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The non-equilibrium Green’s function (NEGF) formalism provides a sound conceptual ba-
sis for the devlopment of atomic-level quantum mechanical simulators that will be needed
for nanoscale devices of the future. However, this formalism is based on concepts that are
unfamiliar to most device physicists and chemists and as such remains relatively obscure.
In this paper we try to achieve two objectives: (1) explain the central concepts that define
the ‘language’ of quantum transport, and (2) illustrate the NEGF formalism with simple ex-
amples that interested readers can easily duplicate on their PCs. These examples all involve
a short t+t—nt—n™* resistor whose physics is easily understood. However, the basic for-
mulation is quite general and can even be applied to something as different as a nanotube or
a molecular wire, once a suitable Hamiltonian has been identified. These examples also un-
derscore the importance of performing self-consistent calculations that include the Poisson
equation. Thd =V characteristics of nanoscale structures is determined by an interesting
interplay between twentieth century physics (quantum transport) and nineteenth century
physics (electrostatics) and there is a tendency to emphasize one or the other depending on
one’s background. However, it is important to do justice to both aspects in order to derive
real insights.
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1. Introduction

MOS transistors with channel lengths as small as 10 nm are now being actively studied both theoretically
and experimentally]]. At the same time recent demonstrations of molecular switching make molecular
electronic devices seem a little closer to realR [t is clear that quantitative simulation tools for this new
generation of devices will require atomic-level quantum mechanical models. The non-equilibrium Green
function (NEGF) formalism (sometimes referred to as the Keldysh or the Kadanoff—Baym formalism) pro-
vides a sound conceptual basis for the devlopment of this new class of simulators. 1D quantum devices like
tunneling and resonant tunneling diodes have been modeled quantitatively using NEEMI@dh is based
on the NEGF formalism. Although the transport issues in MOS transistors or molecular electronics are com-
pletely different, the NEGF formalism should provide a suitable conceptual framework for their analysis as
well. However, this formalism is based on concepts that are unfamiliar to most device physicists and chemists
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Fig. 1.A, A device in equilibrium; B, self-consistent procedure for the analysis of electronic devices in equilibrium. ‘Poisson’ is written
within quotes as a reminder that it may need to be supplemented with a exchange-correlation potential.

and as such remains relatively obscure despite the obvious value of a fundamentally sound approach on which
practical simulation tools for nanoscale devices can be based. In this paper we try to achieve two objectives:
(1) explain the central concepts that define the ‘language’ of quantum transport, and (2) illustrate the NEGF
formalism with simple examples that interested readers can easily duplicate on their PCs. The numerical
results presented here (Fi§s9, 13) were all obtained on a laptop computer and the author will be glad to
share his MATLAB programs, typically 40 lines long, with interested readers. These examples all involve a
short n"T—n—n*+ resistor whose physics is easily understood. Their primary purpose is to illustrate how
the NEGF formalism is applied to a real device and leads to physically sensible results. The basic formulation
is quite general and can even be applied to something as different as a nanotube or a molecular wire.

Most device physicists are familiar with the Schrdodinger—Poisson solver. So let us start by recapitulating
how the Schrodinger—Poisson solver works for a device in equilibrium {RA.The first step is to identify
a suitable HamiltonianH, that provides an adequate description of the isolated device. For example, if the
device operation involves only the electrons in a parabolic conduction band then we could use the effective
mass Hamiltoniatd = —(h%/2m)V2. This is what we will use for our illustrative examples in this paper, but
the basic formulation could just as well be used with more complicated Hamiltonians like3gteHamil-
tonian commonly used to provide an accurate description of the valence band or say thelaBdiBonian
used for molecular conductors. When the device is connected to the contacts there is some charge transferred
into or out of the device, which gives rise to a potentidly), that has to be calculated self-consistently.
The Schrddinger—Poisson solver (FIf) iterates between tHeoisson equatiowhich gives us the potential
U (r) for a given electron density(r ) relative to that required for local charge neutrality (which is equal to
the ionized donor densityyp (r), in an n-type semiconductor)

V- (¢VU) = ¢’[Np — n] (1.1)

and the law ofequilibrium statistical mechanicahich tells us that the electron densityr) for a given
potential profileU (r) is obtained from

Ny =Y 1We(M)*  folex — 1) (1.2)

by filling up the eigenstated, (r) of the Schrodinger equation
[H +U]\I’a(r)=8awa(r) (13)
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according to the Fermi function
fo(E — 1) = (1+ expl(E — u)/ke T (1.4)

u being the Fermi level. This is the basic approach that has been widely used to model MOS capacitors. Some
authors fi] have supplemented the Poisson poteritlé) with an exchange-correlation potentlaq(r)

which accounts for the ‘hole’ that surrounds an individual electron in a conductive medium. This is quite
common among quantum chemis \vho have developed fairly sophisticated approaches for determining
Uyxc(r). In this paper we will not address this issue and simply use the Poisson (or Hartree) potential, with the
reminder that it may need to be supplemented with a suitable exchange-correlation potential to account for
electron—electron interactions. This self-consistent field approach should provide an adequate equilibrium
model for nanoscale devices, unless they happen to be in the ‘Coulomb blockade’ regime. Let me briefly
elaborate on what this means.

An electronic state localized in a sphere of radiisas a single-electron charging energy of approximately
q2/4reR which is~25 meV if R = 5 nm ands = 10g. If this charging energy exceeds both the thermal
energykg T and the level broadening due to the connection to the surroundings, then one could be in a regime
dominated by single-electron charging effects that is not described well by the self-consistent field method
even at equilibrium. One well-known example of this is the fact that donor or acceptor levels are occupied
according to a modified Fermi function:(level degeneracy)

1 -1
f(E—p) = <1+ 5 exp(E — M)/kBT])

rather than the actual Fermi function (cf. eqrd). This elementary result, familiar to every device scientist,
does NOT ordinarily follow from the NEGF formalism without special effort because impurity levels are
both localized and weakly coupled. Similar issues could arise in nanoscale devices with weak coupling
to contacts (such as the floating gate in a flash memory device) and such devices may require treatments
that go beyond the standard NEGF formalism to take single-electron charging effects into account. In this
paper we will not discuss this ‘Coulomb blockade’ regime any further and assume that the energy levels are
sufficiently delocalized that electron—electron interactions can be modeled with an appropriate self-consistent
field. However, it is important to remember that the NEGF, with all its impressive sophistication, does not
automatically include ‘everything’.

