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We predict an unconventional spin-transfer torque (STT) acting on the magnetization of a free

ferromagnetic (F) layer within N/TI/F vertical heterostructures, which originates from strong spin-orbit

coupling on the surface of a three-dimensional topological insulator (TI), as well as from charge current

becoming spin polarized in the direction of transport as it flows perpendicularly from the normal metal (N)

across the bulk of the TI layer. The STT vector has both in-plane and perpendicular components that are

comparable in magnitude to conventional torque in F0=I=F (where I stands for insulator) magnetic tunnel

junctions, while not requiring additional spin-polarizing F0 layer with fixed magnetization, which makes it

advantageous for spintronics applications. Our principal formal result is a derivation of the nonequilib-

rium Green function-based formula and the corresponding gauge-invariant nonequilibrium density matrix,

which makes it possible to analyze the components of the STT vector in the presence of arbitrary strong

spin-orbit coupling either in the bulk or at the interface of the free F layer.
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The spin-transfer torque (STT) is a phenomenon in
which a spin current of large enough density injected into
a ferromagnetic (F) layer either switches its magnetization
from one static configuration to another or generates a
dynamical situation with steady-state precessing magneti-
zation [1]. The origin of the STT is the absorption of the
itinerant flow of angular momentum components normal
to the magnetization direction. It represents one of the
central phenomena of the second-generation spintronics,
focused on the manipulation of coherent spin states, since
the reduction of current densities (currently of the order
106–108 A=cm2) required for STT-based magnetization
switching is expected to bring about commercially viable
magnetic random access memory (MRAM) [2]. The rich
nonequilibrium physics [3] arising in the interplay of spin
currents carried by fast conduction electrons and collective
magnetization dynamics, viewed as the slow classical de-
gree of freedom, is of great fundamental interest.

Very recent experiments [4,5] and theoretical studies [6]
have sought the STT in nontraditional setups which do not
involve the usual two (spin-polarizing and free) F layers
with noncollinear magnetizations [3], but rely instead on
the spin-orbit coupling (SOC) effects in structures lacking
inversion symmetry. Such SO torques [7] have been de-
tected [4] in Pt=Co=AlOx lateral devices where current
flows in the plane of the Co layer. Concurrently, the recent
discovery [8] of three-dimensional (3D) topological insu-
lators (TIs), which possess a usual band gap in the bulk
while hosting metallic surfaces whose massless Dirac elec-
trons have spins locked with their momenta due to the
strong Rashba-type SOC, has led to theoretical proposals

to employ these exotic states of matter for spintronics [9]
and the STT in particular [10]. For example, the magneti-
zation of a ferromagnetic film with perpendicular anisot-
ropy deposited on the TI surface could be switched by the
interfacial quantum Hall current [10]. However, very little
is known about the STT in setups where spin transport is
perpendicular to interfaces with strong SOC [11–13], as
exemplified by the vertical TI-based heterostructure in
Fig. 1. Such heterostructures could exploit strong interfa-
cial SOC without requiring [13,14] a perfectly insulating
bulk whose unintentional doping in the present experi-
ments obscures [15] the topological properties anticipated
for lateral transport along the TI surface.
In this Letter, we predict that the heterostructure in Fig. 1

will exhibit an unconventional STT, driven both by the
surface SOC and spin-polarizing effect of the bulk of the TI

FIG. 1 (color online). Schematic view of the topological
insulator-based vertical heterostructure operated by spin-transfer
torque. The junction contains a single F layer of finite thickness
with free magnetizationm, and the N leads are semi-infinite. We
assume that each layer is composed of atomic monolayers
(modeled on an infinite square tight-binding lattice).
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slab on the current flowing perpendicularly through it. Its
unusual features depicted in Fig. 2(a) could also open new
avenues in the design of STT-MRAM [16] and STT-
oscillators [17]. For example, in conventional collinearly
magnetized STT-MRAM devices [2], the initial current-
induced STT is zero so that one has to rely on thermal
fluctuations or small misalignments of the layer magnet-
izations to initiate the switching. Such undesirable long
mean switching times and broad switching time distribu-
tions can be avoided by adding a TI capping layer onto the
standard F=I=F0 (where I stands for insulator) magnetic
tunnel junction (MTJ), to form a TI=F=I=F0 vertical heter-
ostructure (see Sec. II in the Supplemental Material [18]),
where the TI layer will initiate fast switching of the F layer
magnetization in accord with Fig. 2(a).

