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Recent experiments reporting an unexpectedly large spin Hall effect (SHE) in graphene decorated with
adatoms have raised a fierce controversy. We apply numerically exact Kubo and Landauer-Büttiker
formulas to realistic models of gold-decorated disordered graphene (including adatom clustering) to obtain
the spin Hall conductivity and spin Hall angle, as well as the nonlocal resistance as a quantity accessible to
experiments. Large spin Hall angles of ∼0.1 are obtained at zero temperature, but their dependence on
adatom clustering differs from the predictions of semiclassical transport theories. Furthermore, we find
multiple background contributions to the nonlocal resistance, some of which are unrelated to the SHE or
any other spin-dependent origin, as well as a strong suppression of the SHE at room temperature. This
motivates us to design a multiterminal graphene geometry which suppresses these background
contributions and could, therefore, quantify the upper limit for spin-current generation in two-dimensional
materials.
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Over the past decade, the spin Hall effect (SHE) has
evolved rapidly from an obscure theoretical prediction to a
major resource for spintronics [1,2]. In the direct SHE, the
injection of a conventional unpolarized charge current into
a material with extrinsic (due to impurities) or intrinsic (due
to band structure) spin-orbit coupling (SOC) generates a
pure spin current in the direction transverse to the charge
current. Although the SHE was first observed only a decade
ago [3], it is already ubiquitous within spintronics as the
standard pure spin-current generator and detector [1,2]. The
spin Hall angle θsH, as the ratio of generated spin Hall
current and injected charge current, is the figure of merit for
charge-to-spin conversion efficiency. To date, measured
values of θsH range from ∼10−4 in semiconductors to ∼0.1
in metals like β-Ta and β-W [2].
Concurrently, the discovery of graphene [4] has ignited a

considerable amount of activity, owing to its unique
electronic properties and versatility for practical applica-
tions, including possible applications in spintronics [5].
The intrinsically small SOC and hyperfine interactions [6]
in graphene lead to spin relaxation lengths reaching several
tens of micrometers at room temperature [7–10] but
simultaneously making pristine graphene inactive for the
SHE [5]. On the other hand, recent nonlocal transport
measurements on graphene decorated with heavy adatoms
like copper, gold, and silver have extracted exceptionally
large values for θsH ∼ 0.2 [11]. These reports follow prior
experiments on weakly hydrogenated graphene, which
showed surprisingly similar results [12] despite using light

adatoms like hydrogen. The large values of θsH observed in
both types of experiments have been supported by semi-
classical transport theories [13,14].
The very recent experiments [15,16] aiming to reproduce

these results have indeed confirmed a large nonlocal
transport signal near the charge neutral point (CNP) of
graphene which, however, appears to be disconnected from
SHE physics or any other spin-related mechanism. For
example, Wang and co-workers [15] reported that Au- or Ir-
decorated graphene exhibits no signature of the SHE and
relate the large nonlocal resistance RNL to the formation of
neutral Hall currents. Kaverzin and van Wees [16] found
large RNL in hydrogenated graphene which was insensitive
to an applied in-plane magnetic field. These authors [16]
exclude the valley Hall effect and long-range chargeless
valley currents [17] as mediating such RNL, given the
absence of both its temperature dependence and broken
inversion symmetry, and conclude that a nontrivial and
unknown phenomenon is at play.
The presently available theories for θsH [13] or RNL [18]

offer little guidance on how to resolve these controversies,
since they utilize semiclassical approaches to charge trans-
port and spin relaxation which are known to break down
[19,20] near the CNP. Moreover, while the Kubo for-
mula [21] offers a fully quantum-mechanical treatment that
can, in principle, capture all relevant effects, its standard
analytic evaluation [22] neglects terms (such as those
corresponding to skew scattering from pairs of closely
spaced impurities [23]) in the perturbative expansion in
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disorder strength which can become crucial for clusters of
adatoms. Finally, the impact of unavoidable adatom clus-
tering [24] on θsH is an open and important question, since
adatom segregation has been shown to strongly affect spin
transport properties [25,26].
In this Letter, the spin Hall angle in graphene decorated

with Au adatoms is computed by using two different
numerically exact quantum transport methodologies—the
real-space Kubo formula and the multiterminal Landauer-
Büttiker (LB) formula [27]. At zero temperature, both
methods yield θsH ∼ 0.1–0.3 for the same Au-adatom
concentration ni. However, those values require rather
large ni ≳ 10% and drop significantly when temperature
and adatom clustering are taken into account.
Furthermore, the LB formula applied to six-terminal

graphene geometry in Fig. 1 reveals large background
contributions to RNL even when SOC is artificially turned
off. They are, therefore, unrelated to SHE physics and are
also unrelated to the trivial Ohmic contribution due to
classical current paths [16,18]. We show that their sign
[28,29] and scaling with the channel length L make it
possible to understand their origin. This allows us to
propose a novel six-terminal graphene setup—see Fig. S7
in Supplemental Material [30]—where such background
contributions can be eliminated in order to study a purely
SHE-driven RNL signal.
Hamiltonian model for Au-decorated graphene.—When

an adatom like gold, thallium or indium is absorbed onto a
graphene surface, it resides in the center of graphene carbon
rings where it can enhance the intrinsic SOC or induce
Rashba SOC due to the broken inversion symmetry [34].
The minimal (with a single π orbital per site) effective tight-
binding model for graphene with such adatoms is given by