The problem we wish to address in this paper is that of a device connected to two contacts with two
different Fermilevels1 andus (Fig. 2). What is the electron density? We can no longer use edqh ) since
there are two different Fermi levels. It would seem that the energy levels in the device would be occupied
with a probability f,which has a value intermediate between the source Fermi fun@jienp — 1) and the
drain Fermi functionfo(ey — w2):

NI =Y We(OWEr) fy. (1.5)

However, the general answer is more complicated than that. Different states can be occupied in a correlated
manner described by a density matiiyg:

N =Y W ()Y51)pup- (1.6)
o,

The central issue in non-equilibrium statistical mechanics is to determingethsity matrixop,g; once
found, all quantities of interest (charge, current, energy current etc) can be calculated. Since this concept is
unfamiliar to most device physicists, let us elaborate a little further.
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Fig. 2. A, A device driven out of equilibrium by two contacts with different Fermi leveisanduo; B, self-consistent procedure for
determining the density matrix from which all quantities of interest (electron density, current etc) can be calculated.
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Fig. 3. A ballistic conductor connected to two contacts with different Fermi lenxgland .

1.1. The density matrix and the current operator

The distinction between an occupation probabilfty and a density matriy.g can be appreciated by
considering a simple 1D ballistic conductor connected to two contacts with Fermi Jevalsd > (Fig. 3).
One of the celebrated results of mesoscopic phy6ied s that the conductance of such a ballistic conductor
is quantized:

2
o= ' _ a0 (1.7)
(w1 —u2l/—q h
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Equation (.7) is derived simply as follows. The eigenstates of a 1D conductor with periodic boundary
conditions can be written a& (length of conductor)

W (x) = e /V/L, W_(x) = e /L (1.8)
with
e4k = e_k = Ec + (h%k?/2m). (1.9)
How are these states occupied? Given the complicated nature of the interfaces at the two ends the answer is
not obvious but the large body of experimental and theoretical work on point contacts in semiconductors since
1988 has established quite clearly that4Hestates are occupied primarily by electrons coming from the left
contact while the-k states are occupied primarily by electrons coming from the right contact. Consequently

the occupation factors for thek and—k states are given approximately by the Fermi functions for the left
and right contacts respectively:

fik = folex — 1), f_k = folexk — n2). (1.10)
Noting that the probability current carried by these plane wave eigenstatesl(8qns(given by
Jik(X) = (hk/mL), J_k(X) = (=hk/mL) (1.11)

we obtain the net current as

| = 2 (for spin) (—q) Z Jik folek — 1) + Ik folex — u2)
k>0

hk
= (=20) ) —[folek — 1) = folek — )]
k

Converting the summation into an integral using periodic boundary conditions with the usual prescription
>y — JdkL/2x [9],

—2 +00 )

p— / dexl folek — ua) — folek — #2)] = —— {1 — izl
h Jo h
from which eqgn 1.7) for the conductance follows readily.
Our purpose in outlining this textbook derivation of the quantized conductance of ballistic conductors is

to illustrate an important conceptual poidf]. The form of the eigenstates given by edngj is not unique.
The ‘+k’ and ‘—k’ states have the same energy so that any linear combination of the two is also an eigenstate.
We could just as well have written the eigenstates as

We k(X) = +/2/L coskx and Ws k(X) = +/2/L sinkx. (1.12)

However, no matter how these states are occupied individually, the net current would be zero, since both the
sine and cosine states are equal superpositionsksfand ‘—k’ states and carry zero-current individually
(Jek = Jsk =0):

1= 2 (for spin)z Jek fek + Jsk fsk = 0. which is incorrect
k>0
Where is the fallacy in this reasoning? The answer is that if we choose to use the cosine and sine states, we
cannot calculate the current from occupation probabilities since the current operator is not diagonal in this
representation. To see what this means, we first note that in the plane wave representation the current operator
Jop is given by

+k —k
0 —hk/mL
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Next we transform the current operator into the cosine and sine representation through a unitary transforma-
tion using the transformation matrix [V] whose columns represent the old fasis : +k, —k) in terms of
the new basig'cs' : c, S):
11 1
Vl=— [ } :

2+ -
We obtain
0 —ihk/mL
The diagonal elements in this representation are indeed zero indicating that neither state carries any current
by itself. But if they are occupied in a correlated manner as reflected in the off-diagonal elements of the
density matrix, then there could be a net current. In the plane wave representation, the density matrix is
diagonal with the diagonal elements given by the occupation probabifities

[olpw = [ fg" f(jk:| (1.14a)

so that in the cosine—sine representation
[ples = [V1lp]pw V1T

10 foe+ fo —i(fox— fk)]
=_1. . 1.14b
2 |:|(f+k — fik+ fok ( )

The currentis given by = 2 (for spin)x (—q) x Trace(p Jop) and we get the same result in either represen-
tation (‘pw’ or ‘cs). This is only to be expected since the trace is invariant under a unitary transformation
and thus remains the same in any representation. However, the point to note is that the current in the ‘cs’
representation arises from tlo#-diagonalelements of the density matrix and the current operator, rather
than the diagonal elements. These elements do not have an intuitive physical meaning, unlike the diagonal
elements which are simply the occupation factfysAs long as the current is carried by the diagonal terms
we can use a semiclassical Boltzmann-like picture. However, if the ‘action’ is in the off-diagonal elements
then we need a more general quantum framework. For nanoscale devices, it is important to have the flexibility
to use arbitrary representations since one may not kaguniori which representation will diagonalize the
density matrix. The key problem then isfind the density matriy in some suitable representation.

One last point before we proceed. We have mentioned above that the electron density can be calculated
from the density matrix using eqd.g). We could regard eqri(6) as a special case of a unitary transforma-
tion into a real space representation:

[o]realspace= [VIlpIIVI*. (1.15)

The transformation matrigV ] is obtained from the amplitudes of the wavefunctidnsat points t’ in real
space:

[VIre = Y (HVQ (1.16)

whereQ is the volume of an individual cell. The factor ofQ comes from the process of discretization of the

real space coordinate (as we do in the method of finite differences) which is conceptually convenient since
it makes the transformation matrix finite-sized. In a discrete representation the normalized wavefunction in
egn (1.8) would be written as

Uox) = e/ /N instead of W (x) = ek¥/V/L

N being the number of points in a discrete lattice of lengttA factor of ./L/N = ./a (a: length of the
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unit cell) is needed to convert from the continuous to the discrete representation. Substitutibd 6gntp
eqgn (.15,

P ) =2 W)W )pap — QN = [p(F, T (1.17)
a’ﬁ

The electron density(r) (see eqni.6)) is just the diagonal elemeiit’ = r) of the density matrix in real

space (divided by the volume of an individual cell). In other words, it is not only that we can calculate the
electron density from the density matrix: a more powerful viewpoint is that the density risdtix electron

density (within a constant factae). Like all guantum mechanical concepts it can be expressed in different
representations. In some representation (like the plane wave representation for the ballistic conductor) the
density matrix is diagonal; in other representations it is not diagonal. But in any representation the diagonal
element tells us the number of electrons occupying a particular basis state in that representation. If we use
the real space representation, then the diagonal elements tell us the number of electrons at different points in
real space, which is the electron density) times<.

