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Introduction

Spin models are of crucial importance in physics.

Beside describing physical systems such as magnets, they are a place where
to found exact solutions for non-trivial problems useful in all the sectors of
physics. An extremely important example is the Bethe ansatz solution for
an antiferromagnetic spin chain [1].

Thus it is important to have methods for finding exact solutions for spin
models and this is the main purpose of this work.

The fundamental characteristic of spin models is the non-linearity, in
fact even for apparently simple models as Heisenberg model, for which the
Hamiltonian is quadratic in spins, is not as simple as quadratic Hamiltonian
for fermions or bosons.

The non-linearity comes from the commutation relation of spin opera-
tors: commutators of spin operators are not c-numbers, but are still opera-
tors.

Traditional approaches to these models are classical. It means that spins
are considered as fluctuating arrows around a fixed reference frame. For
example ferromagnetic or antiferromagnetic systems have a preferential di-
rection, the one of the magnetization, and spins fluctuates around it. This
approach is called spin-wave approximation and is based on the existence of
some global order and on the smallness of the fluctuations.

But spin-wave approximation is not always useful. For example it cannot
be used when there isn’t any global order due to the strong fluctuations of
spins [2].

The sources of the disorder are various, but they all depend from topol-
ogy. Indeed an important cause is the dimensionality, as low dimensions
systems are always more frustrated, due to the absence of degrees of free-

dom.
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Another source is geometry frustration, indeed simple square lattice or other
Bravais lattice are not frustrated, but if we have, for example, triangular,
pyramidal or hexagonal elements, these create frustration and, for exam-
ple, the antiferromagnetic order is unfavorable. Classical spins may always
escape frustration, as they can rotate freely, but quantum spins cannot, espe-
cially spin 1/2. Furthermore spin 1/2 has also strong quantum fluctuations,
due to the smallness value of the spin.

In this work we propose non-semiclassical approaches to resolve spin
models, to simplify them and, eventually, obtain exact solutions.

Our methods is based on the so called “fermionization”. As the name
tell, fermionization is a procedure that mutates spin operators into fermion
operators.

The first question might be: why not bosons?

In fact primal approaches converted spins into bosons, because spins in
different sites obey to commutation relations.

These methods are useful in the limit of S — oo [2,3], in that case projections
of spin are near to be continuous and also the semiclassical approximation
is applicable.

But spin 1/2 has only two projections. Thus, if we want to represent it with
bosons we must introduce a strong repulsion among particles in the same
site. This is not destructive for large dimensionality, because the probability
for bosons to be in the same site is small; but for one or two dimensions it
is a strong condition.

For S = 1/2 and low dimensionality it is better to represent spins as
fermions.

Fermionization is very useful to diagonalize various problems. For ex-
ample it has been used to exactly resolve the quantum XY model in one
dimension [4,3] or to obtain an approximate solutions for the quantum anti-
ferromagnetic Heisenberg chain [5,6], that in some cases may be more useful
than the exact Bethe ansatz solutions because the wave functions are sim-
pler. It has also been used to resolve the two dimensional antiferromagnetic
Heisenberg model in various lattices configurations [5,7,8].

Recently fermionization has been used to describe the “spin fluid”
state [9], i.e. a disordered state with strong correlations, proposed by
P. W. Anderson [10], and it has also been applied to the Kondo lattice
model [11,12,13,14].
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In this work we present the application of these methods to a very im-

portant model, spins placed on a two dimensional honeycomb lattice, that
has been recently proposed by A. Kitaev [15].
This is a non-trivial model as it renders high anisotropy and high geomet-
rical frustration, that comes mainly from the lattice structure, indeed it
isn’t a simple Bravais lattice, but it can be decomposed in two overlapping
triangular sublattices.

Furthermore this model has an important integral of motion, that per-
mits to solve it exactly.

We will apply two kinds of fermionization to this model and we will
see that both render the same excitation spectrum. We will also see that,
depending on the kind of information needed, the one is more useful than
the other, because of the differences in the approaches.

Next we will go on to obtain some important results for the model,
capitalizing on our formalism of fermionization. The main result will be the
emergence of a Topological Quantum Order.

Indeed in this model the spin-spin correlations goes rapidly to zero with
the distance for all energies, so, apparently, there is no order, because there
is no local order parameter that can describe a phase transition. But, as we
will see, the system undergoes various quantum phase transitions, so a new
kind of order emerge, that has its origin in the topology.

Topological Order [16,17] is a new theory proposed to describe systems
that cannot be described by the Landau theory of phase transitions, indeed
the latter is applicable in the case of a symmetry breaking and is driven by
a local parameter, such as the magnetization in magnets.

Topological Quantum Order (TQO) can be described by non-local order
parameter, such as ground state degeneracy or string order parameter.

Topological ordered systems have also been designed and studied in the
context of quantum computation [18,15], because of they are very robust to
environmental noise and can escape decoherence.

The key feature, useful for Topological Quantum Computation, is the
emergence of Anyons. Anyons are excitations typical of TQO systems in
two dimensions. They are particles that obey a fractional statistics, i.e.
they are not fermions nor bosons.

Some kinds of these anyons can be used to implement logical gates and

quantum computation [19,15].
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In our honeycomb model Anyons will appear as vortex excitations, as
happens also in p-wave superconductors [20,21,22,23]. This similarity be-
tween the two models also emerge from the fermionization, in fact, as we
will, see the honeycomb spin model is mapped to a p-wave BCS pairing

Hamiltonian.

This work is organized as follows: in Chapter 1 we review the vari-
ous fermionization methods, the Schwinger-Wigner representation, Jordan-
Wigner representation and the recent Majorana representation.

For a better comprehension we will perform some classical application of the
methods presented.

In addition in §1.3.2 we will suggest a new derivation for the Majorana repre-
sentation proposed by A. Kitaev [15], connecting it to the Schwinger-Wigner
fermionization.

Chapter 2 is devoted to the Kitaev’s honeycomb model, after a presen-
tation of its principal characteristics and symmetries, we will proceed with
the fermionization to solve it.

We will explicitly diagonalize it for two configurations, the vortex-free and
the vortex-lattice, using two kinds of fermionization.

For each configuration we will analyze the phase transitions between gapped
and gapless phase. Then we will show the topological nature of phase tran-
sitions, by proving that spin-spin correlations in a general configuration is
non-zero only between nearest neighbor.

Another important result will be the emergence of a BCS Hamiltonian that

will be solved in the appendix A.



Chapter 1
Fermionization of spin 1/2

What follows is a review of various methods of fermionization.
They are connected each other, but at the same time each one has particular

characteristics that make them useful for some applications.

1.1 Schwinger-Wigner representation

This first method was originally used to transform spins in bosons. That
was useful for large value of spin or high dimensionality and resembles the
results of spin wave theory.

Below we will describe the representation for both bosons and fermions.

The Schwinger-Wigner representation is the following:

O.(l
5% = bl (?) bs (1.1)
where o are Pauli matrix and b; e by can be either fermions or bosons. Indeed
we can verify that commutation rules for spins are satisfied by this represen-

tation, either if b are bosons or fermions. Explicitly the three components

of spin are:
5° = 5 (vloa + i)
SV = % (b;bl - b{bg)
S = % (blor — bleo)
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We now verify the commutation relations:
(5%, 87] = gk gk

To this end we calculate the following commutators (upper sign is for

bosons):
[bgbﬁ, bgba] =bl,bsblba — blbablbs =
=b,bo &= bl,bablibs — blbs F bl,bablibs = blba — blibg
[bgbﬁ, bgba] —b bl be — blbabl bg =
blblbabs — blibg — bhblbabs  (for bosons)

= Y bl babs — blibs + bLblbabs  (for fermions)
~—~

0

= —blbs

(Vbbb | =bhbs

so the commutators:

(5%, SY] = % [b‘fb2,bTb1] _ L (bTbl )
[SY, 57 = i [bTbl — b, blby — bTbg] - % <le)1 n b*bg) —is®
57, 87] = i [b{bl — biby, blby + bgbl] - % <bTb2 - bTbl) = isY

The spin algebra spawn a (254 1)-dimensional Hilbert space, but in the rep-
resentation (1.1) the dimensionality is infinity for bosons, while for fermions
is four. To shrink the space we have to impose S? = S(S + 1). To do this

we calculate:

(S%)* + (9¥)* = (vfen + bibs = 26 01002 =

DO | =

(b{bzb;bl + b;blbibz) -

(n1 + ng £ 2n1n2)

—
92
N3
~—
[\

AA\H[\DM—‘[\DM—‘

(”1 + n2 2n1n2)
Thus:

S% = (%) + (SY)* + (5°)* =
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((nl +n2)? 4+ 2(ny + no ) = (%) ((%) + 1) (for bosons)

PN

(3711 + 3712 — 6n1n2) = % (n1 — n2)2 (for fermions)

Where n, = bjlba and for fermions we have used ni = Ny

From this results we note that using fermions we can only represent spin
1/2, which is indeed a special case.

To properly represents spin 1/2 we must impose this relation, valid either
for fermions or bosons:

blby + biby = 1 (1.2)

So this is equivalent to force a infinite repulsion among particles in the same
site.

This constraint isn’t as strong as it seems for high dimensions. Indeed
the probability for two particles to occupy the same site decrease with the
dimensionality, but for one or two dimension the constraint is significant and
it needs to be taken into account. For example in a path integral formulation

the constraint can be imposed by a Lagrange multiplier.