H ¼ −γ0
X

hiji
c†i cj þ

2iffiffiffi
3

p VI

X

hhijii∈R
c†i ~s · ð~dkj × ~dikÞcj

þ iVR

X

hiji∈R
c†i ~z · ð~s × ~dijÞcj − μ

X

i∈R
c†i ci: ð1Þ

The first term is the nearest-neighbor hopping term with
γ0 ¼ 2.7 eV. The second term is the next-nearest-neighbor
hopping term, which accounts for the local intrinsic SOC
enhancement by adatoms residing on the set of hexagons

R. The unit vector ~dkj points from atom j to atom k, with
atom k standing in between i and j, and ~s ¼ ðsx; sy; szÞ is the
vector of the Pauli matrices. The third term is the nearest-
neighbor hopping term describing the Rashba SOC which
explicitly violates ~z → −~z symmetry. The last term is the
on-site potential μ on carbon atoms in the hexagons hosting
adatoms, which simulates charge modulation induced
locally around the adatom [34]. The Hamiltonian in
Eq. (1) has been employed to study spin dynamics in
graphene decorated with Au adatoms [19], and here we
use the same parametersVI ¼ 0.007γ0,VR ¼ 0.0165γ0, and
μ ¼ 0.1γ0 fitted to first-principles calculations [34].
Figure 1 shows the geometry used for the calculations of

bulk Kubo conductivities and multiterminal charge and
spin currents. The calculations of θsH with the Kubo
formula are performed using a graphene flake of the size
400 nm × 400 nm enclosed in a dashed square with peri-
odic boundary conditions. For LB calculations, we consider
full six-terminal geometry in Fig. 1, where the central
region with edges of armchair type, width W ¼ 50 nm
(composed of 3nþ 2 dimer lines, so that its electronic
structure resembles that of large-area graphene [20]), and
variable distance L between the pair of leads 1 and 2 and
the pair of leads 3 and 4 is attached to two armchair
longitudinal leads and four transverse leads with zigzag
edges and of width W ¼ 50 nm. Akin to the experimental
procedure [11,12,15,16,35], injecting unpolarized charge
current I1 into this measurement geometry induces RNL ¼
ðV3 − V4Þ=I1 and θsH ¼ ISz5 =I1.
Real-space Kubo formula for spin Hall conductivity.—

The Kubo formula for spin Hall conductivity σsH reads [2]

σsH ¼ eℏ
Ω

X

m;n

fðEmÞ − fðEnÞ
Em − En

Im½hmjJzxjnihnjvyjmi�
Em − En þ iη

; ð2Þ

where vx is the velocity operator and Jzx ¼ ðℏ=4Þfsz; vxg is
the spin-current operator. The numerical evaluation of
Eq. (2) is usually made by finding the whole spectrum
Em and the full set of eigenvectors fjmig of H, which is a
computationally expensive task. Here we develop an alter-
native and efficient real-space formalism by rewriting σsH as

σsH ¼ eℏ
Ω

Z
dxdy

fðxÞ − fðyÞ
ðx − yÞ2 þ η2

jðx; yÞ; ð3Þ

FIG. 1. Schematic view of a six-terminal graphene employed to
compute the nonlocal resistance RNL ¼ VNL=I1 and the spin Hall
angle θsH ¼ ISz5 =I1. For nonlocal transport, the injected transverse
charge current between leads 1 and 2 generates the longitudinal
spin current ISz5 in lead 5 as well as the mediative spin current ISzM ,
whose conversion into the voltage drop VNL ¼ V3 − V4 between
leads 3 and 4 generates RNL. The dashed region illustrates the
sample of size 400 nm × 400 nm, with periodic boundary con-
ditions, used for calculations of Kubo conductivities. The
enlargement shows carbon atoms (black circles) and Au adatoms
(yellow circles).
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with jðx;yÞ¼Pm;nIm½hmjJzxjnihnjvyjmi�δðx−EmÞδðy−EnÞ.
This can be calculated by rescaling H, x, y, and E into the
interval ½−1; 1� (the corresponding variables are h, x̂, ŷ, and
ϵ, respectively) and by expanding jðx; yÞ into Chebyshev
polynomials Tmðx̂Þ as jðx; yÞ ¼ P