Our second principal result is a nonequilibrium Green
function (NEGF)-based formula, and the related gauge-
invariant nonequilibrium density matrix (see Sec. III in the
Supplemental Material [18]), which makes it possible to
analyze the torque components in the presence of arbitrary
spin-current nonconserving interactions within the device.
Unlike the recently developed approaches [19,20] to the
STT in the presence of SOC for the linear-response regime,
ours can handle torque driven by finite bias voltage (re-
quired to reach sufficient current density in MTJs [3]), and

it can also be easily combined with density functional
theory (DFT) through the NEGF-DFT formalism [21,22].
For conventional F0=I=F MTJs, where the reference F0

layer with fixed magnetization m0 plays the role of an
external spin polarizer, it is customary to analyze the in-
plane (originally considered by Slonczewski [23]) and
perpendicular (also called fieldlike torque [1]) components
of the STT vector [3], T ¼ Tk þ T?. The in-plane torque
Tk ¼ �km� ðm�m0Þ is purely a nonequilibrium com-

ponent and competes with the damping. The perpendicular
torque T? ¼ �?m�m0 arises from spin reorientation at
the interfaces and possesses both equilibrium (i.e., inter-
layer exchange coupling) and nonequilibrium contribu-
tions which act like an effective magnetic field on the
magnetization m of the free F layer. While the T? com-
ponent is vanishingly small in metallic spin valves [24,25],
it can be substantial [3] in MTJs due to the momentum
filtering imposed by the tunnel barrier [26,27].
To understand the origin of the torque components in

Fig. 2(a), we first elucidate the effect of the TI slab on the
unpolarized charge current injected from the left normal
metal (N) lead by computing the spin density matrix
�̂out
spin ¼ 1

2 ð1þ Pout � �̂Þ for an ensemble of outgoing spin

in the right N lead of the N/TI/N junction. The expression
for �̂out

spin, or equivalent spin-polarization vector Pout, was

derived as Eq. (10) in Ref. [28] in terms of the transmission
matrix of the device. Its evaluation for the N/TI/N junction
is plotted in Fig. 3, which shows how the TI slab polarizes
the incoming current in the direction of transport with
Pout ¼ ð0; 0;’ 0:5Þ. The polarizing effect of the TI slab
comes from the effective momentum-dependent magnetic
field along the z axis [encoded by the �3 term in the TI
Hamiltonian in Eq. (3) discussed below]. This requires
sufficient thickness of the TI slab, as well as that the
Fermi energy of the device EF be within the bulk gap of
the TI. The spin polarization of the charge current induced
by its flow through a finite-size region with SOC has been
discussed previously for low-dimensional systems (such as
the two-dimensional electron gas with the Rashba SOC

FIG. 2 (color online). (a) The angular dependence of torque
components, Tk ¼ �km� ðm� ezÞ and T? ¼ �?m� ez, act-
ing on the free magnetizationm within N/TI/F heterostructure in
Fig. 1. (b) The torque components, Tk ¼ �km� ðm�m0Þ and
T? ¼ �?m�m0, acting on the free-layer magnetization
m ¼ ðsin� cos�; sin� sin�; cos�Þ in conventional F0=I=F sym-
metric MTJ where magnetization of the reference layer F0 is
fixed at m0 ¼ ez. (c) The torque components in N/I/F junction,
defined in the same fashion as in panel (a), with the Rashba SOC
of strength �R=2a ¼ 0:1 eV located on the last monolayer of F
which is in contact with I barrier. (d) The angular dependence of
conductances for N/TI/F, F0=I=F and N/I/F junctions. The bias
voltage Vb in all panels is sufficiently small to ensure the linear-
response regime.

FIG. 3 (color online). The spin-polarization vector Pout ¼
ð0; 0; Pout

z Þ of current [28] in the right N lead of N=TI=N junction
as a function of the thickness dTI of the 3D TI layer after
unpolarized charge current is injected from the left N lead.
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[29]). Due to constraints imposed by the time-reversal
invariance, such SOC-induced polarization cannot [29]
be detected via current or voltage measurement on stan-
dard two-terminal ferromagnetic circuits, as exemplified
by Fig. 2(d) where the conductance of the N/TI/F junction
is the same for m k ez and m∦ez configurations.

Following this analysis, the meaning of the torque com-
ponents in Fig. 2(a) for the N/TI/F junction is explained by

T ¼ Tk þ T? ¼ �km� ðm� ezÞ þ �?m� ez: (1)

The nonzero values of both Tk and T? in the N/TI/F

junction make this SOC-driven STT quite different from
recently explored SO torques [4,6,7] which lack an anti-
damping (i.e., equivalent to our Tk) component and, there-

fore, cannot induce a precession of the magnetization in the
single F layer. We note that the same definition of the
torque components is applicable [12] also to N/I/F vertical
heterostructures with strong Rashba SOC, �Rð�̂�kkÞ �ez,
at the I/F interface [4,7] even though the current does not
become polarized along ez there. The torque components
for the N/I/F junction plotted in Fig. 2(c) are driven purely
by the surface Rashba SOC, which is the second order
effect / �2

R characterized by torque asymmetry [12]
around the stable magnetic state � ¼ 90�. On the other
hand, Tk and T? in Fig. 2(a) are nonzero at � ¼ 90� in

N/TI/F junctions due to the summation (see Sec. I in the
Supplemental Material [18]) of an asymmetric contribu-
tion driven by the strong SOC on the surface of the TI layer
and a symmetric one [akin to conventional torque in MTJs
shown in Fig. 2(b)] driven by the spin polarization [Fig. 3]
of current flowing through the bulk of the TI layer.

