliba)) = crAlibr) + caAlia).

The matrix element of an operator is

(0| Alw) = (8] (Aly))

The expectation value of an operator for a system in state |¢) is

a) = (Y| Aly). (1.4)

The complex conjugate of the matrix element is

(8| Al)* = (Y] AT|g) = ¢ (1.5)

where A' is the Hermitian conjugate of A. When A is represented by a matrix the Hermitian
conjugate is found by transposing the matrix and then taking the complex conjugate of
each matrix element. The operation of taking the Hermitian conjugate of a combination of
numbers, states, and operators involves changing ¢ — ¢*, [¢) — (¥|, (| — |), A — Af
and reversing the order of all elements. For example

((6|A) |¥0) = ¢ (a number). (1.3)

(4) =

—~

(Al @lBloel) = cile) (61 B116)A.

1.1.2 Observables

Observables are represented by Hermitian operators which satisfy At = A. The expectation
value of a Hermitian operator is real:

a* = (A)" = (WlAlg)" = (W|ATY) = (B|A]Y) = a. (1.6)
Denote the eigenstates of a Hermitian operator by |n). The eigenvalues are real since

(m|Alm) = (m|an|m) = am{mm) = an
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2 1 Quantum Mechanics

and ) ) )
ay, = (m|A|m)* = (m|ATjm) = (m|A|m) = ap.

m

States corresponding to different eigenvalues are orthogonal. We assume the states are
normalized so that (m|n) = d,,,. To prove orthogonality we calculate

(mlAln) = (mlanln) = an(mIn)
and
mlAln) = (m|A) In) = (411m)) ' In) = (@) In) = a3, (m}n) = am(mlm).

Thus
(@m — ay)(m|n)y =0

so (m|n) = 0 if m # n.

The eigenstates |n) of a Hermitian operator form a complete set. Therefore for an arbitrary

ket 1)
= ch|n> (1.7)
n=0
where - -
(nl) = (n] Zcm S cinli) =3 ¢ = en.
j=0 j=0
Thus

n=0

chm an [n) = Zm (nly) = <Z|n n|> ).

Since this is true for arbitrary |¢) we can write the identity operator as

[ =) In)(nl. (1.8)

n=0

A component of |1)) can be found by operating with the projection operator B, = In)(n|.

We have . .
Pol¢p) = n)(n] ZCJU ) Y~ ei(nli) = n) Y ¢jdn; = caln). (1.9)
j=0 J=0
The projection operator is 1dempotent:
(Pa)? = BaPy = (In)(n]) (In)(n]) = [n) ((n|n)) (n] = |n)(n] = Py, (1.10)

The inner product of two states can be expressed in terms of the coefficients of their decom-
position. We write [¢0) = > c,|n), |¢) =D, by|n). Then

(o) = Zb* mlzcnm Zbencnémn:Zb;cn. (1.11)
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The spectral representation of an operator is found from

A = JAl= <Z|m><m|> A <Z In><nl> =Y Im){mlau|n){n]
= D) anm)dmn(n] = anln)(n

Thus X
A= Zan|n>(n| (1.12)

The representation (1.12) is diagonal since we have expressed A in a basis of the eigen-
vectors of A. If we choose some other set of basis vectors {|m)} (not the eigenvectors of A)
then the representation will not be diagonal. Thus

A = Zan|n>(n

= Y an <Z |m>(m|> n)(n| <Z |m'><m/|>
C S et

n,m,m’

= Z Ut | M) (1

m,m’

where ¢, = (m|n) and Umpy = Y, GnComnCrm -

1.1.3 Degeneracy

Each eigenvalue a, may be associated with a subspace of dimension n, > 1. The n,, degener-
ate eigenvectors can be orthonormalized to span the subspace. In this case we label the eigen-
vectors with an additional parameter r as |a, ) where r = 1,2...n, and (3, s|a, ) = 0a50,s.
The eigenvalue relation is then

Alo, ) = agla,r) for r =1, ..n,. (1.13)

The identity operator can be written as

Zzam Yo, 7). (1.14)

The spectral decomposition of the operator is

A= Zzaaa|a,r>(a,r|. (1.15)

a=0 r=1
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4 1 Quantum Mechanics

1.1.4 Continuous Basis

A Dirac ket |¢) should be thought of as an abstract symbol for a quantum state. It is not
tied to any particular representation. By taking inner products we can find a representation
in terms of a discrete set of basis states as in Eq. (1.7). This can also be generalized to a
continuous basis |£) using the orthogonality condition

(€1€) =a(€—=¢)

and the representation of the unit operator

- [ateel

An arbitrary state |¢)) can be expanded as

) = f) = ( / d5|s><5|) v = [deelmie = [avok

where we have introduced the wavefunction 1 (§) = (£]1). The wavefunction () gives the
amplitude of the decomposition of the state |¢)) into the basis ket [¢).

