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Do We Need Quantum Mechanics to Understand 
Phase Transitions at Finite Temperature?

The decay time of temporal correlations for order-parameter fluctuations in dynamic 
(time-dependent) phenomena in the vicinity of critical point 

Although quantum mechanics is essential to understand the existence of ordered 
phases of matter (e.g., superconductivity and magnetism are genuine quantum 
effects), it turns out that quantum mechanics does not influence asymptotic critical 
behavior of finite temperature phase transitions:

→ critical slowing down

Thus, in quantum systems energy associated with the correlation time is also the 
typical fluctuation energy for static fluctuations, and it vanishes in the vicinity of 
a continuous phase transition as a power law

In quantum systems static and dynamic fluctuations are not independent because the 
Hamiltonian determines not only the partition function, but also the time evolution of
any observable via the Heisenberg equation of motion

This condition is always satisfied sufficiently close to Tc, so that quantum effects are 
washed out by thermal excitations and a purely classical description of order parameter 
fluctuations is sufficient to calculate critical exponents

Phase transitions in classical models are driven only by thermal fluctuations,
as classical systems usually freeze into a fluctuationless ground state at T = 0. 
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Formal Definition of 
Quantum Phase Transitions

DEFINITION: Any point of nonanalyticity in the ground state energy of the 
infinite lattice system signifies quantum phase transition. 
the nonanalyticity could be either the limiting case of an avoided level-crossing 
or an actual level-crossing.
QPT is usually accompanied by a qualitative change in the nature of the 
correlations in the ground state as one changes parameter in the Hamiltonian.

An avoided level-crossing between the ground and an excited state in a finite 
lattice could become progressively sharper as the lattice size increases, leading to 
a nonanalyticity at in the infinite lattice limit.

Quantum systems have fluctuations driven by the Heisenberg uncertainty 
principle even in the ground state, and these can drive interesting phase transitions 
at T = 0.
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Simple Theoretical Model I: Quantum 
Criticality in Quantum Ising Chain (CoNb3O3)

Quantum Ising chain in the 
transverse external magnetic field

The first term in the Hamiltonian prefers 
that the spins on neighboring ions are parallel 
to each other, whereas the second allows 
quantum tunneling between the      and        
states with amplitude proportional to g

Phys. Today 64(2), 29 (2011)

Each ion has two possible states:

or
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Simple Theoretical Model II: Quantum 
Criticality in  Dimer Antiferromagnet (TiCuCl3)
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1) Experiment: Phys. Rev. Lett. 100, 205701 (2008)

The two noncritical ground states of the dimer antiferromagnet have very different excitation spectra:

spin waves with nearly zero energy 
and oscillations of the magnitude of 

local magnetization
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How Quantum Criticality 
Extends to Non-Zero Temperatures

 For small g, thermal effects induce spin waves 
that distort the Néel antiferromagnetic ordering. 
For large g, thermal fluctuations break dimers in 
the blue region and form quasiparticles called 
triplons. The dynamics of both types of excitations 
can be described quasi-classically. 

Quantum criticality appears in the intermediate 
orange region, where there is no description of the 
dynamics in terms of either classical particles or 
waves. Instead, the system exhibits the strongly 
coupled dynamics of nontrivial entangled quantum 
excitations of the quantum critical point gc. 

Wavefunction at g=gc is a complex superposition 
of an exponentially large set of configurations 
fluctuating at all length scales → thus, it cannot be 
written down explicitly due to long-range quantum 
entanglement which emerges for a very large 
number of electrons and between electrons 
separated at all length scales.Ph
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Scaling in the Vicinity of 
Quantum Critical Points

represents fluctuations of the order parameter and it depends on the imaginary time  
which takes values in the interval [0,1/T]; the imaginary time direction acts like an extra 
dimension, which becomes infinite for  

physics is dominated by thermal excitations 
of the quantum critical ground state
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Example of Scaling Analysis: 
Superconductor-Insulator QPT in Thin Films

The success of finite-size 
scaling analyses of the 

superconductor-
insulator transitions as a 

function of film thickness or 
applied magnetic field 

provides strong evidence 
that T = 0 quantum phase 
transitions are occurring

Phys. Today 51(11), 39 (1998)
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Experimental Example: Quantum Criticality in 
Heavy Fermion Materials

Quantum criticality describes the collective fluctuations of matter undergoing a 
continuous phase transition at zero temperature. 
Heavy-fermion metals have in recent years emerged as prototypical systems to 
study quantum critical points.
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Key characteristics of of both 
CeCu5.9Au0.1 and YbRh2Si2 is the 
divergence of the effective charge-
carrier mass at the quantum critical 
point.
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Experimental Example: Quantum Criticality in 
High-Temperature Cuprate Superconductors 
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Experimental Example: Quantum Criticality in 
Iron-Based Pnictide Superconductors 

“bare” quantum criticality is preempted by another 
phase – typically an unconventional superconductivity 
with spatially anisotropic Cooper pair wavefunction  
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Historical Example: Anderson Localization
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Order Parameter and Scaling 
in Anderson Localization
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Historical Example: Mott-Hubbard 
Metal-Insulator Transition

energy cost U

electron transfer integral t

d
atomic distance

d → ∞ (atomic limit with no 
kinetic energy gain): insulator

d → 0 : possible metal as seen in 
alkali metals



Quantum phase transitionsPHYS813: Quantum Statistical Mechanics 

Experimental Example: Superfluid-Mott 
Insulator QPT in a Gas of Ultracold Atoms

Superfluid state 
with coherence →

Mott insulator 
state without 
coherence →

superfluid state 
after restoring the 

coherence

Switch off the optical lattice beams, so that the localized wavefunctions at 
each lattice site can expand and interfere with each other. They form a 
multiple matter wave interference pattern which reveals the momentum 
distribution of the system. The sharp and discrete peaks observed 

directly prove the phase coherence 
across the entire lattice
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Theoretical Explanation of Superfluid-Mott 
Insulator QPT in a Gas of Ultracold Atoms

Experimental proof for the Mott insulator phase rather 
than statistically dephased superfluid state (i.e., 

incoherent mixtures of Bloch states)  
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