Figures 2(a) and 2(b) show that linear-response Tk in N/
TI/F junctions is comparable to the one in symmetric
F0=I=F MTJs tuned (via the on-site potential in the I layer)
to have similar conductance, which points to unforeseen
[9] spintronics applications of TIs. The angular depen-
dence of the conductances for the N/TI/F, N/I/F, and
F0=I=F junctions are compared in Fig. 2(d).

We now turn to the details of our formalism. The junc-
tion in Fig. 1 is modeled on a cubic lattice, with lattice
constant a and unit area a2 � h, where the monolayers of
the different materials (N, F, TI) are infinite in the trans-
verse xy direction. The TI layer has thickness dTI ¼ 5
monolayers and the free F layer has thickness dF ¼ 70
monolayers. The F and N layers are described by a tight-
binding Hamiltonian with a single s orbital per site

ĤF ¼ X
n;��0;kk

ĉyn�;kk

�
"n;kk���0 � �n

2
m � ½�̂���0

�
ĉn�0;kk

� �
X

n;�;kk

ðĉyn�;kk ĉnþ1;�;kk þ H:c:Þ: (2)

The operators ĉyn� (ĉn�) create (annihilate) an electron with
spin � on a monolayer n with transverse momentum kk
within the monolayer. The in-monolayer kinetic energy

"n;kk ¼ �2�ðcoskxaþ coskyaÞ is equivalent to an in-

crease in the on-site energy, and the nearest neighbor
hopping is � ¼ 1:0 eV. The coupling of itinerant electrons
to collective magnetization dynamics is described through
the material-dependent exchange potential �n ¼ 1:0 eV
(�n � 0 within semi-infinite ideal N leads), where �̂ ¼
ð�̂x; �̂y; �̂zÞ is the vector of the Pauli matrices and ½�̂����0

denotes the Pauli matrix elements.
The minimal model for the slab of a 3D TI, such as

Bi2Se3, is the effective tight-binding Hamiltonian with four
orbitals per site [30]:

ĤTI ¼
X
n;kk

�
cyn;kk

�
B

a2
�0 � i

A

2a
�3

�
cnþ1;kk

þ H:c:þ cyn;kk

�
C1þ dðkkÞ�0

þ A

a
ð�1 sinkxaþ �2 sinkyaÞ

�
cn;kk

�
: (3)

It yields the correct gap size in the bulk and
surface dispersion while reducing to the continuum
k � p Hamiltonian in the small k limit. Here ĉ ¼
ðĉþ"; ĉþ#; ĉ�"; ĉ�#ÞT annihilates an electron in different or-

bitals, dðkÞk ¼M�2B=a2þ2Bðcoskxaþcoskya�2Þ=a2,
�i (i ¼ 0; 1; 2; 3) are 4� 4 Dirac matrices, and 1 is the
unit matrix of the same size. The numerical values of the
parameters are chosen as M ¼ 0:3 eV, A ¼ 0:5a eV, and
B ¼ 0:25a2 eV. The Fermi energy of the whole device is
set at EF ¼ 3:1 eV, and the bottom of the band of the TI
layer is shifted by C ¼ 3:0 eV.
The hopping �c ¼ 0:25 eV between F or N monolayers

and the TI monolayer is chosen to ensure that the Dirac
cone on the surface of the TI is not distorted [13,14] by the
penetration of evanescent modes from these neighboring
metallic layers. The weak F to TI coupling can be achieved
by growing an ultrathin layer of a conventional band
insulator, such as In2Se3 with a large bandgap and good
chemical and structural compatibility with Bi2Se3 where
sharp heterointerfaces have already been demonstrated by
molecular-beam epitaxy growth [31]. We assume that such
a layer is present and suppresses the magnetic proximity
effect so that �n ¼ 0 on the TI monolayer (denoted as the
F/TI interface in Fig. 1) that is closest to the F layer.
The early phenomenological modeling [23] of the STT

in noncollinear ferromagnetic multilayers was succeeded
by more microscopic theories [21,24–27,32], often in com-
bination with first-principles input about real materials
[21,24,25,32]. These theories have been focused on de-
vices without SOC where the STT is directly connected
to the divergence of the spin current as a consequence of
the conservation of total spin. Thus, the STT vector
can be obtained simply from the local spin current at the
N/F or I/F interface within F0=N=F spin valves or F0=I=F
MJTs. Such local spin currents are typically computed
using the Landauer-Bütikker scattering approach [25,32]
or the NEGF formalism [21,24,27]. However, these
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methodologies are inapplicable to junctions with SOC
within the free F layer, which has recently ignited a search
for efficient algorithms [19–21] that can compute the STTin
the presence of spin nonconserving interactions. The SOC
can be introduced into the device by either bulk ferromag-
nets (as in F layers based on ferromagnetic semiconductors
[7,19,20]) or due to the Rashba SOC at the I/F interface in
devices with structural inversion asymmetry [4,7].

