Chapter 9

Equation of motion theory

In the previous chapters we saw how various physical observables can be expressed in
terms of retarded Green’s functions and correlation functions. In many cases we need to
calculate the time-dependence of these functions. There are several ways of attacking this
problem, one of which is the equation of motion technique. The basic idea of this method
is to generate a series of coupled differential equations by differentiating the correlation
function at hand a number of times. If these equations close the problem is in principle
solvable, and if not, one needs to invoke physical arguments to truncate the set of equations
in a reasonable fashion. For example one can neglect certain correlations. We shall study
examples of both situations in this chapter.

9.1 The single-particle Green’s function
Let us consider the retarded Green’s function G for either fermions or bosons, Eq. (8.28)

GE(rt,x't") = —if (t —t') ((U(rt), U1 (c't)] ,F). (9.1)

We find the equation of motion for G® as the derivative with respect to the first time
argument

i0,GR(xt,x't") = (—i) (i0:0(t — ') ([T (rt), ¥ («'t")] B, )
+ (=) 0t — ') ([i0, ¥ (rt), U1 (x't))] g, k),
=40t —t)o(r—r')+
+ (=) 0(t — t")([i0, ¥ (rt), OT (r't))] g F)- (9.2)

Here we used that the derivative of a step function is a delta function and the commutation
relations for field operators at equal times [¥(r), Uf(r')] g = 0(r —1'). Next, let us study

the time-derivative of the annihilation operator (throughout this chapter we assume that
H is time independent)

10,V (rt) = — [H, U(r)] (t) = —[Ho, ¥(r)](¢) — [Vins, ¥(r)](?), (9-3)
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where the interaction part of the Hamiltonian includes all the interactions in the given
problem, while Hy describes the quadratic part of the Hamiltonian, for example the kinetic
energy. If Hy is the usual kinetic energy Hamiltonian of free particles, we have

—[Ho, ¥(r)] = ﬁ / dr [mf(r')vf,qz(r'),\p(r)]

1
= —%VEII/(I'). (9.4)
In this case the equation of motion becomes

(i@t + %Vz) GE(rt,x't") = 6(t — t")6(r — r') + DE(rt, r't!), (9.5a)
m

DR(rt,r't") = —i(t — ') < [—[Vim, T(r)](2), \Iﬁ(r't')] B,F> . (9.5b)

The function D® thus equals the corrections to the free particle Green’s function. Af-
ter evaluating [Viy, U(r)] we can, as in Sec. 5.5, continue the generation of differential
equations. It is now evident why the many-body functions, G®, are called Green’s func-
tions. The equation in (9.5a) has the structure of the classical Green’s function we saw
in Sec. 8.1, where the Green’s function of a differential operator, L, was defined as LG =
delta function.

Often it is convenient to work in some other basis, say {v}. The Hamiltonian is again
written as H = Hy + Viy, where the quadratic part of the Hamiltonian is

Hy = tyala,. (9.6)
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The differential equation for the Green’s function in this basis
GR(uvt,'t') = —if(t — t'){[a, (1), a,ﬂ, (")B,F) (9.7)

is found in exactly the same way as above. By differentiation the commutator with Hy is
generated
_[H()a aq/] = Z tyulla,yll’ (98)
V”

and hence

> (8,000 — tyr) GR@ V) = 6(t — )8, + DR(vt,/t), (9.92)

V”

DR(wt, /t)) = —if(t — t') < [—[V}nt, a,](t),a!, (t')] B,F> . (9.9b)

In this course we will mainly deal with problems where the Hamiltonian does not depend
explicitly on time (linear response was an exception, but even there the time dependent
problem was transformed into a correlation function of a time independent problem).
Therefore the Green’s function can only depend on the time difference t —#' and in this case
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it is always useful to work with the Fourier transforms. Recalling that when performing
the Fourier transformation of the derivative it becomes 9, — —iw, and that the Fourier
transform of a delta function is unity, §(¢) — 1. We can write the equation of motion in
frequency domain

> [ (w + i) = tn] GHV"V5w0) = b0 + DR (1,05 w), (9.10a)

l/”

DR(V, VI; w) = _i/ dtei(w—l—m)(t_tl)g(t - tl) < |:_[Vinta au](t)a a‘:r/’ (tl)] B F> . (glﬂb)

—0o0

Here it is important to remember that the frequency of the retarded functions must carry
a small positive imaginary part, 77, to ensure proper convergence.

