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Is Quantum Degenerate Gas of Bosons

Possible?
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For a long time, it was thought that
quantum degenerate gas is impossible

Condensed
matter

Forbidden

u
%

superflud
helium

log(temperature)

diluteness of the quantum gas
guarantees its (meta)stability

logidensity)

BEC of dilute gases is a metastable state within the thermodynamically forbidden region
where a gas of atoms can come into kinetic equilibrium via two-body collisions, whereas it
requires three-body collisions to achieve chemical equilibrium (i.e., to form molecules and stable solids)

1978: Search for gaseous BEC started with hydrogen atoms whose quantum

spins are aligned (The atoms could not be cooled below about 100 mK because of collisions with
the walls of the container. Solution to this problem led to "evaporative cooling" technique employed

in all modern BECs and condensation Of hydr'ogen in 1998) REVIEWS OF MODERN PHYSICS, VOLUME 74, JULY 2002
D 1 995: BEC in a'kah a"'omic VGpor‘S Nobel Lecture: Bose-Einstein condensation in a dilute gas,
. . the first 70 years and some recent experiments®
d1999: quantum degenerate Fermi gas |
. . E. A. Cornell and C. E. Wieman
12003: superfluid Fermi gas St vty o cornte o e g o s
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Parameter Estimates to Reach

Metastable BEC in Realistic Systems
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How Do We Know Which Atoms are Bosons?

On the Theory of Quantum Mechainics.
By P. A. M. Dirac, St. John's College, Cambrid e.

(Communicated by R. H. Fowler, F.R.5.—Received August 26, 1926.)

If now we
adopt the solution of the problem that involves symmetrical eigenfunctions, wé
should find that all values for the number of molecules associated [with any
wave have the same a priori probability, which gives just the Einstein-Bose

statistical mechanics.* On the other hand, we should obtain a dlﬁﬂl'ﬁntv
statistical mechanics if we adopted the solution with antisymmetrical eigen-
functions, as we should then have either 0 or 1 molecule associated with each
wave. The solution with symmetrical eigenfunctions must be the correct one
when applied to light quanta, since it is known that the Kinstein-Bose statistical
mechanics leads to Planck’s law of black-body radiation. The solution with
antisymmetrical eigenfunctions, though, is probably the correct one for gas
molecules, since it is known to be the correct one for electrons in an atom, and

one would expect molecules to resemble electrons more closely than light-

quanta. 3
o |
* Bose, ¢ Zeits. f. Phys.,” vol. 26, p. 178 (1924) ; Einstein, ¢ Sitzungsb. d. Pranss.Ac.,é

p. 261 (1924) and p. 3 (1923).

Atoms which
contain an even
number of
fermions wil
have a total spin
being an integer
number.

Example: 23Na
atom has 11
protons, 12

neutrons and 11
electrons.
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Laser Cooling in Pictures
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The Nobel Prize in Physics 1997 was awarded jointly to Steven Chu, Claude
Cohen-Tannoudji and William D. Phillips "for development of methods to cool and

trap atoms with laser light". Co Id Gatomsg
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Doppler cooling:
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Magnetic Trapping:

"Thermos"” for Nanokelvin Atoms

V=uB
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Magnetic trapping coils

Potential Energy
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Credit: W. Ketterle, MIT
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Evaporative Cooling

as the Final Stage Toward BEC

LEvaporative cooling consists in using a tfruncated confining
magnetic potential, so that the fastest atoms are ejected
from the trap. Due to elastic collisions, the remaining atoms
reach a lower temperature.

Rf antenna Magnetic trapping coils
\‘.

s
(_— Escaping atom
QOIn practice, the truncation of the potential is chosen 5 to
6 times larger than the instantaneous thermal energy k;T,
and one lowers this truncation continuously as the remaining
atoms get colder.