Outline: In quantum transport theory, the density matrix is the central quantity from which all quantities of
interest can be obtained. For example, the electron dem@ixys obtained from the diagonal elements in the

real space representation, while the current is obtained frem(—q) Trace(p Jop). The problem then is

to find the density matrix in a chosen representation. For this it is not enough just to know the details of the
device throughtH + U); we also need to know how the device is coupled to the two contacts and the scatter-
ing processes that are effective within the device. This information is contained in the self-energy functions
T1, 2 and s (Fig. 2). Given all of this information(H, U, 1, 2, Es, 11 anduz), the NEGF formalism
provides clear well-defined relations that can be used to calculate the density matrix from which the elec-
tron density and current can be obtained. We will not derive any of the equations, since rigorous derivations
based on the second quantized formalism are available in the literatijrénstead we will try (1) to mo-

tivate the basic equations by showing that they make perfect sense if we use a representation in which the
relevant quantities are diagonal and (2) to illustrate these equations with simple MATLAB-based examples
that interested readers can conveniently duplicate on a PC. An important ingredient in these calculations is
that the transport equation is solved self-consistently with the Poisson equatioh-\rteharacteristics of
nanoscale structures is determined by an interesting interplay of transport physics with electrostatics and it
is important to do justice to both aspects if we are to derive real insights.

The numerical examples we present are all centered around a stemh-n" resistor whose physics
is easily understood. Our primary purpose is to show that the NEGF formalism leads to physically sensible
results for this simple device. However, the basic formulation is quite general and can even be applied to
something as different as a molecular wire or a nanotdg For any device the first step is to choose a
suitable representation which can be used to write down the quamtitids 1, X», s (see Fig2) in the
form of matrices. These are the matrices that contain all the physics of the problem at hand. Given these
matrices, the procedure for calculating the density matrix (and hence the electron density and current) is the
same for every device, be it a molecule or a nanotube offarnt—n™" resistor.

We will start by describing the specific choice of representation that we will be using for our examples
(Section2). We will then discuss the procedure for calculating the equilibrium potential profile and electron
density, first in terms of wavefunctions and then in terms of Green’s functions in order to illustrate their
relationship (SectioB). Next we will discuss devices driven out-of-equilibrium by an applied bias, neglecting
any scattering processes inside the devite £ 0, Sectiord). Finally we will discuss approaches that can
be used to incorporate scattering processes into the mbde¥(0, Sectiorb).
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Fig. 4.A, 1D device with a large (effectively infinite) cross-section; B, we use the eigenstate representation for the transverse dimensions
(y-2) but a discrete real space lattice for the longitudinal direction.

2. Choice of representation

In formulating a theory of quantum transport we have a choice of what representation to use and the
optimum choice depends on the problem at hand. A representation based on eigenstates is often convenient
for analytical calculations since the Hamiltonian is diagonal. On the other hand, a real space representation
is intuitively more appealing since most of us ‘live’ in real space. In dealing with 1D devices4&jgwe
find it convenient to use the eigenstate representation for the transverse dimégsiprmit a discrete real
space lattice for the longitudinal direction. We can separate the overall Hamiltbhiato a longitudinal
partH_ and a transverse patty(H +U = H_ + Hr):

h? d?
h? /1 d?  d?
Hr = om (d_yz + @) + Ui(y, 2). (2.2)

For devices with a large (effectively infinite) cross-section, itis common to ignore the transverse confining
potentialU; (y, z) and use periodic boundary conditions in that direction since the real boundary conditions
are believed to have minimal effect on the observed properties. The transverse eigenstates are then given by
plane waves (S: transverse cross-sectional area)

xk(p) = expli k- p)/v/S (2.3)
Hrxk = exxk  With e = hk?/2m, (2.4)
wherek andp are both 2D vectors in thg—z plane.

For the longitudinal Hamiltonian we use a discrete lattice in real space. To find the matrix representation
for HL the simplest procedure is to use a finite difference approximation for the second derivativedrijqgn (

[HL¢ln = —tpn_1 + (Ec + 2t + Up)Pn — ténra,
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wheret = h?/2ma? andU,, = U (x,). This means that the matrix representiitf) * appears as follows:

H = 1) 12) IN — 1) IN)
|1) Ec+2t+Uq —t 0 0
|2) —t Ec+2t+ Uy 0
. . . (2.5)
IN — 1) 0 0 Ec+2t+Un-1 —t
IN) 0 0 —t Ec+2t +Uy.

It can be shown that if the lattice spaciraj is chosen to be small enough thatis greater than the energy
range of interest, then the discrete lattice representation (often called the tight-binding model) yields fairly
accurate results. For an infinitely long uniform structdug = 0) it yields a dispersion relation

E = E¢ + 2t(1 — coska) (2.6)

which reduces to a parabolic bafid= h?k2/2m for small ka'.
The overall basis functions can be labeled lam] as shown in Fig4B. The elements of the matrix
representingH + U) can be written as

[HL + Hr g ke = ((HUIn + 208k 2.7)

The point to note is that since theare eigenstates, there is no off-diagonal matrix element connecting two
different ‘transverse mode& andk’. As long as we neglect elastic or inelastic scattering processes that
couple different transverse modes, we can think of the transverse rkagdeseparate 1D devices connected

in parallel. Each transverse moléas an extra transverse energy= h%k?/2m that should be added to

the longitudinal energy whenever the total energy is required (for example, in the argument of the Fermi
function).

Note that the details of the transverse modes could be very different for other devices. For example, a MOS
device is essentially a 2D charge sheet so that we have plane wave eigenstates only in one transverse direction;
the other transverse direction usually has a small number of discrete subbands. With molecular conductors
it is common to treat each molecule as independent, so that there are no transverse modes to worry about.
However, in this paper we will assume a uniform 2D conductor as shown idtHigpr all our examples we
will use the following parametersn = 0.25mp, mp = 9.1 x 10731 Kg, ¢ = 10¢q, &0 = 8.85x 10 12F m1,
a=0.3nm,Np = 10°°cm3 in the nt* regions, each of which is 4.5 nm long ahg = 5 x 10 cm™3
in the n™ region, which is 21 nm long. We have chosen very high doping densities deliberately so that the
screening length is short compared with the length of the device. The device has 100 points along the length
of the device so that the size of the mafit ] is 100x 100. This is a fairly comfortable size for running on
a PC and the results presented here (bj@and13) were all obtained on a laptop computer. State-of-the-art
supercomputers can handle much larger matrices and hence much larger devices.

3. Equilibrium

Once we have chosen a suitable representation, we are ready to calculate equilibrium band diagrams for
1D devices. The equilibrium problem can be done in two ways, one that uses the concept of Green’s functions
and one that does not, and it is instructive to compare the two. That is what we will do in this section using
the mt—nt—n** structure shown in FigdA as an example. This discussion will also help introduce the
self-energy function&; and X, which describe the connection of the device to the contacts (seg)Fig.