9.1.1 Non-interacting particles

For non-interacting particles, which means that the Hamiltonian is bilinear in annihilation
or creation operators, we can in fact solve for the Green’s function!. In this case we have

(8 (w + 1) — ) GRW"V';w) = 6, 9.11
0

where the subindex 0 on G indicates that it is the Green’s function corresponding to a
non-interacting Hamiltonian. As in Sec. 8.1 we define the inverse Green’s function as

(G(I)i)—l (s w) = Gy (w +in) — tyy = (G(I)i);yl, (9.12)
and in matrix notation Eq. (9.11) becomes
(GH gl =1. (9.13)

Therefc;re, in order to find the Green’s function all we need to do is to invert the matrix
(Gg) ;U,. For a diagonal basis, i.e. t,,» = d,,/€,, the solution is

1

R _
(GO) w_8y+in

! = G(l]z(V,(U) 51/1// = ) (9.14)

which of course agrees with the result found in Eq. (8.4).

9.2 Single level coupled to continuum

To illustrate how the equation of motion theory can be used to determine the Green’s
function, we now take a model which we will use several times in the book, namely

H:HO—I—thb—I-Hl, (915)

"Here we only consider terms of the form cfc but also anomalous terms like cc could be included.
In Chap. 4 we saw that such a term is indeed relevant for superconductors. For the Green’s function
in a superconductor we should therefore solve the linear problem in a way similar to the Bogoliubov
transformation introduced in Chap.Chap. 4. We return to this in Chap. 18.
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where Hj describes a non-interacting electron gas
Zﬁu 0y, (9.16)

and H; is the Hamiltonian of a single localized level

H, = &cja, (9.17)

and where finally Hyyy, describes the hybridization or tunneling between the localized level
and the continuum of states

Hyyp, = Z(t,ﬁc}:cl + tuc;cu). (9.18)

v

We are interested in finding the diagonal Green’s function for the local state. In order to
do that in turns out that we need the following two Green’s functions

GR(1,1,t —t') = —i0(t —t"){[¢,(2), c;r(t')]) (9.19a)
GR(v,1,t — ') = —i8(t — t')([c, (t), c] (1')]). (9.19b)

The equations of motion are now found by letting v and v” in Eq. (9.11) run over both
the continuum states v and the localized state I, and we obtain the coupled equations

(w+in — &) GR(1,1,w) ZtG (v, l,w) (9.20)
(w+1in — &) GB(v,l,w) — t:GR(1,1,w) = 0. (9.21)
It is now a simple matter to solve the last equation and insert it into the first. We obtain

1

R —
G (l,l,(,d) - w—f—ER(w)’

(9.22)

where

2
SRw) =" %Jﬂn (9.23)

The function $f(w) is our first encounter with the concept known as “self-energy”. The
self-energy changes the pole of G®(I,1) and furthermore gives some broadening to the
spectral function. In the time domain the imaginary part translates into a life-time. It
arises because the coupling to the continuum states introduces off-diagonal terms in the
Hamiltonian, so that it is no longer diagonal in the l-operator. The true diagonal modes
are instead superpositions of v- and [-states.



9.3. ANDERSON’S MODEL FOR MAGNETIC IMPURITIES 143

The magnetic ion

% 2+ U
u

) .

Figure 9.1: The Anderson model describing magnetic impurities embedded in a homoge-
neous host metal. The electrons in the conduction band of the non-magnetic host metal,
indicated by the dashed areas, couple to the level of the magnetic impurity ion. The bare
onsite energy of the state on the magnetic ion is ¢;. But the energy of electrons residing
on the impurity ion also depends on whether it is doubly occupied or not, therefore the
state with two electrons residing on the ion has energy 2¢4 + U, as seen in (b).

