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The Task for

Renormalization Group (RG) Theory
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K. 6. Wilson
"Problems in physics with many scales of length,”
Scientific American 241(2), 140 (1979)

RG was developed to understand:

Qwhy divergences occur in quantum field theory (i.e.,
why parameters like the electron mass are scale
dependent).

Quniversality and scaling in second-order or continuous
phase transitions

Turbulence

Other problems in
physics with many -
IR <Cales of length can (Rl RS

A BUID FaR WEGINRARS be handled by RG

Renormalization group



Quick and Dirty Introduction Using Numerical

Renormalization Group (RG) for Ising Model

el oty A EARN.
RG developed to

Result of RG procedure:
A renormalized system
which has the same long-
wavelength properties as
the original system, but
fewer degrees of freedom.

situations with:
¢ £='66 :
Block spin transformation leads to RG flow
A s —»
[l | EEE =

The RG flow changes the effective
temperature, where the critical point
corresponds to the unstable point of the flow
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RG Steps in Pictures

Original Coarse-grained Rescaled
. . L L] L] L L L J
Real-Space o R L K
¢ | o ol s s
Momentum-Space
k\" k\‘ kY
critical
Phenomena
k K k
O
VOCABULARY
_ Y —H'(S! coarse-graining via partial
CONVENTIONS Zy (H)=Y Y e Hsst S HUsH — 7 (H") “aaation of partiion
J {Si} {Si} {si} function
H = _ﬁz SiSj = —KZ SiSj H'= Rb(H) RG recursion relations
B! (ij) (ij) H"— sz (H) = sz : Rbl (H)= Rblbz (H) Rré is semi-group
—-H({S; . . .
= Ze (ts:h) H = Rb(H )’ H =Ilim RQ(HC)fixed point definition
{Si} n—oo

r'=br, N'=b"*N, f(H")=bf(H) rescaling
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Real-Space RG for 1D Ising Model

original o—0—0—10—0—0—0 P © o o
S1 Sz S3 5S4 S5 S¢Sy St

ren:;:;lized ® ® ® ® @ e o o
d > >3 > >7 S17
secon
renormalized ® ® @ @ e o o
. Sl 55 59 517
‘rhur‘d‘ ® o o .
renormalized

20t o . & — o o

renormalized f t
S . oo, Terromagne S
I K, <10% K — 1048576
20 ! O
, paramagnet
{(K)
K Renormalization group Exact

Teaching the renormalization group® 0.01 In 2 0.693 197
0.100 334 0.698 147 0.698 172
Humphrey J. Maris and Leo P. Kadanoff 0.327 447 0.745 814 0.745 827
Department of Physics, Brown University, Providence, Rhode Island 02912 0.636 247 0.883 204 0.883 210
(Received 24 August 1977; accepted 29 October 1977) 0972710 1.106 299 1.106 302
o o o 1.316 710 1.386 078 1.386 080
The renormalization group theory of second-order phase transitions is described in a form 1.662 637 1.697 968 1.697 968

suitable for presentation as part of an undergraduate statistical physics course. ' : '
2.009 049 2.026 876 2.026 877
2.355 582 2.364 536 2.364 537
2.702 146 2.706 633 2.706 634
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RG Flow for 1D Ising Model

ZN (K) _ %eK(slsZ+szsg+...) _ ;[eKslsZGKSZ%]|:eK83S4eKS4S5 ]

_ Z |:eKSI+KS3_|_e—K81—KS3:H:eKS3S4eKS4S5:|”.
151 %S, }

eK81+KS3 _|_e—K31—K53 _ A(K)eB(K)8133
S;=5,=11= 2COSh(2K) = A(K)e®™ Ki+1 — 1 In cosh (2KI )
S, =-S,=11=2=A(K)e*" .
N II - II
A(K) = 2/cosh (2K ); B(K) - Lincosh (2K ) = K, K* — 1 | *
> — ~In cosh (2K )

Z,, (K) =[A(K)]"* Z,. (K))