As shown in Fig.1B, equilibrium problems can be handled by solving the Poisson equation self-
consistently with the law of equilibrium statistical mechanics which requires all the eigenstates of the de-
vice (thatis,H + U) to be filled up according to the Fermi function. This means that the equilibrium density
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matrix for a particular transverse mode tan be written as (we are using square brackeisto denote
matrices)

fole1 + ek — 1) 0 0
0 f — 0
[okles = 0 ole2 +08k 2 (3.1)

fo(ez +ex — 1)

where the subscripe’s indicates that the density matrix is expressed in the eigenstate representation:
g2 etc are the eigenenergies of the longitudinal Hamiltortign while thegy are the eigenenergies of the
transverse Hamiltoniarkly (see eqnsA.1), (2.2)). Since all the transverse modds are like independent
devices in parallel, we need the density matrix summed (or ‘traced’) ovdcall *

Fo(er — 1) 0 0
_ _ 0 Fo(e2 — w) 0
[ples = Xk:[/ok]es = 0 0 FO(8.3- _ ) (3.2)
where
mks T uw—E

Note that we have included the sum over spins as well when evallgtinggn @.3). Thek-summed density
matrix [o] looks just like[pk] except that the Fermi functiofy is replaced by the logarithmic functidfy,
and this simple replacement takes care of the transverse modesyiztpane. We can otherwise proceed
with our calculation in thex-direction as if it were a purely 1D problem.

To obtain the density matrix in real space (whose diagonal elements give us the electronriensstye
egn (L.17), we have to perform a unitary transformation:

[p] = [V1lplesl VI* (3.4)
where[V] is a matrix whose columns denote the eigenvectorkiofat each of the points on the discrete
lattice. Once we have set up the matrix represeniingfollowing the prescription in eqr(5) it takes just
three commands in MATLAB to obtain the density matfi¥ in real space:

[V, D] =eig(HL);

rho = log(1 + exp((mu— D)./KkT));

rho=V % (rho) « V’;
The first command calculates a diagonal matB{ whose diagonal elements are the eigenvalug$,0dnd
a matrix[V] whose columns are the corresponding eigenvectors. The second and third commands implement
egns 8.2) and (.4) respectively. Actually we could achieve the same result with just one command:

rho = logm(1 + exp((mu— HL)/KT));

by noting that the density matrix can be written asidentity matrix of the same size &Hl, ])

okl = fo([HL + (exk —w)1])
[p1 =" pk = Fo([HL — p11). (3.5)
k

Equation 8.5) expresses the density matrix as a function of the Hamiltonian matrix and is really equivalent
to egns 8.2 and (3.4), since the rule for evaluating a function of a matrix is to write down the function in a
representation that diagonalizes the matrix (38)) and then transform it back to the original representation
(eqn B.4)). We probably do not save any time by using one command instead of three, but the real value
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of eqn B.5) is conceptual: it states that tleguilibrium density matrix is simply the Fermi function of the
Hamiltonian matrixin any representation. This is a powerful concept that we will make further use of.

3.1. Periodic boundary conditions

We solve egqng.5) self-consistently with the Poisson equation

d?u 2

e q?[ND —n] (3.6)
using the standard Newton—Raphson technique (see for example, Appendix G3]Refoptain the equi-
librium potential profileU (x) and electron density as shown in Fig.The point to note is that if we use the
matrix [H ] given in egn 2.5) we obtain the dashed profile for the electron density which goes to zero at the
ends of the device. This is because of the particular boundary condition that is implied by our tisé.of
When we use the finite difference method to write the Schrddinger equation on a discrete lattice we obtain

EV, = —t¥g+ (Ec+ 2t + Up)W¥q — 1t (3.78)

at the left end of the lattice (FigB). The problem is that we want to get rid &b, in order to truncat¢H, ]
to a finite size. We have the same problem at the right end

EWN = —tWn_1 + (Ec + 2t + UN)UN—tWn1 (3.7b)

where we would like to get rid oy 1. If we simply truncate the matrix, we are in effect settiig =

Wn41 = 0 which makes the calculated electron density go to zero at the ends. This would be an appropriate
boundary condition if we had an infinite potential wall at the ends. However, what we actually have is an
open boundary and this is better described by periodic boundary conditions which effectively wrap the right
end around and connect it to the left end by settthgl, N) = Hi (N, 1) = —t. The electron density then
approaches the constant bulk value near the ends as we would expect. However, it is important to note that
we are getting rid of end effects by artificially wrapping the device into a ring. We are not really doing justice

to the open boundary that we have in the real device. The self-energy method that we will describe later in
this section allows us to do that. But before we can describe this method, we need to discuss the Green’s
function approach for calculating the density matrix.

3.2. Green’s function
Let us start from eqn3(5) and rewrite it in the form

+00
[Pk]=/ dEB(E +ex— 1) S(EI — HLD)

—00

+00
[p]=/ dER(E — ) S(E! — HL]. (3.8)

—00

Using the standard expression for the delta function (@sitive infinitesimal)

2¢ [ i
218 = Lim = N
7 8(X) I s—>0+<X2+82) X+i0t x-—i0t

we can write

S(El —Hy) = ig([(E +i0 —H I Y= [(E—i0")1 — H. ™. (3.9)
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Fig. 5. Self-energy method (crosses); periodic boundary conditions (solid curves); infinite wall boundary conditions (dashed curves).
A, Equilibrium potential profile and; B, electron density in &-m-n" structure calculated by solving eqriz.4) and (.5 self-
consistently. The parameters used are listed at the end of S@cfitve dotted line in A indicates the equilibrium Fermi level.

Equations 8.8) and @.9) can be rewritten in the form
1 +00
=5 [ dERE+ea-w (AE)]
—00

1 +o0
o] = Z/ dER(E — ) [AE)] (3.10)

where[ A(E)] is known as thepectral function

[AB)] =i([G(B)] - [G(E)]T) (3.11)
[G(E)] being the retarde@reen’s functiordefined as

[G(E)] =[(E+i0H)] — H ™ (3.12)

One can see from eqB.(L0 that the spectral functiofA(E)]/2r can be interpreted as the available density

of states which are filled up according to the Fermi function to obtain the electron density. Indeed the diagonal
elements of A(E)]/2r in the real space representation give us the local density of states at different points
in space (a quantity that can be measured with scanning probe microscopy).

Equation 8.10 represents the Green’s function version of egrb)( One might wonder what we have
gained by introducing an unnecessary integration over the energy coordihaféhat makes this extra
complication worthwhile is the convenience it affords in the treatment of open systems. Indeed if our interest
was limited to closed systems there would be little reason to use Green'’s functions. But for open systems
the Green’s function method allows us to focus on the device of interest and replace the effect of all external
contacts and baths with self-energy functiahis; s (see Fig2A) which are matrices of the same size as the
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Fig. 6. The interaction of a device with a reservoir can be represented by a self-energy Watrix

device Hamiltonian, even though the contacts themselves are much larger entities. This is one of the seminal
concepts of many-body physics that we will now discuss.

3.3. Self-energy

The concept of self-energy is used in many-body physics to describe electron—electron and electron—
phonon interactions. In the present context, however, we are using this concept to describe something much
simpler, namely, the effect of a semi-infinite contact. But the principle is the same. In general, we have a
‘device’ connected to a large reservoir and the overall Hamiltonian matrix has the form (ség Fig.