9.3 Anderson’s model for magnetic impurities

In order to exemplify the usefulness of the equation of motion technique, we proceed by
solving a famous model for the appearance of a magnetic moment of impurities of certain
magnetic ions embedded in a non-magnetic host metal. The host metal, e.g. Nb or Mo,
has a conduction band, which can be described by an effective non-interacting model

H.= Z (ex — 1) CLnga- (9.24)
ko

For the impurity ion we assume that it has only one spin-degenerate state in the active
shell, which is typically the d shell. In addition to the bare energy cost for an electron to
reside in the d-state, there is an interaction energy that depends on the state being doubly
occupied or not. The impurity ion Hamiltonian is thus modelled as

Hy+Hy =Y (e4 = 1) chycay + Unarna,. (9.25)

g

where ng, = c:rjacdg is the number operator for d-electrons. The crucial input is here
the correlation between electrons on the impurity ion, because the interaction in the
narrower d-shell of a magnetic ion is particular strong and this is in fact the reason for the
magnetism. The states forming the conduction band are primarily s-states that are more
extended in space, and hence interactions are less important for those.

The electrons occupying the conduction band couple to the outer-most electrons of
the magnetic impurity ions, e.g. the d-shell of a Fe ion. The coupling occurs because the
d-orbital and the conduction band states overlap spatially and also lie close in energy,
giving rise to a “hybridization” between the two. The overlapping orbitals leads to a
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non-diagonal matrix element of the Hamiltonian

Higo = ) tkelytio + 9 il Cao (9.26)
ko ko

The bare d-electron energy, €4, is below the chemical potential and from the kinetic
energy point of view, it is favorable to fill the orbital by two electrons. However, this costs
potential energy, U, and it is not possible if 2¢; + U > 2u. Furthermore, the system gains
further kinetic energy by the hybridization, which on the other hand is complicated by
the fact that the hopping in and out of the impurity orbital with, say, spin up electrons
depends on the occupation of spin down electrons. The hybridization therefore seems to
randomize the spin on the magnetic ion. The sum of these three energy contributions

H:Hc+Hd+HU+thb (927)

is known as the Anderson model. See Fig. 9.1 for an illustration. Although the Anderson
model looks simple, its full solution is very complicated and in fact the model has a very
rich phase diagram. The Anderson model has been used to describe numerous effects in
the physics of strongly correlated electron systems.?

It turns out that for certain values of the parameters it is energetically favorable for the
system to have a magnetic moment (and thus minimizing the on-site interaction energy)
while for other values there is no magnetic moment (thus gaining maximum hybridization
energy). The physical question we try to answer here is: Under which circumstances is
the material magnetic?

9.3.1 The equation of motion for the Anderson model

The magnetization in the z-direction is given by the expectation value of the difference
n4y — ny between spin up and down occupancy. The occupation of a quantum state was
found in Eq. (8.10) in terms of the spectral function. For the d-electron occupation we
therefore have

(g = / Z—:np () A(do,w), (9.28)

where A(do,w) is the spectral function, which follows from the retarded Green’s function,
GE, see Eq. (8.51). All we need to find is then

G(dost —t') = =0 (t — ) ({egr (1), chy (¢)}). (9.29)

Let us write the equation of motion of this function using Eq. (9.10 ). Due to the
hybridization term the Hamiltonian is not diagonal in the d-operators and the equations
of motion will involve another Green’s function, namely

GE(ka,do,t —t') = —if (t — 1) ({ey ()l () ) (9.30)

2The model in fact has a known exact solution, but the solution fills an entire book, and it is hard to
extract useful physical information from this solution.
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The equations of motion are thus found by letting v" in Eq. (9.10) run over both d and
k and we obtain the coupled equations

(w+1in — eq + p) GE(do,w) — Z txGR(ko, do,w) = 1+ UD®(do,w), (9.31)
k
(w +in — ex + p) GE(ko, do,w) — t;GE(do,w) =0, (9.32)
where
R oo : in)(t—t' ! t o
DR (do,w) = —i / ate 0 (1~ ) ({fnanag, e, 1), el ()} ) . (933)
—0oQ