Using the operator ĉyn� (ĉn�) which creates (annihilates)
an electron with spin� on a monolayer n, we can introduce
the two fundamental objects [33] of theNEGF formalism—

the retarded Gr;��0
nn0 ðt; t0Þ ¼ �i�ðt� t0Þhfĉn�ðtÞ; ĉyn0�0 ðt0Þgi

and the lesser G<;��0
nn0 ðt; t0Þ ¼ ihĉy

n0�0 ðt0Þĉn�ðtÞi Green func-

tions (GFs) that describe the density of available quantum
states and how electrons occupy those states, respectively.
Here h. . .i denotes the nonequilibrium statistical average

[33]. In stationary problems, Ĝr and Ĝ< depend only on the
time difference t� t0 or energy E after the Fourier
transform.

In the absence of SOC, one can obtain the STT in F0=N=F
spin valves or F0=I=FMTJs by computing [27] the vector of
the spin current between two neighboringmonolayers n and
nþ 1 coupled by the hopping parameter �:

I S
n;nþ1 ¼

�

4	

Z
dEdkk Tr�½�ðĜ<

nþ1;n � Ĝ<
n;nþ1Þ�: (4)

The integration over kk is required because of the assumed

translational invariance in the transverse direction. Since,
for conserved spin current, the monolayer-resolved [25]
STT is given byTn ¼ �r � IS ¼ ISn�1;n � ISn;nþ1, the total

torque on the free F layer is,T ¼ P1
n¼0ðISn�1;n � ISn;nþ1Þ ¼

IS�1;0 � IS1;1 ¼ IS�1;0 [27], assuming semi-infinite F elec-

trode. Here the subscripts �1 and 0 refer to the last mono-
layer of the N or I barrier and the first monolayer of the F
layer, respectively. In the multilayers with SOC, such as
those in Fig. 1, this methodology to get the STT becomes
inapplicable since the spin current will not decay (i.e.,
IS1;1 � 0) if SOC is present in the bulk of the free F layer

[20]. Also, the spin current across the interface IS�1;0 is

insufficient to get the STT if strong SOC is present directly
at the interface.

To derive a general NEGF-based expression for the
expectation value of the current-induced force, we start
by assuming that the device Hamiltonian depends on a
variable q which corresponds to slow collective classical
degrees of freedom. The expectation value of the corre-

sponding canonical force Q̂ ¼ �@Ĥ=@q is obtained using

the density matrix �̂ ¼ 1
2	i

R
dEĜ<ðE; qÞ:

Q ¼ � 1

2	i

Z þ1

�1
dETr

�
@Ĥ

@q
Ĝ<

�
¼ �

�
@Ĥ

@q
Ĝ<

�
; (5)

where Ĝ<ðE; qÞ is the adiabatic GF obtained for a frozen-
in-time variable q. By exchanging the derivative between

the Hamiltonian and Ĝ<ðE; qÞ, Q ¼ �@hĤĜ<i=@qþ
hĤ@Ĝ<=@qi, and by using the standard equations for the

retarded and lesser GFs [33], ĜrðEÞ ¼ ½E� Ĥ � �̂
r��1

and Ĝ<ðEÞ ¼ ĜrðEÞ�̂<ðEÞĜaðEÞ, we finally obtain

Q ¼ i

�
@Ĝr

@q
�̂

<
Ĝa�̂

�
�

�
�̂

< @Ĝr

@q

�
; (6)

where the advanced GF is given by Ĝa ¼ ½Ĝr�y. In the

elastic transport regime, �̂ðEÞ ¼ P
p�̂pðE� eVpÞ is the

sum of the level broadening operators �̂pðE� eVpÞ ¼
i½�̂r

pðE� eVpÞ � �̂
a
pðE� eVpÞ�, �̂

r
pðE� eVpÞ are the

self-energies due to the coupling to semi-infinite (F or N)

ideal leads p¼L, R, and �̂
<ðEÞ ¼ P

pifpðEÞ�̂pðE� eVpÞ
is the lesser self-energy [33]. The junction is biased by
the voltage Vb ¼ VL � VR and fpðEÞ ¼ fðE� eVpÞ is the
Fermi function of the macroscopic reservoir to which the
lead p is assumed to be attached at infinity. We note that
Eq. (6) is akin to the mean value of the time-averaged force
in nonequilibrium Born-Oppenheimer approaches [34] to
current-induced forces exerted by conduction electrons on
ions in nanojunctions or mechanical degrees of freedom in
nanoelectromechanical systems whose collective modes
are slow compared to electronic time scales.
The application of Eq. (6) to get the T� (� ¼ x, y, z)

component of the STT vector acting on the magnetization
of the free F layer of finite thickness within the N/TI/F

junction proceeds by first computing ĜrðEÞ for the device
described by the Hamiltonian Ĥ ¼ ĤTI þ ĤF. In the sec-
ond step, the Hamiltonian of the F layer is modified

Ĥ
q
F ¼ ĤF þ q

X
n;��0;kk

ĉyn�;kk ½e� � ðm� �̂Þ���0 ĉn�0;kk ;

