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Density of States in 2D

We derive the exact expression for the density of states in 2D for electrons described

by the tight binding Hamiltonian εk = −2t(cos kx +cos ky). The Green’s function is[87]

G(z) =
∑

k

|k〉〈k|
z − εk

(C.1)

in which

|k〉 =
1√
N

∑

i

eik·xi |i〉

〈i|k〉 = eik·xi (C.2)

therefore

Gii(z) =
∑

k

1

z − εk
=

∫

1BZ

dk

z − εk
(C.3)

where the integration in (C.3) is over the first Brillioun zone. Now

lim
ε→0

1

z − εk
= P

(
1

E − εk

)

− iπδ(E − εk) (C.4)

where

z = lim
ε→0

E + iε

and
∫

1BZ

δ(E − εk)dk =

∫

1BZ

dεg(ε)δ(E − εk) = g(E) (C.5)

hence

Gii(z) =

∫

P

(
1

E − εk

)

− iπg(E) (C.6)
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and the density of states can be written in terms of the imaginary part of the Green’s

function as

g(E) = − 1

π
lim
ε→0

ImGii(z) (C.7)

Now we perform the integration in (C.3)

Gii(z) =
1

(2π)2

∫ π

−π

dkx

∫ π

−π

dky
1

z + 2t(cos kx + cos ky)
(C.8)

we know that

cos kx + cos ky = 2 cos

(
kx + ky

2

)

cos

(
kx − ky

2

)

(C.9)

by defining new variables α = (kx +ky)/2 and β = (kx−ky)/2 and Eq. C.8 we have[89]

Gii(z) =
2

(2π)2

∫ π

−π

dα

∫ π

0

dβ
1

z + 4t(cosα cos β)
(C.10)

also we know that (from Eq. 2.553 in Ref. [90])

∫
dx

a + b cos x
=

2π√
a2 − b2

tan−1

(√
a2 − b2 tan(x/2)

a+ b

)

a2 > b2 (C.11)

∫
dx

a+ b cos x
=

1√
b2 − a2

ln

[√
b2 − a2 tan(x/2) + (a+ b)√
b2 − a2 tan(x/2) − (a+ b)

]

a2 < b2 (C.12)

so that for a2 > b2 (see :

Gii(z) =
2π

(2π)2

∫ π

−π

dα
1√

z2 − 16t2 cos2 α

=
1

πz

∫ π

0

dα
√

1 − (4t/z)2 cos2 α

=
2

πz
K(4t/z) (C.13)

where K is the elliptic integral of the first kind. For a2 < b2:
∫ π

0

dx

a+ b cos x
=

1√
b2 − a2

[ln(1) − ln(−1)] =
−iπ√
b2 − a2

(C.14)

therefore

Gii(z) =
−i
π

∫ π

0

dα
√

(4t cosα)2 − z2

=
−i

π4t
√

1 − (z/4t)2
K

(

1
√

1 − (z/4t)2

)

(C.15)
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We use the relation[90]:

1

q
K

(
1

q

)

= K(q) + iK(
√

1 − q2) (C.16)

in which q is a complex number, therefore when |z| < 4t:

Gii(E) = − i

4tπ
K(
√

1 − (E/4t)2) +
1

4tπ
K(E/4t) (C.17)

by using Eq. C.7 the density of states can be written as:

g(E) =
θ(E − 4t)

4π2t
K(
√

1 − (E/4t)2) (C.18)