The commutator in this expression is for o =1

[narnay, cat] = nay[nar, cat] = —naycar (9.34)

and likewise we find the commutator for spin down by interchanging up and down. We
thus face the following more complicated Green’s function

DR 1t —t") = =i (t —t') ({nay (t) cap(t), c:rn(t')}). (9.35)

9.3.2 Mean-field approximation for the Anderson model

Differentiating the function in Eq. (9.35) with respect to time would generate yet another
function ({[H,nq (t) dT(t)],dI—(t’)}) to be determined, and the set of equations does not
close. However a mean-field approximation still grasps the important physics that the
spin-up electron population depends on the spin-down population, therefore we replace
the interaction part Hy by its mean-field version

HY'T = U (nar) nay + U (nay) nay — U (nar) (nay) - (9.36)
With this truncation, the function D becomes
DR(d 1t =) = —i0(t ) (nay) ({ear (), cly (O)}) = (ma)G® (A1, —F).  (9.37)

In other words, since the mean-field approximation makes the Hamiltonian quadratic we
can include U (ngqy (t)) to the energy of the spin-up d-electrons in our equation of motion.
Inserting (9.37) in Eq. (9.31), and solving Eq. (9.32) for GE(d1,w) gives

|tic|”
w—e€ex+pu+1in

(wtin—ea+p—Ulng))GR(dtw) = GRdt,w)=1, (9.38)

k

and likewise for the spin-down Green’s function. The final answer is
1
w—¢eq+p—U(ng)— X8 (w)’

t|?
YhR(w) = § j | ) 9.39b
() W ekt pt 4] ( )

Gt ,w) = (9.39a)
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The function % (w) is recognized as the self-energy in Eq. (9.23). As mentioned, the
self-energy changes the pole and broadens G®. The “bare” d-electron energy, g4, is thus
seen to be renormalized by two effects: first the energy is shifted by U (nq;) due to the
interaction with the averaged density of electrons having opposite spin, and secondly, the
coupling to the conduction band electrons gives through ¥(w) an energy shift and most
importantly an imaginary part.

9.3.3 Solving the Anderson model and comparison with experiments

Assuming that the coupling ¢ only depends on the length of k and thus on ¢, the self-
energy X is

SR () = /dsd( )= e

T :
—_— = de d(e d t . (9.40
D =P [ dedte) SHD it )t ) . (940)

The density of states d (¢) and the coupling matrix element ¢ (¢) depend on the details of
the material, but fortunately it is not important for the present considerations. Let us

assume that the product d(e)|t(¢)|? is constant within the band limits, —W < ¢ < W, and
define the important parameter I" by

2rd(e)|t(e)|? = TOW — |¢|). (9.41)

This approximation is good if the width of the Green’s function (which we shall see shortly
is given by T') turns out to be small compared to the scale on which d(¢)|t(e)|? typically
changes. Since in practice I' < ep, the approximation is indeed valid. For w+u € [-W, W]

we get
r v d
2R (W) ~ —/ — i)
ww—€e+p
' \WH+w+pu .
=——In|—-—F7+-| —il'/2, —-W w. 9.42
WnW—w—u‘ il/2, <w4+p< (9.42)

The real part gives a shift of energy and since it is a slowly varying function, we simply
include it as a shift of e and define the new onsite energy é = g4 + Re ©F.
The spectral function hence becomes

A(d T, w) = —2Im GR(d 1, w)

= a (9.43)
C(w—E+p—Ulng))’ + (T/2)2 '

where T is the width of the spectral function. Note that the spectral function derived here

is an example of the Lorentzian form discussed in Sec. 8.3.5.
Now the self-consistent mean-field equation for (n4) follows as