1.2 Jordan-Wigner representation

This representation is based on the anticommutation rule of Pauli matrix

on the same site:

{on,ot} =200 {se,50} = o (1.3)
1771 - 19~ - 2 .
If we write spin raising and lowering operators ST = S*+4SY, S~ = §%*—4SY,

these satisfies to the following anticommutation rule on the same site:
{87 =1, {88} ={sr .87} =0 (1.4)

The analogy with fermionic creation and annihilation operators is manifest,

so we define:

ol=8t =5 (1.5)
To obtain S*, we apply the commutation relation [ST,S~] = 257, so:
1 1 1
2~ ypl | = = (i, — ) =iy, — =
S =5 [l ] =5 (vhe —v,0l) = ol -5
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Unfortunately this is not so simple. In fact if we consider different sites, the
spin behave as bosons not fermions, because they commute. Thus we have
to introduce phase factors, so that spins on different sites commutes. These

factors have to be non local. In general we write:
o _ o - 1
S;=olUG Y ST =UG e ST=el -5 (1)

Where U(i, {;}) is a function of all the others 1);, that must satisfy Utu =1
and Ut =UL.

A general expression for U(i) does not exist, but it can be derived de-
pending on the dimensionality and on the specific problem. P. Jordan and

E. Wigner [24] obtained for one dimension:

Uip(i) = [T v (L.7)
k<t

A possible expression for two dimensions was proposed recently by E. Frad-
kin [25]:

Uep(i) = [T v (18)
ki

where 0;;, is the angle that k — ¢ creates with any reference axis, whatsoever.

For two dimensions there are also other expressions. Indeed, differently
from 1D, in two dimensions does not exist an ordination and so there are
various possible representations. Which to choose depend on the problem,
but it is not always possible to perform any trasformation.

However all the 2D representations restricted to 1D bring to the (1.7).
Indeed if we consider the representation (1.8) in the one dimensional case
the angle between sites is 0 for following sites, while it is 7 for previous sites.

Now we prove that the representation (1.8) permits the commutation

between spins in different sites. We define the unitary operator:

u, (1) = Ol so that U(i) = Huk(z)
ki

which satisfies the following relations:

wluy () = v} (1+i00fu, +... ) = o]
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vl () = v}
4 , .
Pty (5) = P elire 0l = eirqy,

. —i0.
bl (i) = e,
Using these equalities we prove the commutation of spins in different sites:

S8 =85S with i #j
S8 =of [Tw@wy TTwG) = o T w0 wi) TT ws) =
k#i k#j k#i,j k#7j,i
= plu, (i)l () = pleiy]

STSF =l [T wpG)w! [T wii) =
k#j ki

this is symmetric to the precedent, so we can write:

R E——

now using the fact that 6;; = 0;; + 7, we have an extra minus sign that gives

the correct result:

= pleipl = SFSF
Q.E.D.

Other relations can be obtained similarly.

As can be easy to understand, the non local string phase factor intro-
duced by the transformation isn’t always simple to treat.
Indeed for some applications of this transformation in two dimensions
[25,7, 8], the phase factors do not cancel each other, but they can be con-
sidered as a gauge field interacting with fermions, so the analysis is still
possible.

Another possible representation in two dimensions is a generalization of
the one dimensional one.
It is performed by considering a path that covers all the sites of the lattice
and then applying the one dimensional transformation along that path.
If it is possible to do there will be no phase factors and the analysis can be

simpler. We will return to this problem in the conclusions.
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This last representation is the most convenient Jordan-Wigner represen-
tation and we will use it later in §2.3.

Also for the 1D case there is an equivalent representation that will be
useful later. Actually it is the same as (1.7), but with different phase,
and it is written in a way that may be simpler for computation. This

transformation is performed by taking:

Uip(i) =[] o#
k<t
T

op = 2¢0, — 1 (1.9)
For which is still valid U = UT. Now we check up that this representation
reproduces the commutation relation for spins. For the same site it must
happens that:
(S, 8] =287

]

(s8] = [T oiel [ oie; = [L oie; [T oiel =

k<i k<i k<i k<i
= cTc. — c.cT = QCTc. —1=28%
i“i 1“1 i i

While for different sites, with i < j:

+ o | _
[51. ,Sj] —0
+ - _ z ‘I‘ z ¥4 z T_
[Sz' 5; ] = [[vici [T oie; = [T oic; [ [ oicl =
k<i k<j k<j k<i
= — H af;c;rcj — H U,icjc;f =0
1<k<j i<k<g

Where we have used the following equivalence:

czaf = cj» (26;{01- — 1) = cj <1 — QCicD = (1 — 20301-) c;-r = —UZ-ZCZT
1.2.1 Application to the Heisenberg model

To show the use of these transformations we now discuss the one-dimensional
XXZ spin model following the discussion by I. Affleck [3]. Consider the
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Hamiltonian:

H=—J3 [s780,, + 880, ~ 38385, (110)
J J

Where j marks the sites of a one-dimensional lattice and S*¥# are quantum
spin 1/2. In the limit of J, = 0 this reduces to the one-dimensional quantum
XY-model, while for J, = +J we have the well-known isotropic Heisenberg
model, which describes respectively a ferromagnet or an antiferromagnet.
The Heisenberg model can be solved in a semiclassical way that is valid
in the limit of S — +o0, this method treat spins as classical vectors weakly
oscillating around the direction of magnetization.
The JW-transformation is a non-semiclassical approach to spin system valid
only for spin 1/2, which is indeed a special case.
Before applying the transformation to the model we rewrite the Hamil-

tonian (1.10) in terms of spin raising and lowering operator defined above

J

J
H=-2) [Sfﬂsf + 5]115]*] — JZZSj o) (1.11)
J

Now we perform the one-dimensional JW transformation (1.6) using the
phase factor (1.7). Fermionization of the first term left out only a factor
¢TIV = i , S0 we have:
J 4 oae J t o imh J n
) Z SinS; =—3 Z Vi€ = Z Vj1¥; (1.12)
j j J

where we have made use of the relation

I _
e ij—

+00
1+ 7/{;[1/’] Z(”r)k] ¢j = Q;Z)j
k=1

Indeed the ¢j operator, when acting on the right, destroy a fermionic state
on the site j and we can put n; = 0, obtaining the same relation. Then the

second term is

J — + J —iTN T J T J T
- §ZSj+1Sj =3 ij—l-le vy = §Z¢j+1¢j ) Z%’%’H
J J J J
(1.13)

the minus sign in the third passage comes from the exponential '™, in fact
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the operator 1/1; creates a fermionic state in the site j and so we can let
n; = 1 in the exponential. Note that these first two terms are hopping
terms for electron, with hopping probability equal to J.

The third term of the Hamiltonian becomes
s gr R 1 R 1
_JZZ 2 j_—JZZ I (1.14)
J J

that represent an interaction between electrons in adjacent sites.

So the fermionized Hamiltonian is, neglecting a constant term:

J

J J

It is interesting the fact that the pure XY Hamiltonian, with J, = 0, is
equivalent to a non-interacting fermion problem.
Now we pass to momentum space, by Fourier transforming, since the

Hamiltonian is traslational invariant, and we obtain:
q
W= e = Y el e (1.17)
q q

where we have put the lattice spacing a = 1, that can be recovered by simple
dimensional analysis. N is the number of spin site of the chain.

The discrete momentum takes values on the first Brillouin zone:

2
k:ﬁﬂn with n=0,1,...,N — 1

We can verify what represent w; and 14, by writing the inverse transform:
b, = L > apei (1.18)
J
VK 2

1 .
¥l = m;wje aj (1.19)



1. Fermionization of spin 1/2 13

and now calculating the anticommutators:

[} = = S emiorivk Ly gl
Jk —

Ok

= % D eI =5, (1.20)
j

Thus these are creation and annihilation operators for fermion with definite
momentum k.

Now let us transform the terms in the Hamiltonian. Quadratic terms

becomes:
J i
J
J i(k'—k)j —i —i(k' —k)j ik
TN (Ze W el + 3 e ’“”e’“wliw> B
kg N g j
~— N
N&kyk/ N‘Sk,k’
=T cos(k)pju,
k
and

— Ly g ==Ly Wl = =Lyl
J J k

The quartic term can be seen as an interaction term
E Viknjng
jk

with potential Vi, = V;_j = —% for |[j — k| = 1 and zero otherwise, his

Fourier transform is:

Vg = Z Vel — —% (e‘iq + eiq) = —J,cosq
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So we can write the interaction term in second quantization

1
> Viengne =55 3> vatl Yk Uity =
gk

kK g

J>
=% Z cos(q) w,:urql/ht_qlbkwk/

k7k/7q

The whole transformation so holds

H =3 wtbjy - % > cos(@)vl Wl ity (1.21)
k

kK q

where

wi = J, — J cos(k)
Now we explore the limiting XY case, i.e. J, = 0, with Hamiltonian

Hyy =-2%° [0l19; +hv. (1.22)

2 &

(2
The interaction term now identically vanishes and this is a simple hop-
ping Hamiltonian. We have the following spectrum (fig. 1.1) for the single

fermion, recovering the lattice spacing a:
wi = —J cos(ka)

This spectrum is shown in fig. 1.1 and it has negative energy states , i.e.
fermions with k < |5-|. We can define the ground state for this system as

the state with all negative states filled
)= > wil0)
k<|m/2al
where |0) is the vacuum state for the fermions. So we have an half-filled
band, as we can verify by explicit calculation
1 VIR
() = 5 > e CTIWLL )

k,q

For the expectation value to be nonzero it must be ¢ = 0, and for the ground
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H
o
I

Figure 1.1: The spectrum of the XY model. It has negative energy states
that are filled in the ground state

state we have <w};zpk> =1 for k < || and zero otherwise. So we have:

)=+ Sl =5 31

k k<|m/2al

From the shape of the spectrum we can say that the sum gives a half of the
sites available, i.e. N/2, as we can see passing to the continuum limit in

momentum space

T/2a
N
_, 24 / (1.23)
27
k<|m/2al —n/2a
1 Naw 1
N = 7 = 1.24
") = Noma = 2 (1.24)

From this result we can calculate the average magnetization

(S5)=(nj)—5=0 (1.25)

N =

Remarkably there is no average magnetization in the ground state of the
XY model.