H T
t Hg

where the dimension dfir is huge compared to that &f. The overall Green function has the form

G Gpr|_ [(E+i0hHI —H —1 -
Grp Gr | —t (E+i0HI — Hgr ’

We are only interested i@ (and not inGgr or Gpgr or Grp), because we only care about the details inside
the device and not inside the reservoir. It is straightforward to show that (see p. 14@&]Ref. [

-1 -1
G=|:(E+i0+)I—H—E} %[EI—H—Z} (3.13)

where
r=tgrtt and gr=[(E+i0")I — Hgl™. (3.14)

This shows that the effect of the coupling to the reservoir can be accounted for by adding a self-energy
matrix ¥ to the HamiltoniarH (Fig. 6). This is a very general concept that allows us to eliminate the huge
reservoir and work solely within the device subspace whose dimensions are much smaller. NDis tiatt
necessarily an infinitesimal quantity (unlik&)) it can be finite with a value defined by the coupling to the
reservoir. We will discuss the physical meaningbfurther at the end of this section.

We could use eqr3(14) in general to calculate the self-energy for arbitrary reservoirs and coupling matri-
cest. It may seem that we have not gained much since we need to invert a huge matrix to gbidirch
we need to evaluate the self-energy from egyi4)

£m.n) =) oM wgr(e, T (V. N).

W,V
The indicesm, n refer to points within the device whilg, v refer to points inside the reservoir. However,
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the coupling matrixc couples the points within the device to a small number of points on the surface of
the reservoir, so that we only neeg @u, v) for points («, v) that are on the surface. This surface Green’s
function can often be calculated analytically assuming a given model for the reservoir.

For the simple 1D problem at hand, the self-energy can be obtained from fairly elementary arguments
without worrying about surface Green'’s functions. The self-energy matr) that accounts for the semi-
infinite lead on the left is given byt & h?/2ma? as defined earlier before eq§))

21(E) = 1) 12) -+ IN=1) |N)
|1) —texpiikia) O 0 0
|2) 0 0 0 0
) . ) : (3.153)
IN — 1) 0 0 0 0
IN) 0 0 0 0

whereE = E; + U1 + 2t (1 — coskja).

In other words all we need is to add a terrhexp(ikia) to Hy (1, 1) and we have accounted for the semi-
infinite lead exactly, as far as calculating the Green'’s function is concerned. We can derive this result using
an elementary argument. We stated earlier (see @@a]) that the basic question at the boundary is how to
eliminateWy from the equation

EV = —tWo + (E¢c + 2t + U)Wy — tWs. (same as eqrB8(79)

With infinite wall boundary conditions we sdfy equal to zero while with periodic boundary conditions

we set it equal toly. In the self-energy method we assume that we only have outgoing (nhot incoming)
waves at the ends. The fact that an actual device has incoming waves as well from the contacts is irrelevant
when calculatindgs.G is the retarded Green’s function representing the response of the system to an impulse
excitation within the deviceﬁEI —H - Z]G = |, and hence the appropriate boundary condition3as

that we only haveutgoingwaves at the ends. This means that when calcul&inge can write

Vo = W expikial
so that eqn3.79 becomes
Ev; = —texpikial¥1 + (2t + Up)¥1 — tWo

showing that we can take care of the open boundary condition simply by adding atexp(ik;a] to point
1, as stated above. Similarly the self-energy mafixE) that accounts for the semi-infinite lead on the right
has only one non-zero term at potwhich is given by

32(N, N; E) = —t exp(ikoa) where E = Ec + Un + 2t (1 — coskea). (3.15b)

The Green’s function is obtained from
-1
G(E) = [EI —HL -2 - Ez:| (3.16)

where the self-energy functior’s; (E) and X2(E) account for the open boundary conditions exactly. The
spectral functionA(E) is then obtained from eqr8(11) from which the electron density is obtained using

egn @.10. As we can see from Fig.the results agree quite well with those obtained directly using periodic
boundary conditions. The self-energy method is computationally more intensive, since it requires an integra-
tion over energy and looking at Fig.it is not clear that the extra effort is worthwhile. However, it should be
noted that the periodic boundary conditions merely get rid of end effects through the artifact of wrapping the
device into a ring while the self-energy method treats the open boundary condition exactly. An open system
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has a continuous energy spectrum, while a ring has a discrete energy spectrum. The electron density is ob-
tained by integrating over energy and is relatively unaffected by the discretization of the spectrum at least at
room temperature. But the difference would be apparent, if we were to look at the density of states, that is,
the spectral function. The full power of the self-energy method becomes apparent when we model a device
under bias—a problem that cannot be handled with periodic boundary conditions.

3.4. Broadening

It might appear that the self-energy method is just another method for handling boundary effects. With
infinite wall boundary conditions we séty = W1 = 0; with periodic boundary conditions we sy =
Wy; in the self-energy method we séfy = Wi expikial and W1 = Wy exdiksal. However, there
are two factors that distinguis; and X, from ordinary Hamiltonians. Firstly, they are energy dependent.
Secondly, they are not Hermitian. We can write

T1+32 T+ %) -3 E-3%7
+ + +
2 2 2 2
=H, —il1/2—iTy/2

HL+21+22=(HL+

where

21+2f+22+22+
2 2

rlsi[zl—zf}, Fzzi[zz—zg}.

The point we want to make is that the self-energy terms have two effects. One is to change the Hamiltonian
from Hy to H_ which changes the eigenstates and their energies. But more importantly, it introduces an
imaginary part to the energy determined by the ‘broadening’ functiarandI",. The former represents a
minor quantitative change; the latter represents a qualitative change with conceptual implications.

One way to understand the meaning of these functions is to imagine a representation which diagonalizes
Hy . This representation will not necessarily diagonalizendI'>—indeed interesting quantum interference
effects often arise from the non-diagonal elementEpandI';. But if '1 andI'z are also simultaneously
diagonalized then the eigenenergie:{ldf_ + 31+ 22) will be given by

e—i(y1+y2/2

wheree, y1 andy; are the corresponding diagonal elementsipf 'y and T, respectively. This could be
viewed as a broadening of the energy level from a delta funéti@— ¢) into a line of the form

Y1+ y2
(E —&)? + (11 + r2)/2)?
which could have a non-Lorentzian shape sipcandy» are in general energy dependent.