M
m;n½4μmngmgnTmðx̂Þ×

TnðŷÞ�=½ð1þ δm;0Þð1þ δn;0Þπ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x̂2Þð1 − ŷ2Þ

p
�, where

μmn ¼ ImfTr½JzxTnðhÞvyTmðhÞ�g=ΔE2 and ΔE is half the
bandwidth [36]. Here gm is the filter, Jackson kernel, that
minimizes the Gibbs oscillations arising in truncating the
series to finite order M [36]. The trace in μmn is computed
by averaging [37] over a small number r ≪ N of random
phase vectors jφi, with N being the number of carbon
atoms considered in the sample. Hereafter, M ¼ 1500

(¼ 6000) for σsH (σxx), r ¼ 1, and N ¼ 4 × 106. Similar
methods have been developed for the longitudinal con-
ductivity σxx [37], Hall conductivity σxy [38,39], and spin
Hall conductivity σsH [40]. The method is validated by
comparing our numerically evaluated σsH with analytic
results [41] for clean graphene with homogeneous Rashba
or intrinsic SOC [30].
Spin Hall angle for different adatom distributions.—

Figure 2 shows σsH for ni ¼ 15% of Au adatoms distributed
in a scattered [Fig. 2(a)] or clustered fashion [Fig. 2(b)],
where clusters are randomly distributed islands of radius
∈ ½1; 3� nm. Although the random distribution of Au
adatoms and the Rashba SOC associated with them induce
scattering [μ ¼ 0.1γ0 in Eq. (1)], the dependence of σsH
on the Fermi energy EF in the absence of intrinsic SOC
is reminiscent of a step behavior obtained for a homo-
geneous Rashba SOC [30], with σsH ≃�e=4π near the
CNP. Adding a small intrinsic SOC, VI ¼ 0.007γ0 ≪ VR,
slightly changes the absolute value of σsH but preserves
the step behavior. In contrast, the clustered distribution of

Au adatoms suppresses the step behavior and smooths out
the shape of σsH close to the CNP. The effect of intrinsic
SOC is more pronounced for the clustered distribution with
a more significant enhancement of σsH on both the electron
and the hole side.
The spin Hall angle θsH ¼ σsH=σxx requires the addi-

tional calculation of the longitudinal conductivity σxx,
which is performed using a real-space Kubo formula [30].
Figure 2 (insets) shows σxx for both cases. Comparable
values of σxx are obtained at the CNP, but for the scattered
case σxx increases with energy faster than for the clustered
case. Figure 3 shows θsH for ni ¼ 15% of Au adatoms,
which are distributed homogeneously (black lines) or in
clusters (red line). Remarkably, the values of θsH shown in
Fig. 3 are very large ∼0.1–0.3 close to the CNP, which is
similar to experimentally reported values [11]. At the CNP,
a threefold decrease in θsH is obtained when adatoms are
clustered into islands with a small radius. This conclusion
seems to differ from the semiclassical transport predictions,
where θsH increases with the radius of adatom clusters [13],
although a strict comparison would require to treat a system
consisting of identical islands. At higher energies, we
observe a sizable θsH for clustered adatoms, which contrasts
with vanishingly small values for the scattered geometry.
We finally extrapolate that, for ni ¼ 2%–3% (as estimated
in experiments [11]), θsH should range between 0.01 and
0.1 (see Supplemental Material [30]). We stress, however,
that our calculations represent an upper limit for exper-
imental situations. There, the increase of the cluster size
and the finite temperature can significantly decrease θsH
below 0.01 [30].
It is also instructive to compare the results in Fig. 2 to the

case of heavier adatoms like thallium (Tl), which locally
and substantially enhance the intrinsic SOC while generat-
ing negligible Rashba SOC [34]. A crossover from the
quantum SHE to the conventional SHE has been predicted
[26] when the distribution of Tl adatoms is changed from
scattered to clustered. Figure S2 in Supplemental Material
[30] shows that the SHE due to clustered Tl adatoms is
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FIG. 2. Spin Hall σsH (main frame) and longitudinal σxx (insets)
conductivities for the two cases of ni ¼ 15% Au-adatom dis-
tributions: (a) scattered and (b) clustered, where Au islands have
varying radius ∈ ½1; 3� nm. In both cases, the effect of the
presence (red lines, VI ¼ 0.007γ0) or absence (black lines,
VI ¼ 0) of the enhanced intrinsic SOC within the hexagons
hosting adatoms is also shown. All results are averaged over 400
disorder configurations.