O Typically a reduction of the temperature by a factor 1000,
and an increase of the density by a factor 30 is obtained
through the evaporation of 99.9% of the atoms. One starts
with 10° atoms at a femperature of »1 mK, and ends up at the
condensation point with 106 atoms at 1 pK.
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Credit: W. Ketterle, MIT
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Summary of Multi-Stage Cooling to BEC

Temp.
T

Oven 500 K

Laser
cooling °0 MK

Evap. 509 nK
cooling

BEC (10 - 100 nK)

Credit: W. Ketterle, MIT
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Experiment: Release

7

Eric A. Cbmell Wolfgang Ketterle Carl E. Wieman

The Nobel Prize in Physics 2001 was awarded jointly to Eric A. Cornell, Wolfgang
Ketterle and Carl E. Wieman "for the achievement of Bose-Einstein condensation
in dilute gases of alkall atoms, and for early fundamental studies of the properties

of the condensates”.

Photos: Copyright @ The Nobel Foundation

density 1013 em3
dtypical distance between atoms 300 nm
dtypical scattering length 10 nm

Scattering length is much smaller than
characteristic interparticle distances 87Rp 23Nq, 7Li
so that interactions are weak
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MIT Sodium Trap
September/October 1985

rf evaporation + Bms free expansion

The number of atoms (~ 107) that can be
put into the ftraps is not truly
macroscopic. As a consequence, the
thermodynamic limit is never reached
exactly. A first effect is the lack of
discontinuities in the thermodynamic
functions. Hence BEC in trapped gases is
not, strictly speaking, a phase transition
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Criterions for BEC of Interacting Bosons

OFor a homogeneous fluid of particles in a box with periodic boundary conditions,
the one-body reduced matrix, which is the N-body matrix traced over all but the

variables corresponding to a single particle:

p1(r, 1) = . drs...dry p(r,ro,...,vN;T ,Io, ..., TN)

has the property (C. N. Yang): . Hm  pi (r,r') = f(r)f(x') ODLRO

lr—r/|—o00
dFor atoms in a trap p1 (I’ r’)will approach zero, simply because of the nature of
the potential, when |r — r’| — o0, and other criteria must then be found. For

actual experiments, the condensate is recognized by its sudden appearance as a
compact cloud of particles that forms at the center of the trap.

QEigenvalues of p; (r, r’)(Penrose and Onsager):
— if all eigenvalues are of order unity, the system is normal
— if one eigenvalue is of order N, the rest of order uniTy the system is a simple BEC

p1(r, ") = NoW§(r —I—Zmlll* (r"), No~ N, n; ~1
17#0
— if two or more eigenvalues are of order N, the system is a fragmented BEC
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Theory of BEC in Harmonic Potential: Grand

Canonical Ensemble and Thermodynamic Limit

v =2 (%) w= Al

E =hw(mg; +my, +m, + 1/2)

1
i Z exp Blhw(m, +my +m, +3/2) —u] —1

TN gy 1T

TDL for GCE: N/R3 -~ NwS is kept constant while

increasing N

Atoms confined in a trap exchange
neither particles nor energy with a
surrounding heat bath, after
evaporative cooling is turned off, so
that grand canonical ensemble (GCE)
is inconsistent with experimental
conditions — use MC ensemble

QFor inhomogeneous systems the usual argument for the
universal equivalence of different statistical ensembles
needs to be reconsidered. Of course, there are special cases
of inhomogeneous systems when the equilibrium system can
be divided into essentially homogeneous layers, and each
layer can be subjected to its own limiting process. This,
requires that the volume of each homogeneous layer can be
made infinite without changing the physical situation.
QEXAMPLE: In a constant gravitational field, the system can
be divided into thin layers by planar equipotential surfaces.
The thin layers between the planes can be made infinite in
extent, enclosing regions of uniform density without altering
the physics of the problem.

L The diluted atomic gases confined in
a harmonic potential contains only a
finite number of particles and
inhomogeneous, so that the regions of
approximately constant density are
finite. The usual TDL process cannot
be applied.

O The quantities used in the
constructions of TD variables will in
general fluctuate, and their statistics
will be different for different
ensembles.

QShould we associate the physically
observed quantities with mean values,
most probable values, or some other
type of statistical average?
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Theory of BEC in Harmonic Trapping Potential:

Critical Temperature

N=n,+ ’ (fmr’
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}\T' ]. f F— .
=”f}+| ’ (fH] dv ’ dw ST N = {]_E—J.BFELLJJE
where we have let u= Bfiwm, . etc.., and 1/3
— 3 Bh Fo = 7 Uo (d / _ kplo
RT3 ¢ __ The original sum does not vary uniformly N
N=ny+ | _| ] du ’ dv around u+v+w=0 (where it can have a d = —
0 very sharp peak), so that the integral R3

T, = To¢(3)~/?