Using a continuous basis we can calculate the matrix elements of operators as follows.
Consider a general operator A(é , a%) that is some function of £ and a%‘ For arbitrary states

[¥), é) we have

(Bl Alp) = / dg"dg’ (p|€") (€"A(€, §€>|5’><s’|w>- (1.16)

Now the matrix element in the middle of the last expression is
<2 0 0
1! A , _ / — , = / A /’ ).
(§"A(€ a€)|€> (€A ag,)|€> o(¢" = &A(E 85/)

Thus (1.16) becomes

(61 AJ) / de"de (9leM3(e" — VA, Ly |)

_ / d€' (BIEVA(E, 8%><s’|w>

e’

_ / 06 6 (©)AE, a%ws» (L.17)

Equation (1.17) gives the general formula for evaluating a matrix element in terms of an
expansion in a continuous basis.

1.1.5 Representation of Derivatives

Given a ket [¢)) we can define another ket |di)/d§) whose representation is the derivative of
the original one. This new ket is the result of transforming the original one with an operator
and we write the transforming operator as d% SO

dvp

|¢> p

—)
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The matrix element of the differential operator is

()
1gl) = [ ae ol gienel) = [ ag @l i) = o) H o)
Assuming the wavefunctions vanish at infinity an integration by parts gives
/ d?/) &) _ , do*( 5'
Jaeoer st = - [ar L ue), (1.19)
Comparing (1.18) and (1.19) we get
. de(E) _ ds,,
(W) =~ =~
SO i i
a4 __ 9 1.20
<¢|d§ <d€ (1.20)

AT A T A
and (d/dﬁ) = —d/d¢. Thus (z’d/df) = id/d¢ and e.g. the momentum operator —ihd/dz
is a Hermitian operator.
If you find the steps from (1.18) - (1.20) unnecessarily complicated an alternative is to

simply note that
d
o= |w> _— (—A|w>)

- Jaco

-t

= —<d—€|?/)>
_ (<¢|d%) ).

d__ %
(¢|d€— <dé'

Thus

1.1.6 Position and momentum representations

We can use the above results for a continuous basis to find the relation between the position
and momentum wavefunctions ¢ (x) and ¢(p). Consider position and momentum eigenkets:
Z|x) = z|z) and p|p) = p|p). The matrix element of p between different basis kets is

(z[plp) = (x|plp) = p(z|p).
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6 1 Quantum Mechanics

Using the position representation of the momentum operator we can also write this as

(elile) = (ol (=it ) Ioh = —ing o) (121

This follows also from the general expression for matrix elements Eq. (1.17) !.
Comparing we see that
0 p
%@«“W = ﬁ<93|29>

which has solution
(z|p) = NeP*/

with N a normalization constant.
We then observe that

wwzmwzw(/@m@)sz/@wmwm

and

w@zwwzw(/mmm)W=M/@aW%w.

Requiring that [ dx |[¢(z)]* = [dp|¢(p)|* gives |N|?* = 1/h. We choose N to be real and
obtain

_ 1 wx/h
vle) = —— [dperitugy)
= ! e P ) (x

which demonstrates that v (z) and ¢ (p) are related by a Fourier transform. For clarity we
will sometimes write ¢(p) instead of ¥ (p).

1.1.7 Commuting observables

If a state |¢) is an eigenstate of two observables A and B with eigenvalues a and 3 then

ABJp) = aB|p) = Balp) = BAy). (1.22)

A necessary and sufficient condition for A and B to have a common complete set of eigen-
states is that A and B commute:

A A A A

[A,B] = AB— BA=0. (1.23)
The uncertainty (variance) of an operator is

(AA)?%) = (4%) — (4)*. (1.24)

ITo see this use [¢) = [dE|€)(le) = [dE8(E — a)[€), so (1.17) gives (xlplp) = —ile|Zlp) =
—ih [ dg5(€ — 2) & (¢lp) = —ih L (alp).
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The generalized uncertainty relation for two noncommuting observables is

(AA)(AB) > S[([A, B]) (1.25)

N —

where AA = \/((AA)?), AB = \/((AB)?).
There are many ways to prove this, see for example the proof in Zettili p. 95 which
invokes the Schwarz inequality. Here is an alternative approach. Define A’ = A — (A> SO

(A) =0, .
(AA)?) = (A’2> (AA)?

and similarly for B’ = B — (B). We note that [A’ ] A, ]
Consider an arbitrary ket |¢) and the quantlty (A" + z)\B )|1) with A real. The square
of the norm is

(A + B = (A —idB) (A +irB) )

(WIA ) + X2 | B2 ) + M@l [A', B[w)
= X(AB)*+iAY|[A, BlY) + (AA)?