FIG. 3. Spin Hall angle θsH ¼ σsH=σxx corresponding to Fig. 2
for scattered (black curve) and clustered (red curve) distributions
of Au adatoms, which are illustrated in the insets.
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characterized by larger θsH than in the case of either
scattered or clustered Au adatoms.
Nonlocal resistance and spin Hall angle in multiterminal

graphene.—In the SHE experiments [11,12], multiterminal
graphene devices are employed to measure RNL, as illus-
trated in Fig. 1. In such a circuit, a charge current I1 injected
from lead 1 towards lead 2 generates the nonlocal resistance
RNL ¼ ðV3 − V4Þ=I1 at the Fermi energy EF sufficiently
close to the CNP. The appearance of nonzero RNL, due to a
SHE-driven mechanism, is explained by charge current I1
inducing mediative spin current ISzM in the first crossbar
in Fig. 1 flowing in the direction 5 → 6, which is
subsequently converted into the nonlocal voltage VNL ¼
V3 − V4 by the inverse SHE in the second crossbar. We
calculate the total charge Ip and spin ISzp currents and
voltages Vp in leads p ¼ 2–6 in response to injected charge
current I1 using the multiterminal LB formula [27], as
implemented in the KWANT software package [30,42].
The spin Hall angle—defined as θsH ¼ ISz5 =I1—is shown

in Fig. 4(b), where we confirm large values obtained from
the Kubo formula as well as the detrimental effect of
clustering of Au adatoms.While both Kubo and LB formula
calculations predict θsH ≃ 0.1 close to the CNP, thermal
broadening effects included in LB formula calculations can
reduce θsH by up to one order of magnitude [see Fig. 4(b)].
By comparing Fig. 4(b) with Fig. S4 of Supplemental
Material [30], we find that the hypothetical case of homo-
geneous Rashba SOC, due to Au adatoms covering every
hexagon in Fig. 1, generates the SHE akin to the intrinsic one
in finite-size two-dimensional electron gases [43,44]. Its θsH
exhibits a wider peak (centered atEF ¼ 0.3γ0 due to doping
of graphene by Au adatoms) of smaller magnitude than in
the case of randomly scattered Au adatoms. Thus, adatom-
induced resonant scattering [13] plays an important role in
generating a large extrinsic SHE.

Figure 4(a) shows RNL as a function of energy and for
various channel lengths L. Most notably, we find a nonzero
RNL even when all SOC terms are switched off
(VR ¼ VI ¼ 0) in Eq. (1) while keeping random on-site
potential μ ≠ 0 due toAu adatoms unchanged. Furthermore,
we find a complex sign change of RNL in Fig. 4(a) with
increasing channel length fromL ¼ 10 nm to L ¼ 300 nm,
which suggests the following interpretation. The total RNL

can have four contributions RNL ¼ RSHE
NL þ ROhm

NL þ Rqb
NLþ

Rpd
NL, assuming they are additive after disorder averaging.

For an unpolarized charge current injected from lead 1 (i.e.,
electrons injected from lead 2): RSHE

NL generated by the
combined direct and inverse SHE has a positive sign; trivial
Ohmic contribution ROhm

NL due to classical diffusive charge
transport [16,18] has a positive sign; Rqb

NL is the negative
quasiballistic contribution arising due to direct transmission
T32 ≠ 0 from lead 2 to lead 3 (see Fig. S6 in Supplemental
Material [30]), as observed previously in SHE experiments
on multiterminal gold devices [28]; finally, Rpd

NL is a positive
contribution specific to Dirac materials where evanescent
wave functions generate pseudodiffusive transport [45]
close to the CNP characterized by two-terminal conductance
scaling as G ∝ 1=L even in perfectly clean samples as
long as their geometry satisfies W > L (see Fig. S5 in
Supplemental Material [30]).
Thus, in a device with W > L, such as W ¼ 50 nm and

L ¼ 10 nm in the main frame of Fig. 4(a), the positive sign
RNL is dominated by Rpd

NL, which can be larger than in the
case of perfectly clean graphene in Fig. S5 of Supplemental
Material [30] due to scattering from impurities (of uniform
strength) at the CNP [46]. The negative sign of RNL in the
two insets in Fig. 4(a) in the absence of SOC and for L > W
suggests that ROhm

NL can be safely neglected in our samples
due to small ni—we estimate the mean free path l ¼
300–400 nm for ni ¼ 15%, so that when diffusive transport
regime sets in for l < L, the Ohmic contribution ROhm

NL ∝
expð−πL=WÞ [16,18] is already negligible due to
L=W ≫ 1. Therefore, for L > W the main competition is
between Rqb

NL with a negative sign and RSHE
NL with a positive

sign, as found in the two insets in Fig. 4(a). The existence of
background contributions to RNL that do not originate from
the SHE, and can be even larger thanRSHE

NL , could explain the
insensitivity of the total RNL to the applied external in-plane
magnetic field observed in some experiments [15,16].
The difficulty in clarifying the dominant contribution to

RNL could be resolved by detecting its sign change as a
function of the channel lengthL in Fig. 1. An alternative is to
design a setup where ROhm

NL , Rqb
NL, and R

pd
NL are negligible so

thatRSHE
NL can be isolated.We propose such a setup in Fig. S7

of Supplemental Material [30], where adatoms are removed
in the channel. When such a channel is sufficiently
long, Rpd