Excitation of the ground state can be made by adding a fermion with
k > |g-| or annihilating one with k < |-| to form a hole.

It is worth noting some characteristic of the spectrum.
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First it is gapless, i.e. there are zero modes, corresponding to k = +o-,
and so there are Goldstone modes, that marks the presence of long range
correlation. Secondly the spectrum for low energy excitations is linear.

Low energy excitations are the responsible for long range correlations. So
the only important states to study long range correlations are those close to

the Fermi points, i.e. states with:

k= tkp = +——
2a
thus we can linearize the single-particle spectrum wy = —J cos(ka) in the

vicinity of these points:

wi ~ —Ja(k + kr) , for |k+ kp

<A
wi =~ Ja(k —kp) for |k —kp| <A
where A is a cut-off which can be taken < 5-. As we will see below this
model with this approximations can be treated as a quantum field theory of
free fermions with “speed of light” Ja. If we truncate the Fourier transform

of the fermion operator to the cut-off, we can write:

1 A
bim e Y )
C N |k|§/a

~ 1 lo-X4 IqT; ™ —iEx iqr; T
N\/NH;A[““ ety (g +q) £ ey (-0 4 )|
9%

Treating only long range correlation we can pass to the continuum limit and

define the operators for left and right moving particles as

= S e ()

a
lgl<A

1 vz U
V() = v 22 (-3 +9)

Yr(r) =

So we can write:

¥j — Va [(i)Yr(z) + (—i) ()]

Note that after the decomposition of a single lattice field we obtain two
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continuous field in the limit ¢ — 0, this is a phenomenon called fermion
doubling and it has origin from the fact that there are two regions for the
low-energy limit.

Substituting into the XY Hamiltonian we have that due to the ortonor-

mality of ¥r and 17, the mixed terms goes to zero and we have:

J
Hxy =— 3 Z [¢;+1¢j + h-C~] =
j
J
_zi [%( L) p(x 4 a) — Ph(x + a)p(z) +

J

Gl (@), (o + ) + ] (o + @) (2)

In order to pass to the continuum we take first two terms,

> [¢E(m)¢g(x +a) —Ph(z+ a)@sz(x)} -

J

expanding in series and then taking the limit a — 0, we pass from the sum

to the integral,
z/@ng$W>d%<m44:

imposing Born-von Karman' boundary conditions, we can revert by parts,
dip
dx R
—2 [ doufia) R @)
The same passages can be done for 1); so the XY Hamiltonian becomes:

szwﬁmhﬂﬁﬁu W@ Si@| )

where v = Ja is the Fermi velocity.

Thus we obtain that the low-energy approximation of the XY model is
equivalent to a Lorentz invariant massless Dirac fermion field theory, with
“speed of light” v. Now we can read off all the long wave-length properties

of the spin system from the Lorentz invariant field theory. From now on we

!Periodic boundary conditions
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set v = 1. Consider for example the correlation function:
G*(z,t) = (5% (x,1)5%(0,0)) .

Recalhng
z -i— 1

(54) -1

we can write spin operator as a normal order product:

and

= iy, (1.27)

Written in terms of left and right moving fields, in the continuum limit, it

separates in two part, one uniform and one alternating:

$(x) ~ a| (- L@y (@) s+ Vfa)p(a) ) +

H=1)F (0] @)eg(@) + v, @)] (1.28)

Where we have removed the normal ordering from the second part, because
of (Y]} =0,

Thus we see that also the correlation function is separated in two parts:

G (a,t) ~ | (vl (@), (@) = w0, (0) )+
+ (- (@) p(@) = whO)R(0) )| +
+(-1)F (vl wL<0)wR<0>>

+<¢R($)¢L( )wR 1(0) > (1.29)

The separation in two parts is related to the “fermion doubling” and reflects
the concurrence between ferromagnetic and antiferromagnetic properties of
the model.

The calculation of the correlation function can be done using the Hamil-

tonian (1.26) and we obtain:

() (g ) o
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where x4+ = (¢t £ z)/2. We note that both uniform and alternating pieces
power decay as 1/z2.

This results are for the XY model, as we imposed J, = 0. It is now
interesting to see what happen if we take J, # 0. In first approximation,
i.e. neglecting the interaction of (1.21), we see that the spectrum remain
gapless as we move from J, = 0, this reflects the fact that the XY phase
remain valid, with his long range correlations. This is a Kosterlitz-Thouless
like phase transition.

The phase began to be gapful as we reach J, = 1, i.e. the ferromagnetic
point. At this point the system acquire a magnetization and the correlation

decay exponentially.

1.3 Majorana representation

In this section we will explore some recent fermionic spin representations,
involving Majorana fermions.

In nature it is not simple to have free Majorana fermions, because they are
always recombined by the electromagnetic field to form complex fermions.
But there can be screened systems where they could exists, this happens for
example in p-wave superconductors [26].

Majorana fermions are particularly useful to define fermions on links,
instead that on sites. This is necessary to describe disordered strong cor-
related systems [10] and in general topological systems [27], where we can
found local order in the dual lattice, instead that in the real lattice.

Obviously there is a trivial, but very important, Majorana representa-
tion. It is the one that come directly from the Jordan-Wigner representation,
when the fermion on each site is splitted in two Majorana.

The two representations that we will derive will have three and four

Majorana fermions per site. Thus we will have unphysical states.

1.3.1 Standard Majorana representation

This representation was derived by A. Tsvelik [9,2] and P. Coleman [11], and
was used to describe the “spin liquid” state and the Kondo lattice model.
We define the reality condition of Majorana fermion operators in this
way:
n=mn (1.31)
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These fermions have the following anticommutation rule:

{mof } = {msmy} = 28, (1.32)
thus:
=1

We can represent spin operators by using three Majorana operators for each

site, writing:

1 1
Si = EVELReRLD Si = —Z%bcﬁfnf (1.33)
Explicitly spin operators are:
i
S7 = —5min;
1
Sy =—gmm (1.34)
i
i =—gmim;

We can verify the commutation rules for spins, for the same site:

sty_@ 2331_3123_@_12_-5@
(5%, 8% = == (' n’n’ —=mPnn®) = - (=n'n”) =i
)2 i)? .
[5¥, 5% = (i (P00t —n'n’n') = (2) (=n*n”) = iS
i)? i)? ,
[Sz’sw] —_ (i (771772772,'73 o n2773771772) _ Q (_773,'71) = 4¢SY

\)

It is easy also to verify that spins in different sites commute, indeed, being
each spin composed by two Majorana, exchanging spins doesn’t change the

sign. We now verify that all states are physical, i.e. that §? = 2:

3:
ST GT _%772773772773 _ %
SYSY — _%73771773771 _ %
§%8% — —%771772771772 _ %
3
S? = 1

We now compute the dimensionality of the Fock space spanned by this

representation. Consider a spin lattice composed by NV sites. After the trans-
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formation we’ll have 3N different Majorana fermions, that we can combine
two by two to create a complex fermion, indeed taken two Majorana a and

b, we can define a complex fermion ¢ in that way:

ct =a+ib c=a—1b
{c,c*}zl {c,c}:{c+,0+}:O
Thus we’ll have % complex fermions, each of which generate a two dimen-
sional space, so the complete space has a dimension 2%, while the Hilbert
space for N spins is 2V-dimensional. The representation (1.33) generate
replica of physical states. Below we prove that this is related with the Zo
symmetry of the representation. Indeed the representation (1.33) is invari-

ant with respect to a local Zs transformation:
ng — (=D%n¢  with ¢ ==£1 (1.35)

The replica of states due to the enlargement of Hilbert space is absorbed
in the case of Zy symmetry breaking, as now we will show.

The Fourier transform of Majorana fermions is:

ik Ry

1 N
= — e
Nk TN; i

From the reality of Majorana fermions we have:

UZT =12
Thus in the momentum space the situation is equivalent to have N/2 Dirac

fermions, lying in half the Brillouin zone. We can thus write:

N

/2 R _ik'R.:
n=1 = Z (nkezk.Rj +17£6 ik R])
ke3BZ

We can now notice that for each value of k two annihilating operators can be
choosen, i.e. ng, and _. Therefore, in the case of symmetry breaking, there
are 2NV/2 equivalent way of choosing the vacuum around which developing
the fluctuations. Selecting a particular one, the degeneracy of the states will

disappear.
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This representation can be obtained by representation (1.1) of Schwinger-

Wigner, if we define another Schwinger-Wigner representation of “isospin”:

~ (0% ~
7% =B}, <§y3> bs (1.36)

= ()

Also this representation satisfy the SU(2) algebra of spins:

where b is the Nambu spinor:

[Ta,Tb:| _ Z-eabc,rc

but in this case the analogue of condition (1.2) to have 72 = 3/4 is different,
indeed: 5
2= 1 (1—(n1 —n2)?) (1.37)

so we have to impose the condition:
T | 0
b1b1 + bybo ) (1.38)

Thus spin and isospin are independent and they act on different subspaces
and it is easy to prove that the product of a spin operator with a isospin
operator is always zero, i.e. if one is nonzero the other is automatically zero.

We can define the projection operators of the two representations:

PS:(nl—n2)2 PT:1—(’I’L1—TL2)2
PS4+ PT=1
Now we can consider the sum of the two kinds of spin and call it the spin
S’, with 8’ = § + 7. This continue to satisfy the commutation relations for

spin, but in addition this also automatically satisfy the condition S’ =3 /4,

as we can verify:

SIQZSQ+T2+SaTa+TaSa:
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- %("1 —ng)* + % (1= (m —n2)?) =7

If we have a system of N spins we can represent each of them with either
one of the two representation S and 7 or with the representation S’. Using
the latter we have two fermions representing each spin operator without
constriction, so we have a redundancy of physical states equal to 2. This
redundancy can be reduced introducing Majorana fermions.