The imaginary part of the energy implies that the wavefunction and the associated probability decays with
time which can be written in the form (neglecting any energy dependenaeanidy,)

|:||_EH|_+

and

W ~ exp—iet/h] exp—yat/2h] exp—yot/2h]
|W|? ~ expl—y1t/h] expl—yat/h]. (3.17)

An electron initially placed in that state will escape into the left and right leads with time conkfaatand
h/y2 respectively. The quantitieg /h andy,/h thus represent the rates at which an electron initially in a
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Fig. 7. A discrete level is coupled to a reservoir with a Fermi lewelThe broadening is the same regardless of whether the reservoir
states are empty or filled. A, Level coupled to empty states; B, level coupled to filled states.

particular state will escape into the left and right states respectively. For example, we have seen that a 1D
lead gives rise to a self-energy that is purely diagonal in real space representation (sé&%gjn (

(1,1 = —texpiika) » I'(1, 1) = 2t sin(ka) = hv/a

which is quite reasonable since we expect the rate of escape from a lattice site af gidse'v/a.
3.5. The exclusion principle

One final comment before we move on. In calculating the broadening of a level due to the connection to the
reservoir, it might seem that the result should depend on whether the reservoir is occupied or not. Consider a
discrete level coupled to a reservoir with a Fermi lgu€Fig. 7). One could argue that the broadening would
be larger if the reservoir states corresponding to the discrete level are empty (case ‘a’) than if they are filled
(case ‘b’). After all, an electron placed on this level would be unable to escape in case ‘b’ since it would
be blocked by the Pauli principle and hence the level should not be broadened. From this point of view, the
broadening of a level should be given by

iT” =32 =T(1- fole — n) (electron escape rate) (3.18a)

However, this argument is not correct, since a hole placed on this level would escape into the reservoir in
case ‘b’ but would be blocked in case ‘a’. This means that the broadening would be

—i2< =3 =Tfg(e — p) (hole escape rate or electron entry rate) (3.18b)

if we were describing the propagation of holes instead of electrons. But the correct point ol @]ésthat
electrons and holes are all described by the same self-energy and hence the same broadening which is given
by the sum of the electron escape and entry rates:

[=3xoUqyn_j <2> — 2<). (3.19)

The broadening is thus the same irrespective of whether the reservoir is filled or empty.

4. Coherent transport

We have seen in the last section that the equilibrium density matrix is obtained by filling up the available
density of states (or spectral functipf]) according to the Fermi function (see e@1(0). The next problem
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Fig. 8. The eigenstates of a composite contact—device—contact structure can be divided into two groups associated with incident waves
from the A, left contact and; B, the right contact. If we neglect scattering processes under bias, then under bias the ‘left’ eigenstates in
A remain in equilibrium with contact 1.(1) and the ‘right’ eigenstates in B remain in equilibrium with contact2)(

is to find the density matrix if the device is connected to two contacts with different Fermi jevelsd .o

(see Fig.3), and hence different Fermi functions. The solution in general is quite involved: non-equilibrium
statistical mechanics is a far more complex subject than equilibrium statistical mechanics. However, the
answer is relatively simple, if we neglect scattering processes within the device (that is, if we assume transport
to be coherent). This turns out to be a fairly accurate assumption for many ultrashort devices like resonant
tunneling diodes. The eigenstates of the composite contact—device—contact structure can then be divided into
two groups associated with waves incident from the left and right contacts respectively (s8e Wigen a

bias is applied, these ‘left’ eigenstates and ‘right’ eigenstates remain in equilibrium with the left contact and
the right contact respectively. The ballistic conductor is a relatively simple example of this principle where
the left eigenstates are theK’ states and the right eigenstaes are thk'‘states (see FigB).

This simple observation (some might call it an ansatz) leads to an enormous simplification and is at the
heart of the transmission formalism that is widely used in mesoscopic phgsi@s [t allows us to treat a
non-equilibrium problem using equilibrium statistical mechanics. At equilibrium, we fill up the full spectral
function[ A] according to the Fermi function. Under bias, we fill up part of it (the left spectral funtfen
according to the Fermi function in the left contact and part of it (the right spectral funadigih according
to the Fermi function in the right contact. The density matrix is given by (cf. 8di0))

dE
pk:/Z[fO(EvL&‘k—m)AlJr fo(E + ek — u2) Azl

so that

dE
p =2 pc= [ SIFO(E ~ Ay + FolE — uz) Al (4.1)
k

The Green’s function formalism provides a simple way to separate the total spectral fumsdtioto a left
spectral functiof A;] and a right spectral functioz]:

A1 = GI'G™, Ar = GI'oG™ (4.2)

where

-1
G:|:E|—H|_—El—22:| , (4.3)

Mo2=i |:21,2 — EI2:|. (4.4)
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We can prove that the total spectral function is indeed equal to the sum of the left and right spectral functions:
A=i[G -G = A1+ A= GG + GG (4.5)
by writing egn @.3) as
Gl=EI-H -%1-% and [GTI'=El-H -3 -3

so that
Gl-[GHl=ir +ir.
Premultiplying byG and postmultiplying byG™*, we can prove eqri(5).

In the last section we discussed how the equilibrium potential profile can be calculated by solving eqn
(3.10 (or equivalently eqn3.5) self-consistently with the Poisson equation (see e38) Under non-
equilibrium conditions we can solve egi.]) self-consistently with the Poisson equation using much the
same procedure. The self-consistent potential profile and electron density are shown9A,Eigespec-
tively, for a bias of 0.25 V. Note that the electron density hardly changes under bias as we would expect in
such a conductive medium. The potential prafllex) adjusts in such a way that the resulting electron density
is virtually the same before and after the bias is applied. This redqui¢esat the left end to be pulled down
relative to the equilibrium value, since the bias causes the right spectral fudetiarich is filled according
to u2, to be partially emptied. For this reason, when solving the Poisson equation, it is inconveniett to fix
at the ends; a better approach is to impose zero-field conditions at the ends of the deviceJafidateto
whatever value it chooses tb4).

Note that the potentidl at the left of the device (see Fi§A) is actually pulled down by the applied
bias. Deep inside the contact, bottk and —k states will be equally occupied ahdl must change back
to the equilibrium value. This transition is not shown in the figure, but the point is that a significant part
(~0.10 V) of the applied bias of 0.25 V is dropped inside the contact and not inside the device. One could
associate this external drop with the ideal contact resistance that leads to a non-zero resistance for ballistic
conductors ¢-8]. This drop is often obscured in the presence of a large barrier, but is quite apparent in the
present example because the barrier is only 100 meV. Such effects are likely to be important for ballistic
devices, even with semiclassical models. It is interesting noteltlgat under bias is relatively flat inside
the middle n+- region, unlike what we are used to in MOS transistors. This unusual profile results from a
combination of two factors: (1) lack of scattering which eliminates any ‘voltage drop’ inside the device, and
(2) high electron density which screens out the end effects within a short distance making the flat potential
profile obvious. As we will see in the next section, the potential profile looks more like an ordinary resistor
when we introduce a little scattering into the model.