0.

v

The last term is the commutator of two Hermitian operators which is anti-Hermitian (it
has imaginary eigenvalues), so i times the commutator is a Hermitian operator. The above
expression is therefore a quadratic function of A with real coefficients, and is therefore strictly
real. It is non-negative for all values of A, and therefore must not have two different real
roots, since if that were the case the expression would have to change sign and be somewhere
negative. For this to be so the discriminant must be negative or zero which corresponds to

1 A~ oA
(AA)(AB) = S[(¢[A, Bl[¥)].
Since this is true for any [¢)) we can write
1 A
(AA)(AB) = 5[4, B])

as desired.
As an example of application of the commutation relation (1.25) consider & and p. Their
commutator can be evaluated in the position representation as

Wz, pllv)y = (|(@p — p)[¥)
: . 0 0
= —zh/d:vw (I%_%I)w
. O Oy
= —zh/dzw (%— —:E%)

= z'h/d:vw*w

= (Ylihly).
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8 1 Quantum Mechanics

Since |¢) is an arbitrary ket we have [z, p] = ih and using (1.25)

(Az)(Ap) =

| St

which is the usual position-momentum form of the uncertainty relation.

1.1.8 Measurements

An arbitrary state is [¢)) = > cn|n). The result of a measurement of the observable A is
(A) = (| Alyp) = Zc m|Ach|n > chenan(mln) = lealfan.  (1.26)

The probability of the measurement result being the eigenvalue a,, is

P(an) = |cal* = ()] = || Palib)[]* = (] Palt)). (1.27)
After A has been measured and given the result a, the new state of the system is
Pl Cn
LU I ) (1.28)
1B el

A subsequent measurement of (/D will return a,, with unit probability.

1.1.9 Evolution in time

Time evolution is governed by the Hamiltonian H and

d A
(1)) = HIg(0). (1.29)
For a particle of mass m in the coordinate representation H = —%Vz + V(r) and we get
the Schrodinger equation
OY(r,t w2
p 0wt — oV )+ V() (r, 0. (1.30)

ot

The formal solution for time evolution is

[(t)) = U(t, to) [¥:(to))

where the time evolution operator is

O(t,15) = exp [_ﬁ/t dt (¢ )] (1.31)

+

indicates time ordering of operator products: [A(tl)fl(tn)} = A(ty)... A(ty,)

and [....], N

when t; > 2> ... > t,.
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When H is not explicitly time dependent this simplifies to

O(t tg) = exp {—%H(t _ to)] | (1.32)

The time evolution operator is unitary which means Ut = U~! so

~

Ut =0t = 1. (1.33)

The time evolution of an initial state |¢)(ty)) can be determined explicitly by expanding in
energy eigenfunctions H|n) = E,|n). Assume the initial state

|P(to)) = Z(TLW) (o)) |n) = cho|n
and the time dependent state
() =D (nlv(t) ch )In).

n

Plugging in to the Schrédinger equation gives

thdﬁm Zch|n ZEncn|n>

Projecting out the m' component by operating on both sides with (m/| gives

L dem,
th— = E,,cm,

dt

which is solved by

Cm(t) = Cmoe_ZE’”(t_tO)/h-

_ Z cn(t)|n> _ Z Cn0€_ZE"(t_tO)/h|TL>.

Thus

1.1.10 Schrodinger and Heisenberg pictures

There are several different ways of working with time evolution.

In the Schrodinger picture the state |¢(t))s is a function of time while all observables

Ag are constant. The state vector evolves according to the Schrodinger equation zhdw

Hs|)s and the expectation value of an operator at time ¢ is

o) = (As)
= s(¥(t)|As]¥(t))s-

Here the subscripts S refer to the Schrédinger picture.
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10 1 Quantum Mechanics

We can cast this in a different form as follows. The expectation value of an operator at
time ¢ is

~

a(t) = (As)
= s?ﬂ(t)LAsWSt)Zs
W (0)|UT (1) AsU (£)|1(0)).

We can define a time dependent operator by Ay = Ut(t)AgU(t), and time independent
states by [¥)g = [1(0)) such that

at) = wW|Aulv)n.