€ O
stable RG flow does not contain non-trivial fixed points, which means m unstable
fixed point no phase transition at any finite temperature fixed point
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Real-Space RG for 2D Ising Model

. * 0 »
f i 7 1 i (S S;+S5pS,+57S5+S,S )
K + + +
SZ ZN(K):Ze 09115052 +5053+505,
' o * 0 ® 5
53 SO 51 Z |: }<(sl+sz+ss+s4 +e—K(Sl+SZ+S3+84):|.”
{Si#So}
0 'y O ° e .
S,
L L L O o r
eK(Sl+Sz+S3+S4) +e—K(Sl+Sz+S3+S4) — A(K)eB(K)[5182+8283+S3S4+S481+51$3+SZS4]+C(K)SlSZS3S4
6B(K)+C(K
S,=S,=5,=S, =+1= 2cosh4K = A(K)e®®)*¢(©
-C(K
S,=S,=5,=-S, =+1= 2cosh 2K = A(K)e " If we set K,=K4=0, we
§,=S,=-S8,=—-5,=#1=2= A(K)e—ZB(K)+C(K) get similqr Tr'ivia! RG
. Y - flow as in 1D Ising
model:

A(K) = 2+/cosh 2K §/cosh 4K ; B(K) = L incosh 4K; C(K) L incoshak —Lincosh 2k 1
8 8 2 K™= In cosh 4K

N/2

Zy(K)=[AK)] " Zy. (Ky, Ky, Ky)
H =-2B(K)>_S;S;—B(K)> S;S,-C(K) >_ S;S,5,S,
(i

[ij] square
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RG Flow for 2D Ising Model

O [a posteriori we indeed find K} (K_) =—-0.05323] stable
fixed point
K = TIn(cosh4K), 1.2 H{HEZ-
K5 = $In(cosh4K), 1l t/f
-1 1 T )
TIT_-'; — 8 111:3. un]u _llrl. i 08l Ks
¥ 0.6} unstable

od point
Both K; and K, are positive and thus favor the fixed poin

alignment of spins. Hence, we will omit the 0.4
explicit presence of K, in the renormalized
energy, but increase K; accordingly to a new exact

value K' = K'; + K', so that the tendency toward 0.2] Kz (Kq) Kc = 0.44069]

alignment is approximately the same H%__i R(K1)
K — K| + K! e
v\ = vy + ‘g . s’rable. 0 0.2 0.4 0.6 0.8 1
) S ) fixed point K
K = %lll[c-u::uﬁh 1K)
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Scaling Hypothesis for Free Energy

O Thermodynamic exponents a, p, v, 8 are not independent and can be obtained from exponents v and n
governing the scaling of the correlation function (Widom 1965 and Kadanoff 1966 prior to RG)

. close to critical point free energy can
f (t’ h) - fsing (t’ h) + 1:reg (t’ h) be decomposed in singular and regular part . . . .
thermodynamic scaling relations which

can be tested experimentally
scaling hypothesis assumes that singular part

smg (t h) h fsmg (bytt byhh) is generalized homogeneous function 2 — O = Zﬂ + 7/
b is an arbitrary
(dimensionless)
Ve _ . d/y; h —
0" =1t => g (t.1) = @[‘tm e 2—a=p(0+1)
and y, are
h teristic of
D, (x) = fsing (£1,x) ﬁnﬁ/r:riaelirff/ clcags
o° f.
SR W e S
T ot’ Yi
of, o -
ma—2ml ) % o) = g I
oh | ;
t—0

X—>0 D

—Yh m<oo — d -1
m(t,h)z_afs‘”g =|t|DytycI>'i e |t X0 s m(h)ech” =h¥ 5=
oh |t|§//t d—y,

0 D-2yj

fsm _ 2y
pr— ()t =T =y ==

—d

t
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Scaling Hypothesis for Correlation Function

close to the critical point correlation function

o r . . - ~ ; .
Gsing (|r ‘1, h) b 2(d yh)GSing Lu : bYtt, Y h} is dominated by its singular part — actually valid only if

the dimension of space of smaller than certain upper
critical dimension otherwise fails due to the so-called
dangerously irrelevant couplings in RG6