(i) = [ G2 ne@)A(d1,0)

dw r
e T -
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Figure 9.2: The upper part shows the mean field solution of the Anderson model with
the left panel being magnetization as a function of electron density ng, i.e. the chemical
potential, for two different I'-values, while the right panel is the maximum magnetization as
function of the correlation energy. We see that there is a critical density and a critical U/T’
where the magnetization sets in. The latter means that too strong hybridization destroys
the magnetization. The bottom panel shows experimental results (Clogston et al. (1962))
for the magnetic moment of Fe embedded in transition metals. The electron concentration
and hence y is varied by changing the alloy. For 4 < ne < 8 the magnetization curve is
seen to be quite similar to the prediction of the model. For n. > 8 the effect of having
more than two d-orbitals in the Fe-atoms becomes important and the simple model is no
longer adequate.
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If we neglect the finite bandwidth, which is justified because I' < W, and if we furthermore
consider low temperatures, T' = 0, we get

0 dw T
(nar) ~/wg(w_gﬂl_U(nd¢))2+(1“/2)2’

1 1 1 é—u-l-U(n,u)
- = ) A4
5 — - tan ( T/ (9.45)
We obtain the two coupled equations
cot (wny) =y(n, =), @ =—(E—p) /U, (9.46a)
cot (mn)) = y(ny — x), y =2U/T. (9.46Db)

The solution of these equation gives the occupation of the d-orbital and in particular tells
us whether there is a finite magnetization, i.e. whether there exists a solution n| # ny,
different from the trivial solution n;, = n¢.3 In Fig. 9.2 solutions of these equations are
shown together with experimental data. As is evident there, the model describes the
observed behavior, at least qualitatively.

9.4 The two-particle correlation function

The two particle correlation functions, such as the density-density correlation, was in
Chap. 6 shown to give the linear response properties. Also for this quantity one can
generate a set of equation of motions, and as for the single particle Green’s function they
are not solvable in general. But even so they may provide a good starting point for various
approximation schemes.

Consider for example the retarded charge-charge correlation function

x"(rt,x't") = —i0 (t — t') ([p(rt), p(r't")]). (9.47)

In Chap. 6 it was shown that this function is related to the dielectric response function
and therefore tells about the screening properties of the material.

9.4.1 The Random Phase Approximation (RPA)

A commonly used approximation scheme for correlation functions is the so-called Ran-
dom Phase Approximation (RPA). For the case of the electron gas, which is one of our
main topics in this course, RPA is exact in some limits, but also in general gives a decent
description of the interacting electron gas. In Chap.12 RPA is derived using Feynman dia-
grams, but here we derive it using the equation of motion technique. The two derivations
give complementary insight into the physical content of the approximation.

3We should also convince ourselves that the magnetic solution has lower energy, which it in fact does
have.
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We will for simplicity work with the translation-invariant electron gas with the Hamil-
tonian given by the usual kinetic energy plus interaction energy (here we disregard the
spin degree of freedom because it is not important)

H= Z{kckck—l- = Z V(g ck+ch, qSx'k = Ho + Vint. (9.48)
kk’q;éo

Furthermore, the @ = 0 component is cancelled by the positively charged background.
The charge-charge correlation function is

xMat —t) = —ib (¢t —t) % ([p(at),p(~at)]), pl@=> decq  (9:49)
k

However, it turns out to be better to work with the function

X" (ke t — ') = ~i6 (t — ') ({(cherrq) ()0 (~at)]): (9.50)

from which we can easily obtain x(q) by summing over k, x¥(q) = 3, x®(kq). Let us
find the equation of motion

i (ka, t — ') = 8(t — ) {[(cherrq) (), P(—a,t)])
—i0(t — t')([~[H, cleryq) (), p(—a, t)]), (9.51)

and for this purpose we need the following commutators

[c;r(clﬂ_q,p (—q)] = Z [cltclﬂ_q, chk’_q] = chk - c;r(_i_qclﬂ_q, (9.52)

[Ho, clerrq) = (fk — bita) Chlicta (9.53)
[Vint, ckck+q Z Vg { kqu,ck, 'Ok Ctq T cL,+q, clt—q’ CitqCk!