NL ¼ 0 due to L > W and ROhm
NL , Rqb

NL → 0 due to
the absence of impurity scattering in the channel, so that

FIG. 4. (a) Nonlocal resistances for six-terminal graphene in
Fig. 1 with ni ¼ 15% of scattered Au adatoms, fixed channel
width W ¼ 50 nm, and several channel lengths: L ¼ 10 nm
(main frame); L ¼ 100 nm (left inset); and L ¼ 300 nm (right
inset). Dotted lines plot RNL when all SOC terms in Eq. (1) are
switched off (SOC≡ 0⇔VI ¼ VR ¼ 0). (b) Spin Hall angle,
obtained from LB formula calculations, for the same concen-
tration of Au adatoms which are scattered (main frame) or
clustered (inset). All curves are averaged over ten disorder
configurations.
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mediative spin current ISzM generated by the direct SHE in the
first crossbar arrives conserved [44] at the second crossbar
where it is converted into VNL by the inverse SHE. Indeed,
Fig. S8 of Supplemental Material [30] demonstrates that
RNL and θsH in this setup are unambiguously related, since
they both display a sharp peak at virtually the same EF very
close to the CNP.
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In this Supplemental Material, we include more details about the real-space Kubo formula for the longitudinal
charge conductivity σxx, as well as two validation tests for our implementation of the real-space Kubo formula for
the spin Hall conductivity σsH. We also include additional results for the nonlocal resistance RNL—computed using
multiterminal Landauer-Büttiker (LB) formula [1] implemented in KWANT software package [2]—in several different
six-terminal clean and disordered graphene geometries which complement setup considered in Fig. 1 of the main text.

I. CHEBYSHEV-POLYNOMIAL GREEN FUNCTION METHOD FOR KUBO FORMULA

The longitudinal conductivity is calculated using a method similar to the one developed in the main text for σsH

called Chebyshev-polynomial Green function method. This method was introduced very recently by Ferreira and
Mucciolo [3] to study charge transport in graphene flakes containing very large number of carbon atoms and disorder
due to structural vacancies. It is inspired from the real-space order-N quantum transport method pioneered in Refs.
[4]. The starting point is to write an exact representation of the Kubo formula for the zero-frequency conductivity

σxx(E, η) =
2~e2

πΩ

M∑
m,n=0

Im

[
gm

(
E + iη

∆E

)]
Im

[
gn

(
E + iη

∆E

)]
µmn, (1)

where

µmn =
1

∆E2
Tr

[
vxTm

(
H
∆E

)
vxTn

(
H
∆E

)]
, (2)

is given in terms of the velocity operator vx = [x,H]/i~ and Chebyshev polynomials Tn(H/∆E). Here Ω is the area,
∆E is half the bandwidth and η is the inelastic broadening parameter, required to define the retarded Green function
G(E + iη), which has to be larger than the mean level spacing. The coefficients gm((E + iη)/∆E) appear in the
expansion of G(E + iη) in terms of first-kind Chebyshev polynomials [3]

G(E + iη) =
1

E + iη −H
=

1

∆E

∞∑
m=0

gm

(
E + iη

∆E

)
Tm

(
H
∆E

)
, (3)

and are given by

gm(z) =
2

i

1

1 + δm,0

(
z − i

√
1− z2

)m
√
1− z2

. (4)

The most time-consuming part of this method is evaluation of the trace in Eq. (2), which for sparse matrices rep-
resenting the tight-binding effective Hamiltonian H can be replaced by stochastic average over r complex vectors
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with random phases [3]. For example, insets of Fig. 2 in the main text show σxx for ni = 15% concentration of Au
adatoms on graphene where we used Hamiltonian matrix of size N = 4× 106 (i.e., N is the number of carbon atoms
considered in the dashed square in Fig. 1 of the main text), M = 6000 and all results are averaged over 400 disorder
configurations.

II. VALIDATION OF THE REAL-SPACE METHOD FOR SPIN HALL CONDUCTIVITY

To validate our implementation of the real-space Kubo formula for σsH, we perform calculations for graphene with
homogeneous spin-orbit couplings (SOCs) as described by the Hamiltonian

H = −γ0
∑
⟨ij⟩

c†i cj +
2i√
3
VI

∑
⟨⟨ij⟩⟩

c†i s⃗ · (d⃗kj × d⃗ik)cj + iVR

∑
⟨ij⟩

c†i z⃗ · (s⃗× d⃗ij)cj . (5)

Here the symbols have the same meaning as in Eq. (1) of the main text, except that VI and VR are nonzero on every
hexagon. In the continuum limit and close to K and K ′ points located at the corners of the first Brillouin zone of
graphene, this Hamiltonian is equivalent to the Dirac Hamiltonian

H(k⃗) = ~vF σ⃗ · k⃗ + λIσzsz + λR (σ⃗ × s⃗)z , (6)

with λR = 3VR/2 and λI = 3
√
3VI .
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Fig. S1: Main frame: Spin Hall conductivity σsH of graphene with homogeneous Rashba SOC obtained from our real-space
Kubo formula calculations (red solid line)—with parameters VR = 0.1γ0, M = 300, r = 100 and N = 1.3 × 106—is compared
with analytic expression (black dashed line) in Eq. (7). Inset: Numerically computed σsH for the case of homogeneous intrinsic
SOC with parameters: VI = 0.05γ0, M = 500, r = 50 and N = 32 × 106.