(7)

and ĜrðEÞ½Ĥq� is computed for the new Hamiltonian Ĥq ¼
ĤTI þ Ĥq

F. This yields @Ĝr=@q � ðĜr½Ĥq� � Ĝr½Ĥ�Þ=q,
where we use q ¼ 10�7 as the infinitesimal. The derivative

@Ĝr=@q plugged into Eq. (6) yields Q ¼ T�.
Equation (6) includes both the equilibrium T?ðVb ¼ 0Þ

[21,26,27] and experimentally measured [3] nonequilib-
rium T?ðVbÞ � T?ðVb ¼ 0Þ contribution to T?. The
linear-response contribution can be extracted (see Sec. III
in the Supplemental Material [18]) by expanding the
density matrix �̂ to first order in the applied bias voltage

Vb and by subtracting the purely equilibrium term �̂eq ¼
� 1

	

R
dEIm½Ĝr

0ðEÞ�fðEÞ:

Qneq ¼ �X
p

VpTr

�
@Ĝr

0

@q
�̂pĜ

a
0�̂� i

@Ĝr
0

@q
�̂p

�

�X
p

VpIm

�Z EF

�1
dETr

�
@Ĝr

0

@q

@Ĥ

@Vp

� @Ĝr
0

@q

@�̂
r
p

@E

��
:

(8)

Here Gr
0ðEÞ is the retarded GF at zero bias voltage and we

assume zero temperature. The second sum in Eq. (8) is
nonzero only for T? / Vb where the integration over the
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Fermi sea is necessary to ensure the gauge invariance (i.e.,
invariance under a global potential shift Vp ! Vp þ V0) of

T? plotted in Fig. 2. Note that the T? / Vb component is
identically zero [3,26,27] in symmetric F0=I=F MTJs, as
confirmed by Fig. 2(b) using our general Eq. (8).

We conclude by noting that although the STTwe predict
in N/TI/F junctions does not require an F0 layer with fixed
magnetization as a polarizer, its measurement necessitates
usage of the second reference F0 layer in order to detect
magnetization switching or precession in the free F layer.
Nevertheless, the experimental setups we propose for this
purpose in Sec. II of the Supplemental Material [18],
consisting of a MTJ capped with a TI layer to form
TI=F=I=F0 stacking, require a much smaller total number
of layers than recently fabricated orthogonal STT-MRAM
[16] and STT-oscillators [17] (containing an F00 polarizer
whose fixed magnetization must be kept perpendicular to
the in-plane magnetized F and F0 layers).
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I. SEPARATION OF TOTAL TORQUE IN N/TI/F VERTICAL HETEROSTRUCTURES INTO THE
SURFACE AND BULK CONTRIBUTIONS

The in-plane T‖ and perpendicular T⊥ torque components in conventional F′/I/F (F-ferromagnet; I-insulator)
magnetic tunnel junctions (MTJs) exhibit symmetric ∝ sin θ angular dependence with respect to θ = 90◦ (at which
the noncollinear magnetizations of reference F′ and free F layers are orthogonal to each other), as shown in Fig. 2(b)
of the main text. On the other hand, when torque is driven purely by the surface spin-orbit coupling (SOC), the toque
components have [1] asymmetric angular dependence around θ = 90◦, as demonstrated in Fig. 2(c) of the main text
for N/I/F (N-normal metal) junctions with the Rashba SOC at the I/F interface (here angle θ is measured between
the direction of transport and the magnetization of the free F layer).

FIG. 1: (Color online) (a) The angular dependence of the in-plane T‖ and perpendicular T⊥ torque components, acting on the
magnetization m of the free F layer within N/TI/F vertical heterostructure, is separated into two contributions: (b) arising
from the SOC on the surface of the TI layer (i.e., at the TI/F interface); and (c) arising from the spin-polarizing effect of the
bulk of the TI slab on unpolarized charge current injected perpendicularly through it (see Fig. 1 in the main text). Note that
panel (a) here is identical to Fig. 2(a) in the main text.

In contrast to these two situations, the components of the torque we predict in N/TI/F (TI-topological insulator)
vertical heterostructures is neither symmetric nor asymmetric around θ = 90◦. In the main text, we explain this
feature to be the result of two different mechanisms operating concurrently: (i) the strong SOC on the surface of TI

∗Electronic address: bnikolic@udel.edu
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generates asymmetric contribution (as in N/I/F junctions); and (ii) spin-polarizing effect of the bulk of the TI slab
on charge current flowing perpendicularly through it (see Fig. 3 in the main text) gives rise to symmetric contribution
as in the case of conventional F′/I/F MTJs.

Figure 1 indeed confirms that these two contributions are simply additive, so that T‖ = Tsurf
‖ + Tbulk

‖ and T⊥ =

Tsurf
⊥ +Tbulk

⊥ . Furthermore, Fig. 1 shows that T‖ is dominated by the spin-polarizing effect of the bulk of the TI slab,
while T⊥ is dominated by the torque driven by the strong surface SOC. Therefore, both T‖ and T⊥ have similar
magnitude (except around θ ≈ 60◦ where T⊥ vanishes), unlike in N/I/F junctions with Rashba SOC at the I/F
interface where T⊥ � T‖ [see Fig. 2(c) in the main text].