4.1. Current

Once we have the density matrix from ed@hlj, we not only have the electron density from its diagonal
elements (see eqi.(L7)) but also the current from the relation

I = (—q)Tracep Jop) (4.6)

where Jop is the current operator that we discussed in the introduction (see Bdi@g)(and (1.130). Since

we are interested in the current in tkalirection, the current operatoris(ihmL) d/0x and can be written
as (N = L/a = the number of points on the lattice)

0 —-i o
+i 0 i
0O +i O

[Jop] = (t/h N) (4-7)
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Fig. 9. A, Potential profile; B, energy spectrum of the current denslty= [ (E)/S) and; C, electron density in am-n—nt structure
calculated under 0.25 V bias (solid) by solving egh$)and @.5) self-consistently using the same parameters as irbBFiiso shown

for comparison are the equilibrium profiles in the absence of applied bias (dotted). Dashed curves in A indicate the quasi-Fermi levels in
the contacts; D, The current versus voltage characteristic which is linear. The current level is unphysically high due to the high electron
density and lack of scattering assumed in this model, as discussed in the text.

in the finite difference representation on a discrete lattice. Note that this operator is the same for all the
transverse moddsin our parabolic band model, though in general it may not belsh Note that in the
real space representation, the diagonal elements of the Hermitian madsix£ Jopp) are all equal since
the dc current must be the same at al] taking the trace is thus the same as multiplying one of the diagonal
elements by the total number of poiritis

Figure9D shows thel -V characteristics for this structure which as expected is quite linear. The current
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Fig. 10.The current can also be obtained by taking the difference between the influx and outflux at either interface.

level is unphysically high due to the high electron density and lack of scattering assumed in this model. We
have chosen very high doping densities deliberately so that the screening length is short compared to the
length of the device. It is straightforward to show (from the drift-diffusion equations) that the current in a
resistor withn = 5 x 10 cm~3 which is one mean free path longris2 x 108A cm~2 for an applied voltage
of 0.25 V. The quantum calculations presented here also yield similar current levels which is of course far
too large for any real device. We could have chosen a lower doping density and obtained more reasonable
current values, but the reduced screening would cause end effects to obscure the flat potential profile within
the resistor, since it is onk20 nm long.

It is instructive to look at the energy spectrum of the current (at a particular bias) calculated from the
energy-resolved density matrig(E)

I'(E) = (—q)Tracd/(E) Jopl S = /dEF(E) (4.8)
27[5(E)] = FilALE)] + FalAg(E)]  — p = / dEA(E) (4.9)

where
F1 = Fo(E — 1) and Fo = Fo(E — o). (4.10)

Figure9C shows the energy spectrum of the currdiE) from which it is apparent that the current flows
above the barrier in the energy range betwgerand 2, as we would expect. There is a net current only

in the energy range where the Fermi functions in the two contacts differ significantly. Other energies remain
essentially in equilibrium: they contribute to the electron density, but not to the current.

4.2. An alternative current expression

An alternative expression for the current can be obtained from a rate equation point of view (sE® Fig.
by writing the outflux from the device into contact 1 as

lout = (—q/h) / dE traceT1) (4.11)

which can be understood by noting that the density matilike the electron density whilE; /h represents
the rate at which electrons escape into the contact. The influx from the contact into the device can be written
by equating it to the outflux we would have if the device were in equilibrium with that contact:

lin = (—q/h) f dE traceT'151) (4.12)
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where
27[p1(B)] = F1[A1(E)] + F1i[Ax(B)] (4.13)

represents the density matrix we would haveifwere equal td=1. The net current is given by = Iin — loyt.
Making use of eqns4(9), (4.11)—(4.13 we obtain

| =(—q/h) / dE trace€l"1 A2)[F1 — F>]. (4.14)

We could go through a similar argument regarding the influx and outflux at the other interface to obtain an
equivalent expression for the current:

I =(—q/h) / dE tracaT2A1)[F1 — F2]. (4.15)

Equations 4.14), (4.15 provide alternative expressions either of which can be used to calculate the termi-
nal currents without explicitly calculating the density matrix. However, the current operator approach (see
eqgn @.8) allows one to calculate the current flow pattern inside the device (which is trivial for 1D exam-
ples, but could be more interesting in higher dimensions or when dissipation is included) rather than just the
terminal currents.

4.3. Relation to the transmission formalism

An interesting aspect of eqnd.(4) and @.15 is that the expression for the current has exactly the same
form that is used in the transmission formalism

| = (—q/h)/dET(E)(Fl— F2). (4.16)

The functionT (E) is typically interpreted as the probability that an electron will transmit from the left to
the right contact. Equatior(16 is often used to calculate the current in tunneling and resonant tunneling
devices. Comparing eqd (L6 with eqgns 4.14), (4.15 it is clear that

T(E) =tracgl'1 Ay) = tracgl'2Aq)
= tracq'1GI,G™) = tracg,GI'1G™). (4.17)

The NEGF formalism, applied to a coherent device, can thus be viewed simply as a convenient method for
evaluating the transmission probability. The basic physics is identical. The real power of the NEGF formalism
lies in providing a clear prescription for including scattering processes, as we will discuss next.

5. Non-coherent transport

As we mentioned in the introduction, scattering processes enter the NEGF formalism through the self-
energy functiors, which we have ignored so far. For resonant tunneling devices, it is usually fairly accurate
to neglectzs, but this may not be adequate for MOSFETS, even 20 nm ones. What complicates this aspect of
the problem is thaEs is dependent on the density matrix and has to be calculated self-consistently somewhat
like the potentialJ (x). However,U (x) is related to the electron density through the laws of electrostatics
while the relation ofZs to the density matrixp can be considerably more complicated depending on the
nature of the scattering mechanism and the level of approximation used. The NEGF formalism provides clear
prescriptions for calculating s for every scattering mechanism that we can think of and thus can be used to
investigate the effect of different scattering processes from first principles. Using simple isotropic models for
scattering we have shown that the NEGF formalism indeed provides physically reasonable descriptions of
energy dissipation in nanoscale devicg§ jn good agreement with semiclassical models. However, we will
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Fig. 11. Dissipative processes can be included with a phenomenological model that is equivalent to adding a separate contact to each
lattice site and then adjusting its Fermi level so as to ensure current conservation throughout the device.

not go into any of these models in this paper, which is far too long already. Instead we will present results
obtained from a ‘toy’ model that captures some of the important features of dissipative transport.

Suppose we view the scattering process as just another contact descrileg my different from the
actual contacts described ¥, and ;. We can then simply extend eqné.1)—(4.4) to include a third
contact

-1
G:[EI—H—El—Ez—ES} (5.1)
l2s=i [21,2,3 - Efz,s} (5.2)
A; =GI' G, Ay = GI'LG™, As = GI'sG™ (5.3)
27[p(E)] = F1[A1] + F2[ Azl + Fs[Asl. (5.4)
We could set
n 0
ss=—i| g B O (5.5)

where they are phenomenological parameters related to the scattering thyehe relationr = h/25 (see

egn B.16). However, the problem is that unlike the real contacts, the ‘scattering contact’ does not have a
well-defined Fermi levelts from which we can calculatEs. If we use eqn3.4) with Fg calculated from a
singleu s we would effectively be shorting together all the conceptual scattering contacts. A more physically
correct model is to let each lattice’‘site float to a different s and define an inscattering function

Faamw O
gn_z| O Femz 0 . (5.6)

0 0 Fssns
which is then used to calculate the density matrix from a modified version ofsed)n (

21[H(E)] = F1AL + FoAy + GSUG™. (5.7)

How do we know whajt s, to use for the scattering contacts? If we make a reasonable guess as shown in
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Fig. 12. The same device as in Fig.including scattering processes as described in the textmwith25 meV. Assuming a reasonable

profile for g(x), as shown by the dashed curve in A, we obtain the solid profile for the current density across the device. By adjusting
usn, the current can be made nearly constant across the device as shown by the dashed line. Also shown for comparison in B is the
current without scattering (dotted line).