We decompose the spinor b in his real and imaginary components in this

0 1 (-t +in?
+ o = —

where n* are four Majorana fermions.

way:

l\DM—\

Now we can write explicitly spin and isospin operators in terms of com-

plex and real fermions:

1 2 3 92 0

ST = 5 ( b2+ b2jb1,j> =1 (njn; +ngm;)
i 1

Sj = 2 (b2 b1 — b”) 4 ;= 1y5)
1 t 1 2 1 0,3

S = 2 (blablvﬂ b23b23> 4 Gy + ;)
: T Q. o (1.39)

i

T, = 5( b2J+b2,Jblj> :Z(njnjf 3773)
; 7 3 0,2

ij B} (b2jb1] 1,5 ;j> - 4 (77]1'77]' B 77j77])

T = 3 (bT b1 — b2:jb;j> 4 (777 K 77j773)

If we sum spin and isospin to form the spin S’, the dependence on the Majo-
rana operator 7° disappear, and we obtain the representation (1.33). The N
fermions 7° (one for each site) are not necessary and can be traced out, de-
creasing the space by 2¥/2, in fact they can be recombined to form N /2 com-
plex fermions. So the redundancy of physical states now is 2V /2% /2 = 9N/2,
as stated above.

There is also an equivalent representation of (1.33) that gives another
interpretation of the replica of states. We introduce in the spin lattice a

Majorana operator ¢; for each site, which is independent from spins, so we
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can write:

{ihj, o} =265, 907 =1, [1hj,06]=0 (1.40)

We can reproduce the representation (1.33) defining:
nj = o5 (1.41)

Now we verify that spins are correctly represented:

and that anticommutation relations are preserved:

i#k, k) = |of. o] vy =0
=k, g} = {of ot} vy =207

With the introduction of a Majorana operator the dimensionality of the
Hilbert space is increased by 2V/2, this cause the Majorana representation

(1.41) to have a dimension of 23V/2,

1.3.2 Another Majorana representation

The equations (1.39) suggests another important representation of spin 1/2
in terms of four Majorana fermions.

This fermionization was firstly proposed by A. Kitaev [15] and now we
propose a method to get this from the Schwinger-Wigner representation.

Four real fermions can form two complex fermions, this representation is
indeed equivalent to the Schwinger-Wigner, but in some cases can be more
useful.

Obviously there will be unphysical states, indeed the dimension of the
Fock space exceed by 2VV. We will see that the restriction to the physical
space is performed imposing a gauge invariance, as happen in electrodynam-

ics.
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Consider the new “spin” S’ = 7 — S, where 7 and S are the isospin
and spin operator defined before. From (1.39) S” can be written directly in

terms of Majorana fermions:

/ _i 1,0 /y_i 2.0
Sit=gmn; S = 55

i
Si =Sy (1.42)

Now we will explain why we called this “spin” and not spin, indeed we now
proceed to verify if it satisfies the properties of spin. If we calculate S2, it

gets the right value:
S =58 +7 -9t — 090 ==

The commutators between spins in different sites are 0, but the algebra of

the spin in the same site is not satisfied, indeed:

[S;-m,S;y] _ [77:779} + [5;7539} =i (77 +57) = iS7 + 2iS7 (1.43a)

J70)
s, 57| =iy + 2i; (1.43b)
(57,57 = iS} + 2iS8Y (1.43c)

So the conditions to be satisfied for the Majorana operators are the follow-

ing:
5;=0 = n?njz = 77]1-77? (1.44a)
Si=0 = 77}77;’ = njz-n? (1.44b)
Si=0 = i =y} (1.44c)

It easy to see that these conditions are the same one, in fact, multiplying

the first for 77?77]1-, we have:

nping =1 = mpuining =1

Doing the same with the other two, we always obtain the relation above.

So, if we call D; = 77]1-77]2-775-’77?, we have that applying it to physical states, it
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must give unity in order to maintain the algebra of spins:

Dij W) s = V) (1.45)

phys phys

This relation is equivalent to the Gauss law for electrodynamics. The phys-
ical space is the gauge invariant sector.

From the conditions (1.44) we can see that this representation is indeed
equivalent to the isospin, because the spin is zero. In particular the gauss
law (1.45) that we must impose is equivalent to the constraint (1.38), i.e.
the two possible states of spin correspond to a fully occupied fermion state

or an empty one.

1.3.3 Application to the Heisenberg model for two spin 1/2

Consider two spin interacting with Heisenberg coupling (taking the exchange
constant to be 1):
H=5-5 (1.46)

We know that the spectrum has two level, corresponding to the singlet and
the triplet states of the spins. The ground state is the singlet state and it
has no degeneracy, while the triplet state has a three-fold degeneracy. Using

the standard Majorana representation expressed in (1.33), we rewrite the

Hamiltonian:
1 1
H= —Esabceaden’fnfngni = =1 (Ovadee = Opedca) mnSngns =
1 1
= —— (—nknbuns — b mgnh) = —=< (~2(m - m2)* —6) =
16 o 16

28p.—n§nt

=L (3+ mm)?) (an

So we have six Majorana fermions that can be combined to form three

complex fermions on the bond:

(1 + i)
(1.48)

N — DN -

(m1 — i)
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These fermions act on a Hilbert space of dimension 23 = 8, so the dimen-
sionality of the original spin space has increased by a factor 2.

The ’unphysical’ states are those that are generated by the Majorana
operators 1; introduced in (1.41).

In the representation above 'physical’ and 'unphysical’ states are mixed,
but, as we will see, since the original Hamiltonian acts only on physical
states, 'unphysical’ one factor out and increase the degeneracy of the spec-
trum.

The Hamiltonian (1.46) in terms of the fermions f becomes:

3 1 3\?
H_8_2<f.f_2) (1.49)

Thus it is easy to get the spectrum with his degeneracy. We write the
possible eigenvalues for f1- f, with the energy and the degeneracy:

fi-f | E | Degeneracy
0o | -3 1
1 1 3
2 : 3
3 ] -3 1

So the spectrum is given by:

Ey = —2 , 2-fold degeneracy
1 (1.50)
B = 1 6-fold degeneracy

corresponding to the singlet and the triplet state, but with a double degen-
eracy, as expected.

This is related also to the invariance of the transformed Hamiltonian
with respect to Zso local transformations n; — —mn;, which is reflected in the
particle-hole symmetry fT — f for the complex fermions.

As an example we now develop a mean field treatment of this simple

model. We define the following average on the link:

V= (ftf=3) = itmy ) (1.51)
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and the fluctuation around it:

3 3
5::fT-f—2::<fT-f—2>—v (1.52)
Neglecting fluctuations of second order the Hamiltonian becomes:
3 V2 3 3\ V2
H=>-_"-__ - _ T.e_ 2 A 1.
3 3 Vé 5 Vv < ' f 2) + 5 (1.53)

The aforementioned Zo symmetry is broken. We can find the ground state
and then check for consistency the value of V.

There are two possible case, V > 0 or V < 0. If V > 0 then the ground
state correspond to the state with all the fermions filled, i.e. fT-f|g) = 3]g).
Calculating V' from this we obtain, V' =3 —3/2 = 3/2, so the energy of the
ground state is: 5

Ey=(H) = 1
Thus we have obtained not only the exact value for the ground state energy,
but also the right degeneracy.
In fact the state with all the fermions filled is one-fold degenerate, as is the
singlet state. In general, for an antiferromagnetic spin chain, the mean field
treatment gives only an approximation for the energy, but gives the correct
ground state degeneracy.

This result is in agreement with the discussion made above, about the

replica of the states.



Chapter 2

Kitaev model on a

honeycomb lattice

In this chapter we apply the formalism of fermionization to a recent model,
introduced for the first time by A. Kitaev [15]. This is an example of a
system that exhibits topological behavior.

We will now describe the model and its symmetries, obtaining an impor-
tant conserved quantity on plaquettes, which permits the exact solution of
the model.

In the following sections we will apply two kind of fermionization to
diagonalize the Hamiltonian.

In particular first we will solve it using the method proposed by Kitaev,
using Majorana fermions, then we will apply a Jordan-Wigner transforma-
tion.

These two methods give obviously the same results, but the former gen-
erate unphysical states, while the latter gives exact solutions. Thus if we
are interested on wave functions the Jordan-Wigner representation is more
useful.

But if we want, for example, to study unpaired Majorana modes on the

boundary it is convenient to use the second one.

2.1 The model

This model is defined on a 2-dimensional honeycomb lattice. It is very

special because of his topology.

29
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Figure 2.1: The honeycomb lattice with three types of links and the black
and white sub-lattices

The hexagonal lattice can be viewed as two overlapping triangular sub-
lattices in which the vertexes of one stay in the plaquettes’ center of the
other. We will denote one as the white (w) sub-lattice and the other as the
black (b) sub-lattice, refer to fig. 2.1.
In this model there are only interactions between nearest neighbors and
there are three types of links (z, y, z), depending on the direction of link.
The Kitaev Hamiltonian is (see fig. 2.1):

H=-J, Z ORuORy — Jy Z O'%wO'%b —J, Z TR R, (2.1)
z-bonds y-bonds 2-bonds

where R, (Rp) denote the site in the white (black) sub-lattice and o®¥*
are the Pauli matrix. The sum are over the links, so each nearest neighbor
interaction is taken once. It can be noted that z-bonds always goes from
white to black (left-right), y-bonds goes from black to white, while z-bonds
goes from white to black (up-down).

Furthermore the model renders a high degree of frustration, as we can
understand even at a classical level, indeed a given spin cannot satisfy con-

flicting demands of orientation from 3 nearest neighbors.