In the first validation test, we use Hamiltonian in Eq. (5) with homogeneous Rashba SOC, VR = 0.1γ0, and zero
intrinsic SOC, VI = 0. For this case, an analytic expression [5]

σsH(E) =

− e
4π

sign(E)E2

(E2−λ2
R)

for |E| ≥ 2λR,

− e
4π

E(E+2sign(E)λR)
2λR(E+sign(E)λR) for |E| < 2λR,

(7)

was obtained in Ref. [6] by starting from the Dirac Hamiltonian in Eq. (6). Figure S1 (main frame) compares our
numerical result for σsH (red solid line) with Eq. (7) (black dashed line). Our numerical result is in perfect agreement
with Eq. (7) up to E ≃ 0.5γ0, despite the fact that Dirac Hamiltonian is expected to be a good approximation only
sufficiently close to charge neutral point (CNP) at EF = 0. For very small Rashba SOC, λR ≪ E, Eq. (7) can be



3

rewritten as σsH(E) = −sign(E)e/4π, which is a step function explaining the shape of σsH in the scattered case (with
VI = 0) in Fig. 2(a) of the main text.
In the second validation test, we use Hamiltonian in Eq. (5) with homogeneous intrinsic SOC, VI = 0.05γ0, and zero

Rashba SOC, VR = 0. Such system exhibits quantum spin Hall effect (QSHE) with a gap opening in the bulk and
two gapless helical edge states with opposite spin and momentum direction on each edge [7]. Consequently, QSHE is
characterized by σsH = 2× e/4π [6–8]. Figure S1 (inset) shows our numerical result for σsH which exhibits quantized
value inside the gap, which is in full accord with QSHE phenomenology.

III. SPIN HALL EFFECT IN GRAPHENE WITH CLUSTERING OF THALLIUM ADATOMS

It is insightful to compare our predictions in the main text for the SHE in graphene decorated with Au adatoms
with the onset of SHE found in the case graphene decorated with clusters of thallium (Tl) adatoms [9]. Heavy adatoms
like Tl locally enhance the intrinsic SOC while generating negligible Rashba SOC [10]. For large concentration and
scattered distribution of Tl adatoms, QSHE is expected [10], followed by a crossover from QSHE to SHE upon Tl
clustering [9]. Figure S2 shows that for clustered Tl adatoms, θsH is larger than in the case of scattered Au adatoms,
assuming the same concentration for both types of adatoms. Thus, high charge-to-spin conversion efficiency could be
achieved by using adatoms which locally enhance intrinsic SOC, even in the presence of adatom clustering.
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Fig. S2: Main frame: Spin Hall angle θsH for graphene with Au adatoms, which are scattered (black) or clustered (red), as well
as for clustered Tl adatoms (blue curve). The concentration of both Au and Tl adatoms is ni = 15%. Insets: Conductivities
σsH (right inset) and σxx (left inset) for graphene with Tl adatoms whose ratio gives θsH = σsH/σxx in the main frame. All
curves are obtained using real-space Kubo formula calculations averaged over 400 disorder configurations.

IV. SCALING OF SPIN HALL ANGLE WITH ADATOM CONCENTRATION

In the experiments [11], the density of gold clusters of diameter ranging from 20 to 40 nm is estimated to lie within
1010cm−2–1011cm−2. This leads to ni ≃ 2–3% assuming that clusters are two-dimensional. In the main text, the
values of θsH obtained from the Kubo formula calculations assume larger adatom concentration ni = 15%. Because
of too large mean free paths (above the micrometer) for few percent adatom densities, we cannot (within our present
computational capability) reach the diffusive regime in which the Kubo conductivities could be safely estimated. An
estimate of θsH for much lower density is actually not straightforward because the scaling of σsH with ni is predicted
to ultimately depend on the mechanism dominating the SHE [13].
Neglecting localization effects, the scaling of longitudinal conductivity should follow the Fermi golden rule,

σxx ∼ 1/ni. Similarly, the spin Hall conductivity follows σsH ∼ 1/ni, but only when the skew-scattering mecha-
nism predominates the extrinsic SHE [12, 13] (e.g., as confirmed numerically in Ref. [15] for adatoms inducing Rashba
SOC). As discussed in Refs. [13], σsH should be dominated by a ni-independent value for the quantum side-jump
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Fig. S3: Spin Hall angle as a function of the concentration of randomly scattered Au adatoms. These results are obtained
from the LB formula (see Sec. V) applied to four-terminal graphene devices whose central square-shaped region of the size
50 nm × 50 nm or 100 nm × 100 nm is attached to four semi-infinite leads of the same respective width. The values of θsH are
averaged over the Fermi energy interval [−0.01γ0, 0.01γ0].