II. PROPOSED EXPERIMENTAL SETUPS FOR DETECTION OF UNCONVENTIONAL STT IN
N/TI/F VERTICAL HETEROSTRUCTURES AND POTENTIAL STT-MRAM APPLICATIONS

To detect STT in N/TI/F junction, we propose a multilayered device shown in Fig. 2 where conventional F/I/F′

MTJ is capped by a thin layer of some TI material (with another ultrathin layer of conventional band insulator in
between to suppress the magnetic proximity effect on the surface of TI, as discussed in the main text). Unpolarized
charge current injected across the TI slab will become polarized in the direction of transport (as shown in Fig. 3 of
the main text). This effect, together with the surface contribution shown in Fig. 1 will induce switching of the free F
layer, which is then detected by the second reference F′ layer in Fig. 2.

The device proposed in Fig. 2 relies on the unique properties of the unconventional STT in N/TI/F junctions,
discussed in Fig. 2(a) of the main text or Fig. 1 here, and cannot be mimicked by capping the free F layer with either
a heavy metal or a very thin insulator (thinner than the insulating layer I in Fig. 2) to generate sufficiently strong
Rashba SOC at this interface [1, 2]. This is due to the fact that for current-perpendicular-to-plane transport in N/I/F
junctions with the Rashba SOC at the I/F interface, Fig. 2(c) in the main text shows that T‖ is zero around θ = 0
(i.e., when magnetization m in Fig. 2 is in the plane of the I/F interface), so that such torque cannot participate in
the onset of magnetization switching.

TI

F|TI Interface

m
θ
z

z

N

Free F

Fixed F'

I

N

m'

FIG. 2: (Color online) The proposed device for the detection of unconventional STT driven by perpendicular charge transport
through TI slab consists of the free and reference (with fixed magnetization) ferromagnetic layers forming a conventional MTJ,
where the free F layer is additionally capped by a thin layer of a TI material. Both the free and reference F layers are initially
magnetized along the x-axis, while the unpolarized injected charge current flowing perpendicularly through the TI layer will
become spin-polarized along the z-axis, as shown in Fig. 3 of the main text. Such spin-polarized current, together with
additional torque driven by the surface SOC shown in Fig. 1(b), will switch the magnetization of the F layer which is then
detected as the change in the tunneling magnetoresistance of F/I/F′ MTJ.

The device in Fig. 2 could also have substantial impact of the design of STT-operated non-volatile magnetic random
access memories (MRAMs) [3] where the key issue is switching speed. For example, in conventional collinearly
magnetized STT-MRAM devices [3], the initial current-induced STT is zero so that one has to rely on thermal
fluctuations or small misalignments of the layer magnetizations to initiate the switching. This leads to undesirable
long mean switching times [4] and broad switching time distributions [5]. To overcome these impediments, exploration
of MTJ stacks with more than two F layers and noncollinear magnetizations has been pursued, as exemplified by the
orthogonal STT-MRAM [6]. Detecting bipolar switching of the magnetization of the free F layer, which occurs for
both voltage polarities, would be a clear indication that the torque is driven by the TI capping layer (rather than by
thermal fluctuations of collinear magnetizations in the F/I/F′ part of the device).
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The orthogonal STT-MRAM [6] contains a perpendicularly magnetized F′′ layer, whose function is to spin-polarize
charge current in the direction of transport, which is combined with a conventional in-plane magnetized MTJ. While
this geometry has significant advantages over collinear magnetized STT-MRAM devices, as it eliminates the nanosec-
ond incubation delays and reduces the stochastic nature of the switching, it is much more demanding to fabricate
than the device proposed in Fig. 2. That is, orthogonal STT-MRAM requires more than ten different layers [6]
in order to optimize spin polarization across the junction (e.g., the polarizer in the recently fabricated orthogonal
STT-MRAM devices in Ref. [6] consists of a Co/Pd multilayer exchange coupled to a Co/Ni multilayer), stabilize the
fixed magnetization of the reference F′ layer, and minimize stray fields.

The existence of both T‖ and T⊥ components of STT vector in N/TI/F junctions, akin to conventional spin valves [7]
and MTJs [8, 9], makes this type of torque quite different from recently explored “SO torques” [2] that act only as an
effective magnetic field which can induce switching but not precession of the magnetization in the free F layer. Thus,
the in-plane torque component T‖ competes with the damping and can excite self-sustained magnetization precessions
in the absence of external magnetic field (provided that in-plane and out-of plane magnetization stable states can be
achieved [1]). Unlike similar scheme for N/I/F junctions [1], where one has to find a way to generate [2] sufficiently
strong Rashba SOC at the I/F interface, in our N/TI/F vertical heterostructure strong SOC is guaranteed by the
presence of the TI layer which also induces additional bulk contribution to T‖ discussed in Sec. I. Thus, the device
in Fig. 2 can be used as the counterpart of STT-oscillator based on F′′/F/I/F′ junction fabricated in Ref. [10] whose
F′′ polarizing layer, with magnetization pointing perpendicularly to initially in-plane magnetized F and F′ layers, is
replaced by the TI layer.