2.1.1 An integral of motion

In order to diagonalize this Hamiltonian we now investigate for symme-

tries. Consider a single plaquette p of figure below and the product of links
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around it:

_ Z Z T x Yy Y z zZ T T Yy Yy
Iy = 0%,03,02,03,03,04,,94,,95,95,96,,96,,01,

(2.2)

b

that, using the relation o%® = ie?“s°, reduces to:

_ . Yz xr Y 2
Iy, = o%,05,05,04,05,06, (2.3)

i.e. the product of the “external legs” of the hexagon.
Now we show that these quantities defined on each plaquette are con-
served. First they commutes with the link terms. For a bond on the pla-

quette:
z _z _ Yy =z z T y z Y x z x Y _z __
[1p,01,93,] = 01,03,,93,0%, 95,9, — 01,03,93,0%,95,96,, = 0
while for a bond external to the plaquette, i.e. a “leg”:
z z _ X Yy z xr vy z _ X Yy z xX Yy z _
[Ip7 03b07w] - UlbO-Qw U7w a4w U5b06w Ulbo-zw U7w U4’LU U5baﬁw - 0

The same thing happens for other bonds, so the I,’s commutes with each
other, from (2.2), and with the Hamiltonian, thus they are all conserved
quantities.

Eigenvalues for these operators can be found by noting that

2 _
Iy =1
so the eigenvalues are
7, ==+l (2.4)
For reasons that will become clear later we say that if 7, = —1 then there

is a vortex in the plaquette p, else if 7, = +1 there isn’t any vortex.

As we said above, I),’s are conserved, so we can solve the Hamiltonian
for each vortex configuration, i.e. a set of eigenvalues Z, defined on each
plaquette. The variables 7, are nothing else than a static Zs Ising field.

Furthermore we can also note another property of the model, indeed, for
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a compact surface, e.g. if the system is on a torus, it must be
1% =1 (2.5)
P

in fact if we consider a z-bond 1, — 2,, and we multiply the four plaquette
operators adjacent to it in the order left-right and up-down we have for the
site 1p and 2,,:

4 X Yy Yy x z Y\, —
03,0%,03,01,01,01, = (—i)i =1

This can be done for all the z-bonds up to cover all the lattice, obtaining
(2.5). From this result we can understand that vortex will come in pair, in
order to keep the (2.5) true.

To easily diagonalize this system we proceed with fermionization, but we

will see that this procedure also bring to other results that we will emphasize.

2.2 Fermionization using Majorana fermions

This is the fermionization that was proposed in the work of Kitaev [18].
We make use of the fermionization method described in §1.3.2, that intro-
duces four Majorana fermions n® for each site, see (1.42), and a constraint,
expressed as a gauge invariance on the physical subspace, see (1.45).
To visually see the fermionization, we will use this particular graphical

representation, splitting each site in four:

0 . . .
o oj =injny, of =iy, oj =inm;  (26)

77]2' ° ° 77]1'
For simplicity we rename the Majorana operators in this way, n' — b*,
n? — bY, n> — b* and 1° — ¢, so that the transformation correspond to:

o¥ =ib%c

Y _ oy
J i Uj_ZbC'

z __ 1R
Jo Uj_lbjca

The spin operators are now expressed in the extended Hilbert space intro-
duced by the fermionization. Projection into physical states is made through
the operator D;.

As we will see below, [Dj, of] = 0 in the extended Hilbert space, and as
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a consequence it commutes with the Hamiltonian too.

So the spectrum of the Hamiltonian (2.1) in the extended space is the
same, and in particular each vortex configuration has the same spectrum.
The transformation introduces gauge copies of physical states.

We now prove that spins in the extended space are gauge invariant, i.e.
[Dj, o] = 0. For j # k it is trivial because each operator is composed by
an even number of different fermions, so they commute. While for j = k:

D]

707

i(bfb]ybj-cj b;?cj — bjc; b;?b?bjcj) =

i(—b2bY + bTbY) =0

and the same happens for U](-y’z).

So we can get the spectrum diagonalizing the fermionized Hamiltonian.

Transforming the exchange terms, we have:

x-bonds ojo = (i)zbfcj bicp = —i(ibjbg)c; ¢y, (2.7a)
y-bonds J?’Uz = (i)2b§’cj bic, = —i(z’b?bi)cj C (2.7b)
z-bonds oo = (i)QbJZ-cj brcp = —i(ibbg)c;icp, (2.7¢c)

Where we have enclosed between parenthesis an operator, defined on the

bonds:
zl<ij>a == Zbgb? (28)
where ¢ and j correspond to neighboring sites connected by a-link.

We can write the transformed Hamiltonian:

H=i Ja(j,k)ﬂ(j,k)cjck (29)
(5:k)

where a; ;y = (z,y,2) depending on the type of link and the sum is taken

on the links.

We now proceed to verify what does the 4 ; represent. It is easy to

verify some properties:

)= gy =1 (2.10)
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and that they commutes each other and with the Hamiltonian:
[ﬂ<ivj>7H] =0, [ﬂ@',j)’a(k,l)] =0 (2.11)

because a couple of fermions always commute with a couple of different
fermions, and in fact the Hamiltonian contains only couple of different
fermions, apart the operator itself.

This is a feature of this model and of this fermionization, and is the key
feature that make this model so important. There is a sort of recombination
of Majorana operators on the links, that simplify a lot the model, but at
the same time give important features at the boundary, where can remain
unpaired fermions.

From the properties above we can make the following statements: the
U 4y are conserved quantities and the possible eigenvalues are w; ;y = +1.
Thus one can resolve the spectrum of the Hamiltonian for each configuration
of u; ; and the extended Hilbert space (£) splits into subspaces L., indexed

by the configuration of w;zy. This results in the following Hamiltonian:
1
H=7 > Ajeja, (2.12)
g,k

that is the Hamiltonian of free Majorana fermions in a static Zy background
field, where we have extended the sum to all sites introducing the c-number
matrix Aji = i2ug; ryJay,,,, if j and k are connected by a link and A, =0
otherwise. The further factor 1/2 is introduced to avoid replicated terms.
It is important to note that the subspaces £, are not gauge invariant, in-
deed the Gauge transformation D; change the sign to all the u; 3y connected

to the site j, for example, take a z-link:

k N . N
O/‘ DjU<j,k>Dj = Ibo‘;b?bjz-cj b;cbiD] = —bebglngDj = —u<j7k>
Jo U, k)

(2.13)
so for practical purpose we will say that the local gauge transformation
acting on the fields u gives u; )y — Tju( )7k, Where 7; = £1 depending
whether the gauge transformation D; is acting or not.

Since the Hamiltonian is invariant under the gauge transformation, gauge

equivalent subspaces have the same spectrum. How are they connected to
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the physical subspace, i.e. the gauge invariant sector?

In section 2.1 we decomposed the physical Hilbert space into subspaces,
labeled by vortex configurations. In the extended Hilbert space the vortex
operators commutes with the gauge transformations Dj, since the latter
commutes with spin operators, so the vortex configuration is left unchanged
by gauge transformations.

We take the following vortex operators in the extended Hilbert space,

for a specific plaquette p:

J € white sub-lattice

W = g (2.14)
P <j’k>l_£ap k) k € black sub-lattice

where Jp indicates the boundary of the plaquette p. We now verify that
that W), reduces to I, defined in (2.3), when restricted to the physical
space. Using the same labeling of (2.2):
W = tugz,1)Th02,3) B, 3)4,5106,5) s, 1) =
= —(i)°b5 b3 b5 b5 Y bY b b3 b3 b Y b =

using ibjb;” = —O‘?Dj and cyclic permutations,

= 01 D104 D03 D305 Dy Dso§ Dy

This is equal to I, in the physical subspace, where all D; = 1.

The relation (2.14) in terms of the eigenvalues is:

wy = H Ui k) (2.15)
(J,k)€0p

thus, taking w, = 1 it is gauge equivalent to have no-vortex in the physical
plaquette p, while if w, = —1 it is gauge equivalent to have a vortex.

We are now able to solve the spectrum for each single vortex configu-
ration by choosing any configuration of u; .y, that give the correct vortex
configuration, this operation is the same as fixing a gauge.

Before going ahead to the calculation of the spectrum, we make some
clarifications. Although this approach is very useful for finding the energy

levels, it is not so simple to get the eigenstates of the Hamiltonian. Indeed,
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since the subspace £, is not preserved by the gauge transformations, the
eigenstates are not preserved too, so they cannot be physical states, since
from (1.45) they must be gauge invariant. In order to get the physical state

we must symmetrize over all gauge transformations:

9) s = | | (1 +2Dj> ) (2.16)

J

where |U) is an eigenstate of the Hamiltonian (2.12).

2.2.1 Spectrum of the vortex-free state

In this section we will perform an explicit calculation of the spectrum of
(2.12) for a particularly simple configuration, that with no vortex, i.e. with
all w, = 1.

This configuration is the one with lowest energy ground state, as showed
by a beautiful theorem by E. Lieb [28], so it is the true ground state of the
model.

From now on we will consider J,, Jy,J. > 0. It is easy to see that the
ground state does not depend on the sign of exchange constants, indeed
given a configurations of u; ), changing the sign of one of the constants,
e.g. Js, it is equivalent to change the sign of u;yy for all the z-links. But
this new configuration is gauge equivalent to the precedent, so the spectrum
is the same.

In order to diagonalize the Hamiltonian, we must fix the gauge. The

simplest choice is:

. j € white sub-lattice
ugr =1 for all (5, k) with (2.17)
k € black sub-lattice

so that w, = 1 for all p.