T 3
N = N0+N ( ) Fg(a)
To

Correct TDL ensures properly
extensive expression for the
number of noncondensed particles

(0002) 021 '89 'SAyd "L "Wy ‘uijinw "L "M

BEC in ultracold atomic gases



Condensate Fraction as a Function of

Tem

CONDENSATE FRACTION
-
i
|

L

nerature: Theory vs. Experiment

Physics Today 52(12), 37 (1999)

FIGURE 2. THE CONDENSATE FRACTION as a function of tem-
perature 1s affected b“i. both finite-size and interaction effects.
Here are the predictions of three different models for the frac-
tion of atoms that 1s in the condensate when the JILA trap 1s
loaded with 2000 rubidium-87 atoms. The dotted line shows
the thermodynamic result of equation 2. The dashed line 1s the
result of incorporating finite-size effects, distributing 2000
atoms according to the Bose-Einstein distribution. The Popov
theory (solid red line) includes both a finite number of atoms
and atom-atom interactions, and gives very good agreement
with observed condensate fractions.
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Density Matrix of BEC in

Harmonic Trapping Potential

40 I N

(r.r')= E‘“B*”’| e BE*”.’."';‘ (r)y(r' |
Ql l i

30} “"\. -
=1 ‘ ‘ Exact N=1000

/ T/T=0.8

Condensate

harmonic oscillator density matrix for a
single free distinguishable particle, but

_ at inverse temperature £p, rather than T e i
& mw | 372 the usual p=1/k, T R T
d Ry )= [ h sinh(] Bﬁ W) ] 06 o5 10 15 20 35 30 35

|' mw

< 11 “P| T 37 sinh(IBhw)

i=x.v.z

W. J. Mullin,
Am. J. Phys. 68, 120 (2000)

X[(#7+r/?)cosh(IBhw)— 21 %] |

x . " 30 2 ‘rnfﬂ T\ 1 (2amkT/\*"
o 1"}=2 ﬁm maw \ p,:,{{}}—[ — 2 37 = [ e £(3/2)
=1 \ i smh(/hw)) By comcudence Trapped gas, which has its BEC
mw Bhw| | 27h? [ p(0)\?? localized near the origin, has a condensate
Xexp] - Ttanh[ 5|1 |’ kT.= [ .- there under just the same conditions as the
- A 32) | homogenous gas of density p (0)
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Gross-Pitaevskii Equation for the

Condensate Wavefunction

s-wave non-s-wave Ultracold Interactions
Bosc—Einstcm condensation is reached when the interpar-
Centrifugal ticle separation is comparable to the de Broglie wave-

length of the atoms. For evaporatively cooled gases, the de
Broglie wavelength of the atoms i1s enormous, compared to
the range of the interatomic forces. We can therefore model
binary scattering using an effective contact interaction: V(r -

r') = Up(r -r"). Here, U, is given in terms of the binary s-
wave scattcrmg length a bW.« U, = 4mha/m, which appears in
equation 3, the Gross- Pitaevskii equation. This interaction
gives the exact low-energy scattering amplitude (-4) when
used in the simplest, first-order perturbation theory approxi-
mation (the Born apprommanon)

To see how the contact interaction changes the energy of
the gas, one can consider the relative wavefunction of a pair
of alkali atoms scattering off one another. For ultralow scat-
tering energies, the effect of the interatomic potential is

V(R) head-on, or the so-called
equivalent to that of a hard sphere of radius . When the scat-

S-wave COHISIOHS. n tering energy is zero, the relative wavefunction has the form

quanTum—mZChanlcal b(r) = )(fl = a{r) IIcr}:lz a 1s the scattcrmg lcn%th andh)( 1s the

o g . asymptotic value of the wavefunction. Written in this way,

descmphon of SCGTTer'lng the zero-energy wavefunction clearly has a node at a. (The

R are impor'TClnT. above wavefunction 1s valid only outside the range of the

> atomic potential; for smaller dlstanccs the wavefunction
P

a depends on the dctalls of the interatomic potential.)