2(d—yp) r
_ =1/yy . I Y | |
b=[t| ™ = G, (r[;t.0)=[t| w W, e
t|=0
r‘—>oo ‘r‘/é‘ _1/y _y
¥ (X)=G. (x+1 _ roce oC = four thermodynamic exponents expressed in terms
i( ) GS'”g( ’ ’O) I GS'”g (| |) € ad |t| |t of the two correlation function exponents
1 hyperscaling relation because it connects
v=—=2—a =dv singularities in thermodynamic observables o = 2 — d V
Y with singularities related to the correlation function
: - O [2(d =)
t| = 0, Gy (r[;t,0) < o0 iff W, (X) o< |x|

V
Gyry (];0,0) o |r|—2(d—yh) :|r|—(d—z+n) ,B — E (d —2+ 77)

2d-y,)=d-2+np<n=d+2-2y,
Y= V(2—77) another hyperscaling relation 7/ — V(2 - 77)

5:d+2—n
d-—2+7n
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Scaling Hypothesis Applied to Extract Critical

Exponents via RG for 2D Ising Model

InZ =Nf(K)
FIK') = 2f(K) — In|2(cosh 4K)®(cosh 91;1-}1_.-’-3]

removal of short-range degrees of freedom
results in an expression that is analytic in K

SK=K-K = -3
F.(K) = {:_dfh.fﬁd] b= /2 and d = 2 focus on the singular KeT  KgT,
R o part of free energy ] T -T
kT T,
Ji[.!]? i ) . . . B c
K' =R(K)=K.+ 52| (K- K+ nearize recrsion ————
dK |, fs(t) = [t]77 fs(t/1t])
3, . can be written like this
A= Rk Ab) JA(D) = fj'l“j'j.}' = \'" = b pecause of composition fs~ |t dly=2—a \’5\
law of RG .’c _|E; '_—nlf ” |!‘|J 4“
dK'=A0K =VWdiK,;, K =K' —K,and 6K =K —K_.|,_ M:L (R _ In(5 tanh4K.)
I YT Tnb " Inb 1 - Inb
fs(K+0K) = b f (K. + b dK) but K. is constant
g | m(t,h=0)= ZEM o ey
- - —d -\ \ —d 1 K remains finite -
fs(OK) =b " fs(b" 0K) = [s(t) = b "[s(0"t) ot the critical point of 2t h)h |
O , (d-2y,)/2
L — fll_.-"_z.- valid for any b, so choose this x(t,h=0)= 2 oc EHEN T
h — h=0

parameterization
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CRITICAL
o FIXED POINT

=11
— K, =101
L Kk, =1.00
L—— K, = 1.0001
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Flow in the Case
of More Than One Coupling Constant

physical —Physical manifold
critical _ -
point . #O=Hitn
\
I|.
R _
vl EY= R
renormalized : -'ﬁ'_'-__-_’ L first
critical : : | v '
aint 5 1 t' 4 ,  Tenorma ized
¥ ] ) ' v manifold

/! critical _—m
¥ trajectories

N R,
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Relevant, Irrelevant and Marginal

Variables in RG Flow

dCritical exponents associated with a fixed point are calculated by linearizing RG recursion
relations about that fixed point:

K BE K o The eigenvectors and eigenvectors of the matrix M with entries M;;,
i, ARy, Ka, ..o KL . : - L N : : . -
i i1, 2 . ML, = AU = B vield the hinear scaling fields [, fori = 1.2, ... . n
. . in terms of which the singular part of the free energy 15 expressed as
a1 ' '

6K =" OK; = MoK .
— i= d Tk 3 ST . r o o SR r r - M FT o YEY
S0 ik | S UL Us, ... \Un) = b (U, 020, BU,) . (8.25)

i=1

dThe form of the singular part of the free energy is a generalized homogeneous function,
where exponents Y;,..., Y, can be related to critical exponents