It is now convenient to redefine a unit cell and a new lattice, so as to
make the Hamiltonian traslational invariant.
This is done by considering a z-link as the new unit cell and it will be indexed
by s or t. Each one of the two sites in the unit cell will be identified by a
index A or u = 1,2, where 1 stand for the white site and 2 for the black one,
see fig. 2.2.
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In this way the old index j that identifies the site becomes:
j— (s, ) (2.18)
The Hamiltonian can be written:

1
H=7 > Al (2.19)

syt
A
For simplicity this new lattice can be mapped to a square lattice, of unit
vectors ng, 1,y.
This configuration is translational invariant along both x and y direc-
tions, for the particularly set of wu(;zy, and can be solved by Fourier trans-

forming. Let us define the Fourier transform of Majorana fermions:
enla) = = S e, (2.20)
VN %
oy — 1 —igrs .t
c\(q) = —= Ze cly (2.21)
VN 4 ’

where N is the number of cells, so that the total number of sites is 2NV,
and the momentum ¢ belong to a torus with ¢, € [—m,7]. The fermion

operators in momentum representation satisfies the following algebra:

{C)\(Q)>CL(p)} = 20)\u0gp (2.22)

Furthermore, recalling the reality condition of Majorana fermions ci A= Coxnr

we have that cf\(q) =c,(—q).

Let us evaluate the matrix Ay,(s,t) = A,x 4. The elements Ay and
Agg are identically 0 for all s,t because there is never any hopping between
sites of the same color. While non diagonal terms are different from zero if
s =t or if s, t are nearest neighbors, but they don’t depend on the sites, i.e.
they are traslationally invariant.

So we can define the Fourier transform for each non diagonal term, referring
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lon

Figure 2.2: The new unit cells connected by the new lattice vectors n;, n,

Ana(q) = eI Ay o =i (2617 T, + 260, + 2J.) (2.23)
t

Agi(q) =) eI A gy = —i (27, + 27T, +2,)  (2.24)
t

where we have used that w4 ) = 1 for links starting from s1 and w41y =
—1 for links starting from $2. So we can define the Fourier transform of the

whole matrix:
= iq-(re—7s) _ 0 if(q)
A)\M(q) ; e As)\,tu [<_Zf*(q) 0 >] " (225)

and the inverse transform:

1

AS)\,t,LL = N Z e*l’q'("’t*T’s)A)\’u(q) (226)
q

In the precedent equations we have defined:
fl@) =2(e""Jy + €W, + J.) (2.27)

which has the property:
f(q) = f(—q) (2.28)
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The eigenvalues of that matrix are £ |f(q)|, that correspond to a filled and
an empty band.
Substituting the inverse Fourier transforms into Hamiltonian (2.19) we

obtain:

H=1 33 A@d@e,(a) = 1 3 (if@ed@esa + he) (229)

q A\ q

Being f(q) a complex number we can write it as | f(q)| €!¥. In order to get
the excitation spectrum we make the following transformation introducing

the complex fermions b'(q), defined on each z-bond:

b (@) = 5 [e1(a) +ie"cy ()] (2:300)
bi(a) = 5 [cl(a) — i ¥ch(a)] =
= 3 [er(-a) — i %ey(~q)] (2.300)

satisfying the Dirac algebra:

{b(q)’bT(k’)} = i [{Cl(Q)aCI(k)} + {CQ(Q)ﬂcg(k)}} = Ogk

from which we derive the following inverse transformations:

f(—q) (2.31a)
f(—q) (2.31b)

Substituting in (2.29) we have:
o= 12 F@)l [¥(@)b(@) + b (~a)b(—a) ~ 1+

+5'(@)b(g) + bl (~q)b(—q) — 1]

and using the property (2.28) we can change the sign of ¢ without problem,

obtaining:

1= Y 1i@l (Vaka - ;) (2.32)

Thus we have that quasi-particle in this model are complex fermions with



2. Kitaev model on a honeycomb lattice 40

spectrum of excitations:

e(q) = |f(q@)] =

= 2\/ch2 + Jy2 + J2 + 20,y cos(qe — qy) + 2J3J. cos gy + 2] cos gy
(2.33)

and a ground state:

lgs) = [T 0(@) 10) = ] (c1(q) +ie*cy(q)) [0) =
q q
= f e c) 0 2.34
IT (cl(@) +ie**cl(q)) o) (2.34)
qE3B.Z.

where |0) is the vacuum of Majorana fermions in one half of the first Brillouin
zone.

However it is worth remembering remember that this is not the true physical
ground state because of this state is not gauge invariant.

The energy of the ground state is:
1
Eys = D) E |f(q)] (2.35)

and it corresponds to a filled spectrum with negative energies.

It is now interesting to verify whether the spectrum is gapless or not, i.e.
if the spectrum of excitations take the value zero for some momentum.

We must solve the equation |f(g)| = 0. Taking the complex value of

f(q), it is equivalent to solve:
JzeiQE + JyeiQy + JZ — O (236)
that can be separate in its real and imaginary part:

Jycosqy + Jycosq, +J, =0
Lo Ty e (2.37)
Jpsing, + Jysing, = 0

Now we suppose that all the exchange constant are strictly > 0. Other cases

will be considered later. Taking ¢, > 0 and ¢, < 0 or in a specular way
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¢» < 0 and ¢, > 0 we can get from the second equation:

Jysingy = Jyy\/1 — cos? gy =

Jy2 cos? Qy = Jj — J2sing,
Now manipulating the first equation:
Jycosqy = —J, — Jycosqy
squaring and substituting the result above we have:

J; — Jf, sin? (e = Jz2 + Jg cos? Qr + 2J,J, cos q, =

R g

O =TT T

J2oJ2 - )2

=TT
yJz

So the solution for ¢, and g, are:

J? _ J2 _ J2
¢» = * arccos <W> (2.38a)
J? _ J2 _ J2
¢y = Farccos <a;2Jsz> (2.38b)
yJz

The solution exists, but not for all the values of the exchange constants, in

fact they must satisfy the following four disequations:

® ., L@

20, L. < - 2 - J2< 20, . (2.39)
® ., W

—2J, . < J2 - J2— J2< 20, (2.40)

From the second we can obtain:
o< (Jot L) = Jy < Jo+ e (2.41a)
while from the fourth:

< (Jy+ L) = J. < Jp + J. (2.41b)

T
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The last relation can be obtained summing the first and the third inequali-
ties:
2J2 < 2JpJ, + 20,0, = J. < Jp + Jy, (2.41c)

Thus the spectrum is gapless if the exchange constants satisfy the triangle
inequalities (2.41).

So, when one of the inequalities becomes an equality, there is a sort
of phase transition between a gapless and a gapful phase. It is indeed a
quantum phase transition, because we are at zero temperature, but it isn’t
a traditional phase transition driven by a local order parameter, such as
the magnetization for a magnet. We will return to this argument in next
sections.

Now it is interesting to visualize the phase diagram. To do this we
restrict to the plane J, + J, + J, = 1, without losing of generality, because
the only important quantities are the ratio between exchange constants, so
there are only two independent parameter. On that plane the transition will

happen along the following straight lines:

Jet+dy=J. — J.=

Jy+d.=Jy = J,=

NN =N =

Jo+J. = J,

I

In fig. 2.3 it is reproduced the phase diagram. There are interesting prop-
erties, the first is that there is an extended gapless phase, such as in the XY
model, but differently there aren’t long range correlations between spins, as
we will see. Furthermore the three gapful phases A, A, and A, are different
phase because there isn’t any way to go continuously from one to the other,
although they are related each other by rotational symmetry.

We now consider the gapless phase. By the solutions (2.38) we know
that, if all the exchange constant are non-zero, there are two solutions for
which e(q) = 0, we call them g = +q,.

Consider for example the point at the center of the gapless phase,
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J=1, J =J=0

Z X

A\
gapless /N

gapped

Figure 2.3: Phase diagram of the vortex-free model. The triangle is the part
of the plane J, + J, + J, = 1 in the octant J, > 0,J, > 0,J, > 0. There
are four phases, three of which are gapful (A4,,4,,A;). They are separated
by a gapless phase B

ie. J, = Jy = J.. The points where (q) = 0 are:

o= (¥ -%) (2.42)

—a.= (%, ) (2.43)

The spectrum is showed in fig 2.4.

If we move towards the phase boundary, the two points move till they
fuse at the phase boundary, in fact if, for example we are on the boundary
Jy + J, = Jy, we have:

= arccos Jy2 — (Jo + J,)? = 2J,J, =7
Qo 2T,

Jo =y = T+ 2002\ _
2.JyJ, B

Qy,x = — arccos <

Thus q, and —q, are the same point because the momentum space live on
a torus. The spectrum in this case is drawn in fig. 2.5.

Thus far we have examined only the case in which all the exchange
constants are non-zero. Now consider the case in which one of the coupling

is zero while the others are non-zero, e.g. J, = 0. In order to be on the
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Figure 2.4: The spectrum of the model at the center of gapless phase. The
two zero energy points are clearly visible, and in their vicinity the spectrum

has a conical singularity.
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Figure 2.5: The spectrum at the phase boundary J, + J. = J,. The two
zero solutions are the same one because of momentum is defined on a torus.
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phase boundary, it must be J, = J,, in fact we are on the cross of two phase

boundaries, J, + J, = J, and J, + J., = J, on the lowest vertex of the
triangular phase B of fig. 2.3.

We cannot use the solutions (2.38), so we take the equations (2.37) and
impose J, = 0 and J, = J,. Obtaining the solutions:

sing,; = —singy,

Qe = Qy + T (244>
COS @z = — COS qy o= —qy—T

So there isn’t only one point, but a set of points on a straight line, for which
the energy is zero. The spectrum is drawn in fig. 2.6.