This is the Heisenberg picture in which the kets are stationary but the operators evolve in
time. The equation of motion for the operator is found from

dAy(t) d (i - 0Ay
e —_— A _
dt dt (U (¥ SU(t)) o
dUT(t) ~ - o dU(t)  0Ag
= A f ——
o sU(t) +U'(t)As It 5
= (Lpta) AgU) + 0t As (a0 ) + 222
h h ot
ioq s OAy
— _[H A A
where the last lines follows from [U, H] = 0, and for completeness we have included the

possibility of an explicit time dependence (not due to U(t)) in Ay. Thus

OAy

dAH__i 0Ax
ot ’

— 1.34
dt h (1.34)

which is referred to as the Heisenberg equation (although it was first written down by Dirac).
This equation is usually more difficult to solve than the Schrédinger equation. However, it
provides a clear picture of the correspondence between quantum and classical mechanics.

1.1.11 Quantum - Classical correspondence and Ehrenfest’s theo-
rem

In classical mechanics we can describe a dynamical system by coordinates ¢; and momenta
p;. The Hamiltonian of the system is a function H(q;, p;) of the coordinates and momenta
which satisfy Hamilton’s equations

8qj . 8H 8pj . 8H

ot B 8pj’ ot B 8qj'

For a particle in a potential V(r), H = p?/2m + V(r) so Hamilton’s equations give dr/dt =
p/m and dp/dt = —VV(r).
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For any two dynamical quantities A, B we define the Poisson bracket {A, B} by

0A OB 0A 0B
B = (G5 o)

Clearly {A, B} = —{B, A}.
The time derivative of the quantity A is

@ ;(a_qjﬁ+apj ot ) o

B Z(@A@H 8A8H)+8A
~\9q; Op;  Op; 0q;) Ot
0A
= {AH}+—. 1.35
(Am+ (1.35)
The similarity between the quantum equation (1.34) and the classical equation (1.35) is
remarkable. We see that the quantum equation of motion for the operator A can be found
by writing down the classical equation for the dynamical variable A in terms of Poisson
brackets and making the substitution

{A,H} — _%[AH>H]- (1.36)

Alternatively, we may think of quantum mechanics as the more fundamental theorem
which classical mechanics is an approximation to. In the limit of A — 0 the transformation

?

=[An, H] — {A, H} (1.37)

reveals the limiting classical equation of motion. Note that while (1.36) should always lead
to a valid quantum equation, the substitution (1.37) may be meaningless since there are
quantum problems for which no classical analog exists. A prime example is the spin of an
electron.

Finally, we note that the time evolution of the expectation value of a quantum variable has
a close analogy with the time evolution of the corresponding classical quantity. This analogy
is already apparent in equations (1.34,1.35), which when written in terms of expectation
values is referred to as Ehrenfest’s theorem.

To see this note that for any differentiable operator function F = F (Gj,p;) we have the
following commutators

) OF A OF
1:, F| = ih—, pi, F'| = —ith—.
[qJ ] apj [pj ] a(b

From (1.34)with ¥ = H we obtain

Digy— (21N, Ly (O
at' " N\op; /0 @ T " \og )
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12 1 Quantum Mechanics

Thus for a particle in potential V() with H = % + V(t) we get

d,.. (P d,. 5

) = ML _ = (VV ) 1.38

= Ly - ove) (1.38)
The first of Eqgs. (1.38) is identical to the corresponding classical equation obtained by
putting (r) — r, (p) — p. However, the second equation differs from the corresponding

classical equation since, in general,
(VV(£)) # VV(r)|r=s).

The difference betweens these two expressions is negligible provided the potential is close to
constant over the extent of the deBroglie wave packet of the particle. This condition must
be satisfied for the evolution of the expectation values of the quantum variables to agree
with the results of a classical description.

1.2 Principles of quantum mechanics

We can summarize the formalism given above in a small set of principles.

1. A physical system is associated with a Hilbert space &y containing ket vectors. At time
t the physical state is completely described by a ket |¢(¢)) residing in Ey.

2. Any physical quantity A is associated with a Hermitian operator A that acts on
kets in &x. The result of a measurement of A is always one of the eigenvalues a, of A.
The probability of measuring a, is P(a,) = ||Pu|¢)||*> where P, = |n){(n| is the projec-

tor onto the ket |n). After the measurement the system will be in the new state |¢') = IIII;n:ziII'

3. Time evolution is governed by the Hamiltonian according to ihw = H[y(t)).

How to translate these simple rules into explicit procedures is often far from obvious, and
learning how to do so constitutes a course in Quantum Mechanics.