- CL’+q’ chk+q+qlckl - CLCL,_quICk+q_q/} . (9.54)

When this is inserted into Eq. (9.51) a new 6-particle Green’s function is generated. Fur-
thermore for each level of the equation of motion a Green’s function with two more electron
operators pops up. At this stage we truncate this series by the random phase approxima-
tion which says that the right hand side of (9.54) is replaced by a mean-field expression
where pairs of operators are replaced by their average values. Using the recipe from Chap.
4, we get

4 i T T i
[‘/;nt ) ckck+q ~ Z V k+q' Ck+q Ck’ I Ckl + Ck-f—q’ Ck_|_q ckl _q/ Ckl
kl 140

T i T i
+ <ck7qICk+q ckl+qICkl + Cqu’ck+q Ck1+q/Ckf
—cl e {cle — (el e Yele
K+q k' \ “kCktata’ K +q k' ) kk+tatd’
— cTc cJr c — cTc cJr ¢ + const
k"k+q—q \"k'—q"K k"k+q-q' / “k'—q"K :

=V (g) ((Maerq) — (M) D e _gp s (9.55)
-



150 CHAPTER 9. EQUATION OF MOTION THEORY

where we used that (clck,) = (nk)ék,k:. Note that the exchange pairings which we included
in the Hartree-Fock approximation is not included here.

Collecting everything and going to the frequency domain the equation of motion be-
comes,

(w+ 10 + & — &kra) X (ka,w) = — ((Ryeyq) — () (1 V() x"(Kq, w)) :
-

(9.56)
which, when summed over k, allows us to find an equation for x%(q, w)

1 1 (yepq) — ()
@ w) = Zk:xR(kq,w) =52 e Eere i 1+ V(9 x*(q,w)), (9.57)

and hence

REPA (g ) = xt(q,w)

1= V(9x{(q,w)
This is the RPA result of the polarizability function. The free particle polarizability
x&(q,w) was derived in Sec. 8.5. The RPA dielectric function becomes

X (9.58)

e*PA (qw) = [14 V(g)xF(aw)] ' =1-V (g) xf(a,w). (9-59)

Replacing the expectation values, n,, by the Fermi-Dirac distribution function, we
recognize the Lindhard function studied in Sec. 8.5. There we studied a non-interacting
electron gas and found that xf(q,w) indeed was equal to the numerator in (9.58) and the
two results therefore agree nicely.

In Sec. 8.5 we also analyzed the excitation of the non-interacting electrons gas and the
analysis there is basically still correct. The excitations which were shown in Sec. 8.5 to be
related to the imaginary part of x®(q,w) and therefore the structure of the electron-hole
excitations of the non-interacting gas (depicted in Fig. 8.3) is preserved here, but of course
the strength is modified by the real part of the denominator of (9.58).

However, the interactions add other fundamental excitations, namely collective modes,
and in the case of a charge liquid these modes are the plasmon modes. The additional
modes are given by the part where the imaginary part of Xéz(q,w) is zero because then
there is a possibility of a pole in the polarizability. If we set Im x&(q,w) = —id, we have

)

=T - € R w)) . .
[1 - V() Rexf(q,w)]” +8” Y- VioRedtac). 060

—Im XR(q7 LU) =

This means that there is a well-defined mode when 1 — V(q) Re x{{(q,w) = 0 and this
is the plasma oscillation mode, also called a plasmon. The plasmon is studied in detail
in Chap. 12, here we just mention that the condition for the mode turns out to be

WX 4 “"’;2)1 + const. g2.
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9.5 Summary and outlook

In this chapter we have seen a method to deal with the dynamical aspects of interacting
many-body systems, namely the equation of motion method applied to the Green’s func-
tions. The set of differential equation is not soluble in general, and in fact only a very small
set of Hamiltonians describing interacting systems can be solved exactly. Therefore ap-
proximations are necessary and we saw particular examples of this, namely the mean-field
solution of a magnetic impurity embedded in a metallic host, and the RPA approximation
for the charge auto correlation function.

In the following chapter we use the equation of motion to derive the Green’s functions
in the imaginary time formalism and to derive the famous Wick’s theorem. Wick’s theorem
will then pave the way for introducing the Feynman diagrams.