III. THE GAUGE-INVARIANT NONEQUILIBRIUM DENSITY MATRIX FOR FINDING THE
EXPECTATION VALUES OF STT VECTOR COMPONENTS

The most accurate experiments (such as those based on spin-transfer-driven ferromagnetic resonance [8]) measuring
STT components T‖ and T⊥ have access only to their derivatives with respect to voltage (the so-called “torkance”).
Thus, only the nonequilibrium contributions driven by nonzero bias voltage Vb = VL − VR between the left and the
right electrode are accessed experimentally. While T‖ is zero in equilibrium, T⊥ has an equilibrium contribution [11]
which is nonzero at Vb = 0. Such equilibrium contribution should be removed when comparing theoretical predictions
with experimental results.

At finite bias voltage, one can simply compute T⊥(Vb)−T⊥(Vb = 0) to get the purely nonequilibrium perpendicular
torque [12]. However, this straightforward approach fails at small Vb due to substantial numerical errors accumulated
when subtracting two nearly equal numbers. In symmetric MTJs with identical F and F′ layers, one can eliminate
the equilibrium contribution to linear-response T⊥ by using the special gauge (i.e., the reference level for the applied
voltages) where voltage −Vb/2 is applied to the left and voltage Vb/2 is applied to the right reservoir [11]. This trick,
however, is also not applicable to our N/TI/F vertical heterostructure which is intrinsically asymmetric.

Therefore, deriving Eq. (8) in the main text requires to construct the proper gauge-invariant nonequilibrium density
matrix ρ̂neq for steady-state transport which then enters the trace in Eqs. (5) and (6) of the main text. In the steady-
state transport regime, ρ̂ can be expressed in terms of the lesser GF of the nonequilibrium Green function (NEGF)
formalism [13]:

ρ̂ =
1

2πi

∫
dE Ĝ<(E). (1)

In the case of elastic transport regime (where electron-electron, electron-phonon, and electron-spin dephasing processes

are absent), Ĝ<(E) = Ĝr(E)[ifL(E)Γ̂L(E) + ifR(E)Γ̂R(E)]Ĝa(E) is given solely in terms of the retarded GF, Ĝr(E).

Here Ĝa(E) = [Ĝr(E)]† is the advanced GF, Γ̂L,R(E) = i[Σ̂r
L,R(E)−Σ̂a

L,R(E)] are the level broadening operators due to

the coupling to the left (L) and right (R) leads [as described by the self-energies Σ̂r
L,R(E)], and fL,R(E) = f(E − eVL,R)

are the Fermi functions of macroscopic reservoirs to which the leads are assumed to be attached at infinity.
For purely computational purposes [14, 15], one usually separates “equilibrium” and “nonequilibrium” contributions

to ρ̂ in the elastic transport regime:

ρ̂ = − 1

π

+∞∫
−∞

dE Im
[
Ĝr(E)

]
fR(E) +

1

2π

+∞∫
−∞

dE Ĝr(E) · Γ̂L(E − eVL) · Ĝa(E) [fL(E)− fR(E)] . (2)

Here the first “equilibrium” term is typically computed via the semicircular path combined with the path in the
complex plane parallel to the real axis [14], while the integration of in the second “nonequilibrium” term is bounded
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between EF − eVR and EF − eVL by the difference of the Fermi functions (EF is the Fermi energy) and has to be
done directly along the real axis [15].

While the second “nonequilibrium” term in Eq. (2) contains information about the bias voltage [through fL(E)−
fR(E)], as well as about the lead assumed to be injecting electrons into the device (through Γ̂L), it cannot be used
as the proper nonequilibrium density matrix which is defined by:

ρ̂neq = ρ̂− ρ̂eq = ρ̂+
1

π

+∞∫
−∞

dE Im
[
Ĝr(E)

]
f(E). (3)

That is, the second term in Eq. (3), which is the NEGF expression for the equilibrium density matrix ρ̂eq, does not
cancel the gauge non-invariant first term in Eq. (2) that depends explicitly [through fR(E)] on arbitrarily set VR and

implicitly on the voltages applied to both reservoirs [through Ĝr(E)].
Surprisingly enough, the second term in Eq. (2), written in the linear-response and zero-temperature limit (where

it becomes the Fermi surface property)

1

2π

+∞∫
−∞

dE Ĝr(E) · Γ̂L(E − eVL) · Ĝa(E)[fL(E)− fR(E)]→ eVb
2π

Ĝr(EF ) · Γ̂L(EF ) · Ĝa(EF ), (4)

is often used in the STT literature [16, 17] as the putative “nonequilibrium” density matrix ρ̂neq which defines the
expectation values through Tr[. . . ρ̂neq]. This procedure is incorrect since, depending on the choice of voltages VL and
VR, it will add a portion (within some energy interval) of the equilibrium perpendicular torque T⊥(Vb = 0) onto the
true nonequilibrium value that one is trying to compute.