mechanism, whereas higher order quantum interference terms between scattering paths could lead to nα
i dependence

(where α = 1, 2, ...) [12–14].
Therefore in the limit of small ni, θsH is expected to be either constant or ∝ ni (∝ nα+1

i ). The value ni = 15% used in
our Kubo formula calculations lies outside the dilute adatom regime where such theories have been developed [13, 15],
but based on the arguments above we extrapolate that for few percent of Au adatom concentration, the maximum
value should range within θsH ≃ 0.01–0.1, where the lower limit is for adatom clusters. Thus, our estimate is about
one order of magnitude lower than the value reported in Ref. [11]. Finite temperatures and larger clusters will lead
to even lower spin Hall angles.
Finally, a brute-force calculation of θsH for arbitrary adatom concentration in finite-size samples is possible using

the multiterminal LB formula approach discussed in Sec. V. Figure S3 shows that θsH does increase with the adatom
concentration in the limit of low ni, with values agreeing with estimates made above. Comparing our results in Fig. S3
with those in Refs. [13, 15] suggests that side jump and anomalous quantum processes could dominate the physics of
SHE in graphene decorated with low concentration of adatoms.

V. SPIN HALL ANGLE AND NONLOCAL RESISTANCE FROM MULTITERMINAL
LANDAUER-BÜTTIKER FORMULA

Our numerically exact quantum transport calculations for multiterminal finite-size graphene are based on the LB
formula [1]

Ip =
∑
q

Gpq(Vp − Vq). (8)

which relates the total charge current Ip, flowing through semi-infinite ideal (i.e., without any impurities or SOC)
lead p =1–6 attached to the central phase-coherent region, to voltages Vq in all other leads. The charge conductance
coefficients

Gpq =
e2

h

∫
dE Tr[tpqt

†
pq]

(
− ∂f

∂E

)
, (9)

are expressed in terms of the transmission matrix tpq between transverse propagating modes within semi-infinite leads
p and q. The same Eq. (8) can be converted into the formula for total spin current ISα

p (which is conserved along the
leads without SOC or other spin-flip mechanisms [16], as assumed in Fig. 1 of the main text)

ISα
p =

∑
q

GSα
pq (Vp − Vq). (10)
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on the proviso that Gpq is replaced by the spin conductance coefficients

GSα
pq =

e2

h

∫
dE Tr[sαtpqt

†
pq]

(
− ∂f

∂E

)
, (11)

where sα is the Pauli matrix. The derivative of the Fermi function (−∂f/∂E) takes into account thermal broadening
effects, but inclusion of inelastic scattering at finite temperature which smooths out features of Gpq or GSα

pq due
quantum interference effects requires to add phenomenological dephasing [17] which we do not perform in this study.
The calculation of spin and charge conductance coefficients in Eqs. (9) and (11) was performed by using KWANT

package [2] which employs highly efficient and robust algorithms to calculate the transmission matrix, while being
able to significantly outperform commonly used recursive GF methods [18] for multiterminal devices containing large
number of atoms. The KWANT package also avoids instabilities that occur with many commonly used algorithms (such
as in dealing with the evanescent modes of complicated leads) [2].
One can apply Eqs. (8) and (10) to six-terminal device in Fig. 1 of the main text by either setting the voltages

Vq to find currents Ip and ISα
p , or fix the injected current Ip or ISα

p , and then find voltages Vq which develops as the
response to it. For the analysis of experiments reported in Ref. [11] the latter approach is the most suitable, so we
set injected charge current I1 through lead 1 and current −I1 flows through lead 2 while Ip ≡ 0 in the other four
leads. We then compute voltages which develop in the leads p =3–6 in response to injected current I1 and obtain the
nonlocal resistance as the quantity which is measured directly in experiments from RNL = (V3 − V4)/I1. We define

the spin Hall angle for six-terminal graphene device in Fig. 1 of the main text or for device in Fig. S7 as θsH = ISz
5 /I1

(which is not directly measurable quantity due to difficulty in measuring spin currents ISα
p ).

A. Nonlocal resistance for a uniform distribution of gold adatoms
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Fig. S4: (a) Nonlocal resistance RNL and (b) spin Hall angle θsH as a function of the Fermi energy for graphene with uniform
distribution of adatoms where every hexagon within the central region in Fig. 1 of the main text is covered by one gold adatom.