Fig. 12A, we will find that the current will not be the same everywhere inside the device. We could interpret
this lack of current conservation as an inflow or outflow of current at the scattering contacts. But scattering
processes lead to an exchange of energy without an exchange of particles, so that we need to ensure that the
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Fig. 13.A, Self-consistent potential profil&l (x) and . g(x) corresponding to the constant current condition shown by the dashed line
in Fig. 12; B, energy spectrum of the curreqit = [ (E)/S) at left end of the device (solid curve) and at right end of the device (dashed
curve). Also shown for comparison is the potential prafile<) and the energy spectrum calculated without scattering (dotted curve),
which is the same at every™

current at the scattering contacts is zero. This can be done by adjustipg;treelf-consistently so as to
reduced | /dx to zero.

Figurel2shows the potential profile and current density for the same device as @iRiuding scatter-
ing processes through this method wite= 25 meV in the i region and zero in the'it regions. Assuming
a reasonable profile fqrs, as shown by the dashed curve(it) we obtain the solid profile for the current
density across the device, indicating that current is being injected by the scattering contacts in the left half of
the device and extracted by those in the right half. To make the current constant we need joddmvtre
left half and raise it in the right half. With proper adjustment, the current can be made nearly constant across
the device as shown by the dashed line.

Figure13 shows the potential profilel (x) and theps(x) profile corresponding to this constant current
condition, along with the energy spectrum of the current. The results look quite reasonable. The potential
drops linearly across the device instead of remaining flat since we have now effectively introduced a resis-
tance. The fraction of the voltage dropped inside the device is increased relative to the ballistic case (compare
the solid and dotted curves in Fij3A). The energy spectrum of the current now moves downwards as we
go from contact 1 towards contact 2 as the hot electrons relax their extra energy. By contrast, the coherent
transport theory of the last section predicts the same spectrum at every point in the device since there is no
mechanism for energy relaxation in the model. this is expected since the divergence of the energy current

ly = de Ei(E) (5.8)

is equal to the power dissipated. In a model with no dissipation, the energy current is spatially constant.
But in a model with dissipation, the energy current decreases with distance in agreement with the calculated
results shown in Figl3B.

This simple phenomenological approach does seem capable of capturing much of the essential physics.
Indeed it can be justified in the linear response (or low bias) regime from a microscopic theory if we assume
that the scattering is purely isotropity. The basic idea of simulating scattering processes through a floating
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contact (originally due to Buttikerlf]) is widely used in mesoscopic physics where much of the attention

is usually focused on the linear response regime. A proper microscopic approach, however, requires us to
abandon the notion of a Fermi function for the scattering contact altogether and recognize that the inscattering
and outscattering functions (cf. egn (3.19))

Fg= s o —j (zg - 2;) (5.9)

are not related to the broadenifig by Fermi functions. Instead they have to be calculated self-consistently

from the density matrix, the precise relationship depending on the nature of the scattering process and the

level of approximation desired. For example, if we are treating scattering by the emission of phonons with

energyhw in the first Born approximation thend (E) ~ 4(E +hw), since electrons with enerdy+hw get

scattered to the enerdy. The density matrix aE in turn depends on the inscatteringeathrough eqn¥.7)

and we need a self-consistent calculatior®@(E) and 5(E). Usually in the NEGF literature, the symbol

—iG =< is used to denote what we have calleda? while +i G~ is used to denote the empty statéds— 27 o)

or the hole density matrix and different scattering processes lead to different relationships bE@K/exm

G!) (see for example, Ref8[11]). But for a particular microscopic scattering mechanism treated to any

order, the precise relationship is clearly laid out in the NEGF formalism, just as in semiclassical theory the

scattering rates are clearly known for any process to any order. Indeed, the semiclassical results follow from

the NEGF expressions if we assume the eigenstates to be plane waves and use the plane wave representation.
From a practical point of view the real difficulty with including scattering processes is that strictly speak-

ing, different transverse moddsand different energies; are not fully independent any more. The inscat-

tering at oneK, E) depends on the density matrix at othi€; €’). To make the problem tractable, it is likely

that reasonable physically motivated approximations will be needed that are geared towards specific devices.

However, the value of the NEGF formalism lies in providing a correct physically sound model that can be

used as a starting point for making the necessary approximations.

6. Summary and outlook

As stated in the introduction, we have tried to achieve two objectives: (1) to explain the central concepts
that define the ‘language’ of quantum transport, such as density matrix and self-energy and (2) to illustrate
the non-equilibrium Green’s function (NEGF) formalism with simple examples that interested readers can
easily duplicate on their PCs. The numerical results presented here5(Fgé3) were all obtained on a
laptop computer and the author will be glad to share his MATLAB programs, typically 40 lines long. These
examples all involve a short™f—n™—n** resistor whose physics is easily understood, although the basic
formulation is quite general and can be applied to something as different as a nanotube or a molecular wire.
Our primary purpose is to illustrate some of the unusual issues that arise in the simulation of short ballistic
devices and to show that the NEGF formalism leads to physically sensible results for this simple device.
We show that the self-consistent potential profile inside a ballistic conductor (with large cross-section) tends
to be flat in the interior of the conductor (see F), indicating that the ‘voltage drop’ is primarily at the
ends. Also, a significant fraction of the voltage is dropped inside the contacts and can be associated with
the ideal contact resistance well known in mesoscopic physics. However, when we introduce scattering into
the model, the potential acquires a non-zero slope inside the conductor as we might expect for an ordinary
resistor (see Figl3) and the role of the contact resistance is reduced. These examples also underscore the
importance of performing self-consistent calculations that include the ‘Poisson’ equation, augmented with
an additional exchange-correlation potential as needed.| Fiecharacteristics of nanoscale structures is
determined by an interesting interplay between twentieth century physics (quantum transport) and nineteenth
century physics (electrostatics) and there is a tendency to emphasize one or the other depending on one’s



278 Superlattices and Microstructures, Vol. 28, No. 4, 2000

background. But it is important to do justice to both aspects if we are to derive real insights. We believe
that self-consistent solutions of the NEGF and ‘Poisson’ equations should be able to capture the essential
physics of most nanoscale devices with the possible exception of those in the ‘Coulomb blockade’ regime,
as discussed in the introduction. However, much work will be needed in the coming years to identify suitable
Hamiltonians and scattering models for specific devices that are both accurate and tractable.
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