a>0 I'epU|SIV€, a<o a‘ttrac“ve . In the dilute gas, the scattering length prpvidcs all of thc_

. . information needed to calculate the change in the energy of

|arge |a| RN Strong |nteraCt|0nS the gas due to the interactions between the particles. In the
limit of low scattering energies, this additional energy is

stored in the increased kinetic energy of the parucles pro-

8\110(1' t) f)2 duced by the boundary condition of a node at » = 4. This
N - ) 2 extra kinetic energy in the wavefunction is given by

ot 9 + trap\¥ 0 I',t + NoUp|Wo I',t 0 I',t &) B -
m

V(R) V(R) barrier

/
j'_kT

R A R

Since the atoms are
extremely cold, only

Physics Today 52(12), 37 (1999)

f dr(4mv2]ﬁ{ V[l—f}}: 9%
Each atom feels an additional potential due to a e
U _ 4 hQ the mean field of all the other atoms pr'esen'l'l If one takes )* as the density of the other particles, one
0 — m at/m . . . . . obtains the needed expression for the energy of one particle
which is proportional to the local atomic density ; ;

in the presence of others.
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Density Profile of BEC:

GP Theory vs. Experiment

Experiment ¢ am Usage of classical field (order
o ' parameter) for the condensate in GP
theory is due to the large particle
number which renders the non-
commutivity of the original field
operators in second quantization not
important —> This replacement is
analogous to the transition from quantum
electrodynamics to the classical
description of electromagnetism in the

case of a large number of photons

Ansatz to solve GP equation:
Wy (r, t) = e #/"g(r)

Thomas-Fermi approximation

for repulsive interactions:
A2
;)—m\po (I‘, t) < N()U()‘\IJ()(I‘, t) |2\If()(1', t)

W
-40 =20 0 20 40

i X (,[Tm_] |¢(r) |2 ~ l‘L o %rap(r)
Physics Today 52(12), 37 (1999) NoUp
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Condensate Wave Function from GPE at T=0
for Attractive and Repulsive Interactions

<
e
wave function

wave function

ot
o

r (units of a,,) r (units of a,)

FIG. 8. Condensate wave function, at 7=0, obtained by solv- FIG. 9. Same as in Fig. 8, but for repulsive interaction (a
ing numerically the stationary GP Eq. (39) in a spherical trap >0} and Na/a,=1,10.100.

and with attractive interaction among the atoms (a<<0). The

three solid lines correspond to Nlal|/ay,=0.1,0.3,0.5. The

dashed line is the prediction for the ideal gas. Here the radius

r is in units of the oscillator length ap, and we plot

{af;n_s',-x-')1-"?@;“;.. so that the curves are normalized to 1 [see also

Eq. (40)). Rev. Mod. Phys. 71, 463 (1999)
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Applications: Cold Atoms in Optical Lattice

Simulate Strongly Correlated Condensed Matter
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230

Fig. 9. Quantum gas microscope. (a) Experimental scheme. An optical lattice (red dots) is realized using three retro-reflecting beams, creating standing
waves in directions. The green and blue beams represent additional laser beams used for electromagnetically induced-transparency cooling in the lattice
sites. Fluorescence photons are then collected in a high-resolution microscope, oriented vertically (orange and gray). It produces single-site resolved images
of the atoms in the focal plane of the microscope. (b) Fluorescence image of “°K atoms in an optical lattice. Each light spot represents a single atom, with
a resolution of the order of 500 nm (see lower inset). The positions of the atoms can be mapped onto the periodic array of lattice sites (see white dots on
the upper inset). Figures extracted from Ref. [130].

/gt =1.1(1)

/st = 3.82)

Fig. 10. Observation of the Mott crossover under the quantum gas microscope. The upper row shows bare high-resolution images of a two-component
5L gas in a two-dimensional optical lattice and a harmonic trap. The lower row show the results of the reconstruction scheme to determine the position
of individual atoms within the lattice sites. Blue dots show atoms in singly occupied lattice sites while gray dots correspond either to empty sites or
doubly occupied sites (see text). The interaction strength U/t increases from left to right with values indicated on the figure, while the total atom number
increases. Figure extracted from Ref. [137].
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