QOThe exponents Y,,...,Y, determine the behavior of U,,...,U, under the repeated
action of the linear RG recursion relations. If ¥, >0 , U. s called relevant. If y. <0, U.
is called irrelevant and if Y, =0 , U, is called marginal. We see that if a relevant scaling
field is non-zero initially, then the linear recursion relations will fransform this quantity away
from the critical point. Alternatively, an irrelevant scaling field will transform this quantity
toward the critical point, while marginal variable will be left invariant. Marginal variable is
associated with logarithmic corrections to scaling.

dThe existence of the relevant, irrelevant, and marginal variables explains the observation of
universality, namely, that ostensibly disparate systems (e.g., fluids and magnets) show the
same critical behavior near a second-order phase transition, including the same exponents for
analogous physical quantities. In the RG picture, critical behavior is described entirely in
terms of the relevant variables, while the microscopic differences between systems is due to
irrelevant variables.
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Do We Need Quantum Mechanics to Understand

Phase Transitions at Finite Temperature?

QAlthough quantum mechanics is essential to understand the existence of ordered
phases of matter (e.g., superconductivity and magnetism are genuine quantum
effects), it turns out that quantum mechanics does not influence asymptotic critical
behavior of finite femperature phase transitions:

T ~ gz ~ |t‘ —V 2 The decay time of femporal correlations for order-parameter fluctuations in dynamic
¢ (time-dependent) phenomena in the vicinity of critical point — critical slowing down

d A __ Inquantum systems static and dynamic fluctuations are not independent because the
ih — [A H} Hamiltonian determines not only the partition function, but also the time evolution of
dt ’ any observable via the Heisenberg equation of motion

1= Thus, in quantum systems energy associated with the correlation time is also the
E.= h/Tc ~ |t’ typical fluctuation energy for static fluctuations, and it vanishes in the vicinity of
a continuous phase transition as a power law

This condition is always satisfied sufficiently close to T, so that quantum effects are
b < kB 1 ¢ washed out by thermal excitations and a purely classical description of order parameter
fluctuations is sufficient to calculate critical exponents

LPhase transitions in classical models are driven only by thermal fluctuations,
as classical systems usually freeze into a fluctuationless ground state at T=0

PHYS813: Quantum Statistical Mechanics Renormalization group



Formal Definition of

Quantum Phase Transitions

LdQuantum systems have fluctuations driven by the Heisenberg uncertainty in the
ground state, and these can drive non-trivial phase transitions at T=0

IA{(Q‘) = ﬁo —Fgﬁl, {ﬁ(}?ﬁl] =0 4

F 3
E P £l > e
. - -
— - e -
T - R T -
— - -
< : A
-- B -
- T T .
- —— - -
e -~ ___,.-""'--f i
- \\\
» b
g g

AR avoided level-crossing between the ground and an excited state in a finite
lattice could become progressively sharper as the lattice size increases, leading to
a nonanalyticity at g = gc in the infinite lattice limit.

DEFINITION: Any point of nonanalyticity in the ground state energy of the
infinite lattice system signifies quantum phase transition.

Othe nonanalyticity could be either the limiting case of an avoided level-crossing

or an actual level-crossing.
LUQPT is usually accompanied by a qualitative change in the nature of the
correlations in the ground state as one changes parameter in the Hamiltonian
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Simple Theoretical Model IT: Quantum

Criticality in Quantum Ising Chain (CoNb5O5)

Phys. Today 64(2), 29 (2011) Quantum Ising chain in the
transverse external magnetic field

O*._"} r:\_*ﬂ H:—JE (}ZCT,f_'_l—gE C}q’

i [V J>&g>0

Co?* J‘B -\J oY ﬁT_’c
b

Each ion has two possible states:

Transverse magnetic field strength

BNUALD 0 |T> — +’T> o Hr) — _H/>
voe o AR o o o E» —o» —o»  The first term in the Hamiltonian prefers
b8 B R B | e T onneition o e

Ferromagnet quantum tunneling between the T and H,
7 7z >  states with amplitude proportional to g
) =M1 M2 QNN 0) == ®=)2--®=)N
or
0) =1 @l)2- @ u> | =)= (1D + 1)/ V2

lim (0]g7o Z\0> (0|6

|2i—x ;| =00

AZ A z‘O>N€ |zs—x;|/&
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Simple Theoretical Model IT: Quantum

Criticality in Dimer Antiferromagnet (TiCuCl;)

Phys. Today 64(2), 29 (2011

Experiment: Phys. Rev. Lett. 100, 205701 (2008)

1.2

1.0

=
&
& = « Pressure « o 0.8
'« NI > - 0
T — e — 5 06
s L L z
S B — — — R
R P D P 0.4
o SO o R T T— T—
-k — T— T—> 0.2
N ey S S ) — — —=
MNeel antiferromagnet Quantum paramagnet L

¥
-.|" C

g

&

&c

ot

Quantum
paramagmt

MNeéel
antitferromagnet

— e L8 3 T & § 7

T
0 05

T T
1.0 15 2.0 25 3.0
PRESSURE (kbar)

L TheAwo noncritical ground states of thg/dimer antiferromagnet have very different excitation spectra:

spin waves with nearly zero energy
and oscillations of the magnitude of
local magnetization

= H ®ls)i |8)i =

\/_Z 2kr |t

[t (k)

(It

—[{M/V2 |t =11

[to)s = (IM4) + [14))/v2

,1;[1'®|S>j |t—1>i _ H“
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How Quantum Criticality

Extends to Non-Zero Temperatures

Tk vz —z
TA~Jlg— gl A~ €
Ouantimn
= Critical
kgl = A
A= kT . A= kT
¥
¢ =
g, g
-1 v
~ —
£~ Alg — gl
=) .
,
8 ‘ \“‘ "{
~ b /;
< Quantum ’
(@) . critical "
N b region 4
~ 2 p 4
N =) ‘\ o
¥ o
O E Classical spin waves S 4 Dilute triplon gas
= b ’
& E e \ = =
o) 1 : :
- - - - 1 I 1 1 1
V.; Hll |H .": @'@
z
a 8c
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O For small g, thermal effects induce spin waves
that distort the Néel antiferromagnetic ordering.
For large g, thermal fluctuations break dimers in
the blue region and form quasiparticles called
triplons. The dynamics of both types of excitations
can be described quasi-classically.

LQuantum criticality appears in the intermediate
orange region, where there is no description of the
dynamics in terms of either classical particles or
waves. Instead, the system exhibits the strongly
coupled dynamics of nontrivial entangled quantum
excitations of the quantum critical point g..

dWavefunction at g=g, is a complex superposition
of an exponentially large set of configurations
fluctuating at all length scales — thus, it cannot be
written down explicitly due to long-range quantum
entanglement which emerges for a very large
number of electrons and between electrons
separated at all length scales.

Renormalization group



Scaling in the Vicinity of

Quantum Critical Points

T 1 physics is dominated by thermal excitations T \
of the quantum critical ground state
thermally
disordered N
classical
thermally quantum critical quantum
disordered disordered disordered
k,'BT = A ‘T — T‘C’VZ ordered
ordered QCP _ >
: ot T T 0 r r
0 atT =0 Te r QPT in d dimensions is equivaleﬁf to

classical transition in higher d+z dimensions

7 — J‘dpdqe*ﬁH(p,Q) :J'dpefﬁK(p)J‘dqefﬂU(Q) ~J‘ dge @ e
~ . . .N Statics and dynamics = /= fD[cI)] exp _/ dT/dDrE[(I)(r?T)]
Z =Tre”’" = lim (e_ﬁT/N g PUN ) coupled in quantum 0

partition function CAVEATS:
represents fluctuations of the order parameter and it | mapping holds for thermodynamics only