/”/[”7/’/”’ 77 1
/”7”7/?7,;’/7/: 7 / /:;7/;’
iz i
4.0 i ”/’/””’I;ﬂ,’t, i 1 n
SR NN
1\ RN
=1 XN
DRI S
S S NG
W
1.6 - AN / i / / /// /// N \\\\\\\\\\\(///
oW 4
a0 R
/ L

Figure 2.6: The spectrum on the lowest vertex of phase B, i.e. for J, = 0
and J, = J,. There are a continuum of points for which ¢(g) =0

For more clarity, we derive the spectrum also for another vertex case,

the one with J, = 0 and J, = J., i.e. the upper right vertex of phase B in
fig. 2.3. The equations (2.37) gives:

cosqy = —1 dx = 4z
& (2.45)
sing, =0 qy = *m
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Also in this case there are a continuum of solutions that lie on the boundary

of the Brillouin zone as shown in fig.2.7.

N
RSN
SRR
4.0 S
3.6 1 e Y
4NN O
NS\ WY
NN\
AN \
I RN \ A\
7l

Figure 2.7: The spectrum on the upper right vertex of phase B, .J, = 0 and
Jy = J.. The two straight line are the same one, indeed they lie on the
boundary of Brillouin zone.

2.2.2 Spectrum of the full-vortex state

We now study the other limiting case, the full-vortex configuration, where
all the plaquettes has a 7-flux or a vortex, i.e. all w, = —1.

To implement that, we can take the u(;,) with alternating sign on z-links
while the other are all positive, using the same rule as above, i.e. the values
of u;py are those indicated above if j € white sub-lattice and k € black one,
otherwise are opposite in sign.

We will use the same philosophy of the vortex-free configuration. In this
case, in order to have a translational invariant configuration, we have to take
as unit cell two z-links for example along the = direction, so that the lattice
basis becomes (21, ny).

With this modifications a site in the original lattice will be identified by

this set of index, j — (r,l,\), where 7 indicates the position of the new
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unit cell, [ = 1,2 the z-link in the unit cell and X\ = 1, 2 index the site of the
z-link.

In particular we will assign to the z-link variable the value u = 1if [ =1,
while u = —1 if [ = 2.

The Hamiltonian of free Majorana fermions (2.12) now can be rewritten,

considering also the translational invariance:

1
=122 D Anmv)en(r)emu(r +v) (2.46)
TV [ ;m=1,2
Ap=12

or in a more compact way:

Z D> ea(r)Aeu(r +v) (2.47)

TV \pu=1,2

where the r» and v are lattice vectors and we have defined ¢y = (c1), con)
and the matrix Ay, = [Axulim = Aixmp. We can immediately note that
Aj1(v) = Ax(v) = 0, because exchange between sites of the same color is
not allowed.

To solve the Hamiltonian we perform Fourier transform, that need to be
redefined because of the new lattice configuration. The Fourier representa-

tion of the Majorana operators is:

Cl)\ \/7 Z e Cl)\ (2.48)

where C' is the number of new unit cells, g, take discrete values in the
range [—m,m|, while ¢, is in the range [—7/2,7/2] because the z lattice
vector is double the y lattice vector. The Majorana operators in momentum

representation are:
1 iq-
en(g) = T Z e" e (r) (2.49)

that satisfy {cl/\(p), cjw(q)} = 01mOru0pg-
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Now we calculate the Fourier representation of the matrix A, defined:

[Axdim(@) =D € [Anuim (v) (2.51)

v

and we obtain:
A11(q) = Ax(q) =0 (2.52a)

as argued above, while the non diagonal terms:

J, + €' ], J.
A — 92 (7" Y v 2.52b
12(Q) ( equz Jz _Jz + eldy Jy) ( )
J, + et J e 24 J
A = —2i Y : 2.52¢
21(q) ( A - e"’%J) ( )

Writing the complete 4x4 matrix A(q) we have:

B 0 A12(q)
A(q) = ( An(a) 0 ) (2.53)

we note that, as in the vortex-free configuration:

An'(q) = A12(q) (2.54)

From this property the four eigenvalues of the matrix A, will have specular
values, i.e. +e1(p) and +eo(p).

In this configuration we obtain four Majorana modes, that can be re-
combined to form two complex fermions with spectrum |e1(p)| and |e2(p)|
respectively. These are the quasiparticle excitations of the system.

The resulting Hamiltonian after the diagonalization is indeed:

2 1
e 3 Ykl (o - 5) (2.55)

w€[-5,3] =
ay€[—m,7]

We thus have two level spectrum excitations one of which is always non-zero,

while the other can be zero for some value of the exchange constants.
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The gapless conditions in this case are:

S+ Jr = J?
2 2 2
T2+ I T (2.56)
S+ I =]

The phase diagram is shown in fig. 2.8.

J=0

Figure 2.8: The phase diagram for the two configuration studied. The full-
vortex one has a restricted gapless phase area. The shaded area indicates
the phase boundaries for general vortex configurations.

2.2.3 Dynamical spin correlations and the absence of long
range order

Spin correlation are of great importance in magnets, indeed the presence of
long range correlations marks a phase transition. We may ask if also in this
case, the phase transitiona are driven by local order parameters, such as the
magnetization. The answer is no, as we will see below.

In fact the phase transitions in this model are topological [16], that is
there is no local order parameter, but it can be characterized in other ways.

We now prove that the correlation between spins are always of short
range. We will do this computation in the framework of Majorana fermion-
ization.

If we try to calculate correlations starting from the Hamiltonian of free
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Majorana fermions in the background wu ;) field it is not easy to proceed
further. We need to go back to the origin, before fixing a specific gauge
condition.

We recall the fermionized Hamiltonian of (2.9):

H = Z Z Ja(j’k>a<j7k>0jck
(3,k)

and we recall also that the extended Hilbert space is decomposed in sub-
spaces, one for each configuration of eigenstates of 4 ;). So that each eigen-

state of the Hamiltonian, is factorized:
W) = [Mg) |G) (2.57)

where G represent the gauge field sector, i.e. the configuration of u, while
Mg is an eigenstate of the matter sector, i.e. free Majorana fermions in the
background Zo field.

We now perform a key transformation that was mentioned before, we

define complex fermions on the links in this way:

1

Faya = 5 (bF + b)) (2.58a)

(b —ibg) (2.58Db)

N = N

] _
Fikya =

where we take the convention that j belongs to the white sub-lattice, while
k to the black one. These fermions satisfies the usual anticommutations

relations:
erA f — 546
(.k)> 7 (1m) 31%%km

The inverse transformations are:

by = f(Tj,k>a + f(j,k)a for j € white sub-lattice (2.58¢)
¢ =i <f<Tj’k>a - f(j,k>a) for k € black sub-lattice (2.58d)

The recombination of Majorana fermions on the link is showed in fig. 2.9.

Now we may write the link operators in term of these new fermions:

500, = 9% = = (F, + Foarn) (Fie = i) =
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Figure 2.9: The recombination of Majorana fermions on the links.

= 2/}, f . 1 (2.59)

Thus all the configurations of v can be chosen to have a definite bond fermion

number. We can write therefore:

Fogat 5y 19) = 1450, 19) (2.60)
where n; is related to the link variable in this way:
_ Wk, +1
ke = o (2.61)

We can now express the spin operators in the extended space, in terms
of the new fermions:

of =ibjc; =1 (f(Tjk)a + f<jk>a) c;j j € white sub-lattice (2.62a)

o8 = iblcy, = ( F, — fjjk>a) ¢ ke black sub-lattice  (2.62b)

The key feature of this transformation is that it connects a single spin site,
to three different Majorana operator in three different bonds.

With this representation we can immediately verify what is the effect of
g
extended space it adds a Majorana fermion ¢; to the site j and in addition it

when it acts on a state, in the physical states this is a spin flip, but in the

changes the fermion number on the link (jk),, therefore it changes the sign of

the link variable w;p,. The sign flip of the link variable, can be interpreted
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as a creation of two half-quantum vortex in the plaquettes attached to (jk),.
To express this we use this symbolical representation of spin operators:
0 = 1Tp1 (K)o Tp2,(jk)a Cj

a __ - A~

where we have defined the operators 7,1 (jr), Tp2,(jx) that add a 7 flux, to the
plaquette pl, p2 attached to the link (jk),. They have the property frg =1,
because add two 7 fluxes is equivalent to add zero flux.

We now wish to compute the spin-spin correlation function in physical
subspace. From the discussion of section 2.2 we know that spin operators are
gauge invariant, so we can compute the spin-spin correlation in any gauge
fixed sector and this will be the same as calculating it in the physical gauge
invariant sector.

So consider the spin-spin dynamical correlation function in some gauge

field configuration G:
GI(t) = (Mgl (G| o5 (1)a(0) |G) M) (2.63)

where o(t) = etg(0)e " is the Heisenberg representation of spin opera-
tors. We now compute the action of spin operators on the states:

7§(0)1G) IMg) = ¢;(0) |6"*) [Mg) (2.64)

J

oh(1)19) [Mg) = e Ee(0) |GH) | M) (2.65)

where E is the energy of the eigenstate, given only by the matter sector, and
we have defined |gﬂ‘a> as the state with extra 7 fluxes on the two plaquettes
attached to the a-bond starting from the site j.

From this relations we can say that since the vortex are conserved, the
correlation function is non-zero only if the added fluxes are on the same
plaquettes, i.e. only if j = k and @ = b or if j and k are nearest neighbors

and a = b, i.e.:

9ii{t)dap jk nearest neighbors

SI(t) = (2.66)

0 otherwise

Spin correlation functions between spins are unable to come through nearest
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neighbors sites, so they are irresponsible of long range correlations of the
phase transitions described in the section above. This is the indicator that it
isn’t a normal phase transition, because there aren’t local order parameters,
but it is a topological transition.