Figure S4 shows RNL and θsH for the case of a completely uniform distribution of Au adatoms, where each hexagon
within the central region hosts one Au adatom. Both quantities are calculated at temperatures T = 0 K and
T = 300 K, where the latter includes thermal broadening effects in the LB calculations. The uniform Rashba SOC
generates the intrinsic SHE in multiterminal systems, akin to the one found in multiterminal two-dimensional electron
gases [16, 19, 20]. Note that large value of the nonlocal signal and θsH is observed in Fig. S4 away from CNP due
to doping of graphene by µ = 0.3γ0 (chosen by viewing the central region of the device as a single large cluster)
in Eq. (1) of the main text. The spin Hall angle and RNL due to such intrinsic SHE are actually smaller than the
same quantities shown in Fig. S8 for scattered distribution of Au adatoms in purely SHE-driven nonlocal transport
setup in Fig. S7. This confirms the importance of resonant scattering off adatoms for enhancing the extrinsic SHE—a
conclusion reached also by semiclassical transport theories [12].
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B. Scaling of pseudodiffusive and quasiballistic contributions to RNL

Figure S5 shows the scaling of RNL with the length L (at fixed width W ) of six-terminal pristine graphene devices
when all adatoms are removed from the setup in Fig. 1 of the main text. Such nonlocal signal, which is positive around
CNP, is specific to Dirac electron systems, like graphene [21] or metallic surfaces of three-dimensional topological
insulators [22], where evanescent wavefunctions penetrate through the zero gap of the Dirac cone to generate the
so-called “pseudodiffusive” transport close to CNP. The pseudodiffusive transport regime is characterized by the
Ohmic-like two-terminal conductance G ∝ 1/L [21, 22], even though the device is perfectly clean. This mechanism

provides background contribution Rpd
NL of positive sign to total RNL, as long as W > L, which can be further enhanced

at CNP by scattering from impurities of uniform strength [23] as observed in Fig. 4(a) in the main text.
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Fig. S5: Nonlocal resistance generated in perfectly clean six-terminal graphene device where all adatoms removed. The width
of the device is fixed at W = 50 nm, while the length between the two crossbars varies from L = 10 nm to L = 300 nm.
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Fig. S6: Scaling with the length L of the transmission functions Tpq from lead q to lead p in six-terminal graphene device of
width W = 50 nm in Fig. 1 in the main text: (a) T32; (b) T42; and (c) their difference, T32 − T42. The central region is covered
by scattered distribution of Au adatoms of concentration ni = 15%, while their SOC is switched on (solid lines) or off (dotted
lines). All curves are obtained by averaging Tpq(E) over the energy interval [−0.01γ0, 0.01γ0].

Figure S6 shows scaling of the transmission function Tpq = Tr[tpqt
†
pq] in Eq. (9) with the length L (at fixed width

W ) for electron paths from lead 2 → 3 and lead 2 → 4, as well as their difference, in six-terminal graphene device
in Fig. 1 of the main text. The difference T32 − T42 being positive means that more electrons arriving into lead 3

than in lead 4 will cause negative Rqb
NL at some intermediate length scales. The slow decay of quantities in Fig. S6

characterizing the quasiballistic transport regime can manifest as long as the channel length L is smaller than the
mean free path, which we estimate for ni = 15% concentration of Au adatoms to be between 300 nm and 400 nm.
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C. Six-terminal graphene geometry for isolating SHE contribution to RNL
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Fig. S7: Schematic view of our proposal for a six-terminal graphene geometry where adatoms are removed from the channel
connecting the two crossbars in order to isolate RSHE

NL .

Our interpretation of different contributions to RNL = RSHE
NL +ROhm

NL +Rqb
NL +Rpd

NL in Fig. 4 of the main text and
their scaling with the length L of the device motivates us to propose a setup in Fig. S7 where adatoms are completely
removed in the channel and RSHE

NL could be isolated and its maximum value quantified. When such ballistic channel

is sufficiently long, Rpd
NL = 0 due to L > W (see Fig. S5) and Rqb

NL, R
Ohm
NL → 0 due to the absence of adatom-induced

scattering in the channel. The mediative spin current ISz

M generated by the direct SHE in the left crossbar then arrives
conserved at the right crossbar where it is converted into nonlocal voltage signal VNL by the inverse SHE.
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Fig. S8: (a) Nonlocal resistance RSHE
NL generated solely by the combination of direct SHE (in the left crossbar) and inverse SHE

(in the right crossbar) in the setup of Fig. S7. (b) Spin Hall angle θsH for the same setup in Fig. S7. The gold adatoms are
distributed in scattered fashion with concentration ni = 15% in each of the square regions within the two crossbars in Fig. S7.

The maximum value of RSHE
NL in Fig. S8 is still smaller than the absolute value of other contributions to RNL in

Fig. 4 of the main text at intermediate channel lengths L. We also find that both RNL and θsH exhibit sharp peak
at about the same Fermi energy located very close to CNP, which demonstrates one-to-one correspondence between
directly measurable charge transport quantity RNL and indirectly inferred spin transport quantity θsH.
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