To derive the proper gauge-invariant ρ̂neq in the linear-response limit, we first expand the retarded GF

Ĝr(E) =
[
E − Ĥ − eU − Σ̂L(E − eVL)− Σ̂R(E − eVR)

]−1
, (5)

to linear order in the bias voltage. Here Ĥ is the Hamiltonian of the active region of the device and eU is the potential
profile across the active region of the device when current is flowing. This is achieved in two steps, where we first
rewrite Eq. (5) using the exact Dyson equation [18]

Ĝr(E) = Ĝr
0(E) + Ĝr

0(E)
[
eU + Σ̂L(E − eVL)− Σ̂L(E) + Σ̂R(E − eVR)− Σ̂R(E)

]
Ĝr(E), (6)

in terms of the retarded GF at zero bias voltage

Ĝr
0(E) =

[
E − Ĥ − Σ̂L(E)− Σ̂R(E)

]−1
. (7)

In the second step, we expand the self-energies

Σ̂L,R(E − eVL) ≈ Σ̂L,R(E)− eVL,R
∂Σ̂L,R

∂E

∣∣∣∣
VL,R=0

, (8)

to linear order in voltage. Combining Eqs. (6) and (8) gives

Ĝr(E) ≈ Ĝr
0(E) + Ĝr

0(E)

[
eU − eVL

∂Σ̂L

∂E

∣∣∣∣
VL=0

− eVR
∂Σ̂R

∂E

∣∣∣∣
VR=0

]
Ĝr

0(E) (9)

By plugging Eq. (9) into Eq. (3), together with the expansion of the Fermi function

fL,R(E) ≈ f(E)− eVL,R
∂f

∂E

∣∣∣∣
VL,R=0

, (10)

and expansion of the level broadening operator

Γ̂L(E − eVL) ≈ Γ̂L(E)− eVL
∂Γ̂L

∂E

∣∣∣∣
VL=0

, (11)
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and by keeping only the terms linear in the applied voltage, we finally obtain the gauge-invariant nonequilibrium
density matrix for the steady-state transport in the linear-response regime:

ρ̂neq = −eVR
π

+∞∫
−∞

dE Im [Gr
0]

(
− ∂f
∂E

)
− 1

π

+∞∫
−∞

dE Im

[
Ĝr

0

(
eU − eVL

∂Σ̂L

∂E
− eVR

∂Σ̂R

∂E

)
Ĝr

0

]
f(E)+

eVb
2π

+∞∫
−∞

dE Ĝr
0Γ̂LĜ

a
0

(
− ∂f
∂E

)
.

(12)
In the zero-temperature limit, this expression simplifies further

ρ̂neq = −eVR
π

Im [Gr
0(EF )]− 1

π

EF∫
−∞

dE Im

[
Ĝr

0

(
eU − eVL

∂Σ̂L

∂E
− eVR

∂Σ̂R

∂E

)
Ĝr

0

]
f(E)+

eVb
2π

Ĝr
0(EF ) ·Γ̂L(EF ) ·Ĝa

0(EF ),

(13)
which we employed in Eqs. (5) and (6) of the main text to obtain the final expression for the nonequilibrium torque
components in Eq. (8) of the main text. We note that expansions discussed above could be performed further [18] to
obtain ρ̂neq order-by-order in the applied bias voltage.

The gauge-invariant expression Eq. (13) for ρ̂neq is quite different from often [16, 17] used but incorrect Eq. (4).
It is also much more computationally demanding since not all quantities in it are the Fermi surface property—the
second term in Eq. (13) requires integration from the bottom of the band up to the Fermi energy. When computing

the nonequilibrium T⊥ using Eq. (6) in the main text via trace of the product of ∂Ĝr/∂q and ρ̂neq, we use the fact
that integrand in the second term in Eq. (13) is analytic function in the upper complex plane. Then such integration

can proceed along the infinite semi-circle, where the trace is zero due to ∂Ĝr/∂q ∼ 1/E2, plus the vertical line at
E = EF (where adaptive integration is required very lose to EF ).

For junctions with transverse translational symmetry, such as the one in Fig. 1 of the main text, one has to
perform additional integration over k‖. This requires adaptive scheme (or very dense k-point sampling in brute force
schemes [7]) to converge the integrand because of the fact that STT can change fast in the some regions of the 2D
Brillouin zone (such as in its center in the case of N/TI/F junctions or throughout in the case of N/I/F junctions
with the Rashba SOC at the I/F interface).

We conclude by noting that while the key experimental issues for STT in conventional MTJs is its control via
finite bias voltage [8], and Eq. (6) in the main text intrinsically takes into account finite bias voltage, the effective
Hamiltonian Eq. (3) in the main text is too crude to describe the band structure of a real 3D TI material necessary
for such calculations. Similarly, the computation of nonequilibrium T⊥ ∝ Vb for N/TI/F junction requires integration
over the whole energy band so that our result for T⊥ in Fig. 1 is also crude. Reliable integration over energy or finite
bias calculations necessitate coupling of Eq. (6) in the main text to NEGF-DFT formalism [19] to capture the band
structure and interface reconstruction, as well as the self-consistent charge and spin densities across the junction.
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