(I)( ) depends on the imaginary time 1=-ip/h which takes values <ulting classical svst b <ual and anisotrobi
T, in the interval [0,1/T]; the imaginary time direction acts resulting classical system can be unusual and anisotropic
like an extra dimension, which becomes infinite for T—0" X' complications without classical counterpart may
' arise, such as Berry phases

1'=0: fsing(Ga h) — b_(D+z)fsing(byg Ga byh) G = ’9 o gC’/gc
T>0: fuing(G,h,T)=0b" P £, (WG, b9 b*T) 1/yg =v
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Example of Scaling Analysis:

Superconductor-Insulator QPT in Thm Films

R — h/4€ — 6450 () Phys. Today 51(11), 39 (1998)

THICKMNESS of = d (A}

The success of finite-size
scaling analyses of the
superconductor-

el insulator transitions as a
‘--_,___\_‘_‘—‘_--——
-_—‘_-—-—u—

MAGNETIC FIELD BkG)

\:

(= BRI T L [ eee_— ‘_“-pﬂ-‘ﬂ"’

*“ ‘“-

f/

function of film thickness or
applied magnetic field

g provides strong evidence

2 that T = 0 quantum phase

transitions are occurring

‘Swg_y gTNSZ

Ro = R.f (Tl/w)

| ! g=Borg=d
]': 15 ul =

TEMPERATURE (kelvi ' \:\:M\E‘Iu FIELD
SCALING VARIABLE [8-8 /7" kG/K'™)

/

-][

RESISTAMCE RATIO B

—
=
3 B

SHEET RESISTANCE #

o =

o T
iy
P

2 ~ 1.36
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RG Coarse Graining for 1D Quantum Ising

Model in Transverse Magnetic Field

1 ; J j+1
| ® o o
block | block | +1
i jcodd I:IbIOCk’j i je%;an I:ICOUpling,j I;I\E(I)?J%kling’j =-Joo; —ho|
_|3T> |I)¢> |iTh> |¢t)> |2) ENip 1) keep |1)and|2)only
i |0 3 0 |l |Vaen2) S i +[2)2
kIl _h 0 30 3) \/m|3> &, =|1)(1]-|2)(2|

|
o 0 g | 6, ~[(al+/2)

~ ~

5 3 projector onto
P= Pl ® I:)2 & I:)N /2 coarse-grained system J

lf)lH\block,jlf)l - ‘JZ""hzlsl
(Al ®|3I+1)HAcoupling,j(|3I ®|3|+1):_‘]( |(§zJ |)®(P|+1&zj+lpl+1)_h(lsl6>glsl)®|3|+1

>
>

Q
=
Ln
o+
T
QR
f
>
(@
L=
=
Q
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RG Flow for 1D Quantum Ising Model in

Transverse Magnetic Field

N
H=-J] Z O:JZOA'JZH —h O"-j‘ original Hamiltonian for N spins
j=1 =1

N/2 J? N/2-1 gy h? N/2 . coarse grained Hamiltonian
Z 0,0, ——F———=) O, for N/2 spins after

=1 «/‘JZ _|_h2 = JZ _|_h2 = one RG iteration

RG flow equations o
K =0 stable — ferromagnet

JZ
' [12 2 ' 2 fixed points
(J j: J _:h = K'= h :(Ej — K? K” :(K*)2 = < K" =0 stable — paramagnet
J

BN
JJ? +h?

K = KC =1 unstable — criticality
\

extract critical exponents from RG flow

linearize RG equations close to K, R const v 1
K)==¢&(K = K-K =—>=1
, K’ ¢(K") bcf( )=¢ K—KCOC( ) =V v
e, ) (6 =5t} = (&)
dKr Z J2+h2 Z 1+ K2 Z
A = =2=p* =y, =1 ey L1 1 1
dK K. m(K)=b"m(b’*K)=b™" = :>X:—,IB::|_—x:E

J1+K?2 2
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