Let us give a deeper interpretation of this result. The time evolution of
a single spin-flip can be written in this way:

etha?(O)e_th |0) = ie'fic;(0)e Hir 7y | D) (2.67)

where |U) is a general eigenstate of the Hamiltonian. Since 71 and 79 gener-
ate two vortex in the plaquettes attached to the link (jk),, the Hamiltonian
applied to this state gives the Hamiltonian of free Majorana in the gauge
G7®, that we call H [Qja] so that, the time evolution is:

ie 19 e (0)e I 7y ey | W) (2.68)

This can be re-expressed in terms of evolution in the starting gauge |G),
by considering the extra term in the Hamiltonian, due to the vortex, as an
interaction:

H [G"] = H[G] — 2ujpy, cjick (2.69)

Thus, introducing the interaction representation, we can write:
t
a';l(t) ’\ll> = ch (t)T (672“(]'k)aJa Jo dr Cj(T)Ck(T)) 179 |\IJ> (270)

where in the interaction representation the evolution of a generic operator
A is:
A(t) = 191t A (0)eH 191 (2.71)

Thus a spin-flip is a sudden perturbation for the free Majorana fermions and
the time ordered term describe how this perturbation evolves the fermion
state. After a “long time”, related to the time scale of the evolution, the
result of this perturbation is a rearrangement of the Majorana vacuum, from
the vacuum of the state |[Mg) to that of the state that correspond to the
new gauge, with added fluxes, |[Mgja).

The added Majorana fermion c;(t), instead, propagates freely as a func-
tion of time.

Two spin correlation is the probability to detect the composite (7 fluxes
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and Majorana fermion) added by a spin flip in site j at time 0 into another
site k at time ¢t. Because of 7 fluxes do not move, this is obviously 0 unless
we look at the site linked to j.

To summarize we obtained that independently of the energy of the state,
we have an exact confinement of spin flip and an exact deconfinement of
Majorana fermions, as they propagate freely.

This phenomenon is known as fractionalization of spin-flip and it hap-
pens also in other model, such as in the Heisenberg spin chain, but only as
a low energy phenomenon. In the Kitaev model this happens exactly at all

energies.

2.3 Fermionization using Jordan-Wigner transfor-

mation

In this section we will apply another kind of fermionization to the same
model. We will get the spectrum of excitations again and we will verify if
we can extract other properties.

We will apply the representation of Jordan-Wigner, this is the only one
that doesn’t create unphysical states, because it represents each spin with a
single fermion.

The problem with this fermionization is that it is not always easy to
perform and sometimes it is not convenient, because of phase factors that
may emerge, generating a gauge field coupled to fermions.

The feature that let this model suitable for Jordan-Wigner transforma-
tions is again in its topology.

Indeed the honeycomb lattice can be deformed to a brick-wall lattice
without any change in the topology, as shown in fig. 2.10.

Thus there exists such an order in this 2D model, there are horizontal
chains connected by vertical bonds. This let the Jordan-Wigner transfor-
mations useful for this model.

Recall the Hamiltonian of Kitaev introduced in § 2.1:

H=-J, > op ok —Jy Y ohoh —J. > opok (272

z-bonds y-bonds z-bonds

Now we will denote each site R with the Cartesian coordinate (i, j), where

i and j are integer, indeed, if we remove the links, the vertex are disposed
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on a square lattice.

Now we can perform the Jordan-Wigner transformation.

Taking advice of the precedent statements we apply an extension of
the 1D transformation (1.9), discussed in § 1.2. We follow the contour of

fig. 2.11, so we can write for each site:

IR [H af,j] cl; (2.73a)
j'<g v ' <i
07 =2chc;; — 1 (2.73D)

We now apply this to the Hamiltonian (2.72). For the z-bond terms we

have:
x T - z CT z
%ijw%i+15p — L1 9.5 \Cij Tilj
i <i z '<i+1

(A z

= (% T i), Tii z+u +Cit;
— (4 T

= (Ci,j i), \Cirrg +Civ14),

Where we have used:

(CT + c) 0° = (CT + c) <2cTc - 1) = +2ccte —c =

:—CT—C—FQC:—(CT—C)

2+1] + Cz+1j>b =

b

Similarly for the y-bond terms we have:

y y _ . .
"zpjbgm,jw—H"z’a i) (C irj C‘,j)b H a71,5(=17) <z+1y z‘+1,j)w

i <i i <i+1

— T 72 T —
<ci7j Civj b ,J Ci“l‘l)j Ci 1,5 w
:T T

- < ,J +Ci7j b Ci 1,7 Ci 1,5 w

While for the z-bond we have no phase factor, so we can write:

z z T
Tijp i+ 1y (QCZJCZJ 1>b<26w+lcu+1 1)w
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Figure 2.10: A brick wall lattice (b) that is topologically equivalent to the
honeycomb (a). From this representation we can see that the lattice is
composed by parallel horizontal chains, connected by vertical bonds. Thus
a Jordan-Wigner transformation can be performed.

P S U S—
------------------- ~eee .
SR PSS S
------------------- ~eeeee .
PP S S -
------------------- ~eeee .
PSR SN P S
------------------- ~eeee .

B UP S NNU S —-
------------------- ~eeeee

P SR SR " %

Figure 2.11: The path along which we perform the 1D Jordan-Wigner
fermionization.
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With these substitutions the Kitaev model (2.72) becomes:

H= J, Z (CT—c>w<cT+c>b

z-bonds
PN CRONCED
y Z c'+c . c c y
y-bonds
=Y (2&—1) (2cTc—1) (2.74)
z-bonds b v

As expected all the phase factors disappear and the model can be diagonal-
ized with some transformations.
The form of this Hamiltonian suggests the introduction of two Majorana

fermions for each site. For the white sites we define:

c—cf
Ay = (Z)“’ B, = (c + cT>w (2.75a)

While for the black sites:

Ay = (c n cT)b By=-~"Jb (2.75b)
This fermions satisfy the following relations:

A?=pB*=1
{Aij, Av jy} = {Bij, By j} =26,
{Aij, Buy} =0

When substituting into the Hamiltonian (2.74) we have no problem for the

x and y bonds, while for the z-bonds we have:

(20Tc — 1>b (QCTC — 1) =

_ <2(A—iBL(A+iB) _1>b <2(B—z'A)4(B+iA) _1>w _

— (iAB),(iBA), = (iByBu)(i4,A,)
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After the transformation the model becomes:

H=—iJy Y AyAy+idy, Y AAy—il. Y (iByBy) ApAy

z-bonds y-bonds z-bonds ar

(2.76)

Where we have defined the variable a,. on a z-bond, the vector r marks the
position of the bond.

Now we will show that the a,, commute with the Hamiltonian, so we can
take them as good quantum numbers.

The demonstration is trivial for the first two term, because a pair of
fermions always commute with a pair of different fermions and the same is
valid for the third term for all the bonds except the r-th. While for the r-th

bond we have:

[By By ApAw, ByByw| = By By AyAw By By — BBy By By ApAyy =
— ByBy [ApAw, ByBu) = 0

Thus «, are good quantum numbers, so once fixed a configuration for them,
the Hamiltonian describes again free Majorana fermions in a background of
a Zo field.

Looking at (2.76) we can see that it is of the same form as (2.12) with
all the variable u on x and y bonds fixed to 1.

Thus we remain with only one independent link variable per hexagon,
that, as we now see, is related to vortex.

Take the plaquette operator defined in (2.3):
I = Y, 03,05,0%,050% @77)

where we have added labels that marks the sub-lattice.
As seen before this quantity is conserved in the original kitaev model (2.72).

Let us apply the transformation to the first three terms of (2.77):

1
Yy z x T z z _z T _
T1wT2%3w = 7 (C1 - C1)w02b01w02b (03 + C3>w =

=1 (cJ{ + cl) (c;; + c3> = 1B1uwBsw
w w
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where we have used:
(CI - 01) Ol = — (CI + 01)
w w
While for the last three terms:

1
Yy z x T z _z _z T _
O 1p95w%66 = 7 <C4 - C4)b‘76w05w05w (CG + 06>b =

Ay 1/ ) )
—iz(ch—¢,) = (el —¢;) =iByB
i (04 C4)bi (06 o , 1 B4y Bep,

% (Cé * Cﬁ)b - (Cg B 66)1)

At the end we can write:

using:

Iy, = (iB1wB3w) (iBapBey) = (iBep Biw) (iBapyB3w) = 1043 (2.78)

This result is consistent with the assertion made before that this fermion-
ization is the same as the precedent Majoranization, but with  and y-link
variable fixed to 1.

Indeed the plaquette operator is equal to (2.14) with the substitutions
u =1 for x and y links and © — « on z links.

The difference is that in this case we haven’t unphysical states, so the
degeneracy and other properties of the model are the correct one.

So we can state that for a given vortex configuration (given by a set of
{I}), we have freedom to fix one « for each row in the “brick wall lattice”.
Once fixed them the conserved quantity {I;} are equivalent to the set {a}.
Thus the ground state degeneracy is 27, where N, is the number of rows
in the brick-wall lattice.

The degeneracy is different if the system is on a torus, indeed in that
case the degeneracy is lifted [29].

In order to diagonalize the Hamiltonian (2.76) we introduce a fermion

in each z-bonds, that we will identify by the vector position 7:

1 1
dr = 5 (Au +i4y) dl = 5 (Aw — i) (2.79)

where A,, is the Majorana fermion on the white site of the z-link, while A,

the one on the black site.
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Denoting by n, the unit vector that connects two z-bonds crossing a
z-bond and by m, the unit vector that connects two z-bonds crossing a y-
bond, as shown in fig. 2.12. We can write the Hamiltonian (2.76) in this

way:

H= I.> (dl + dr> (dan - d7‘+’nz) -
+Jy Z (d;[ + dr) (d:[-i-"y N dr"‘"y) +

+ .3 a, <2dIdT - 1)

This is a hopping model Hamiltonian with site dependent chemical potential.
As stated above the ground state of this model is the state without
vortex, this is with all I, = 41, which correspond to various set of {a}, one

for each choice of one o in a row.

Figure 2.12: The unit vectors that connect two z-bonds. They are equivalent
to those that was defined in the Majoranization of §2.2

2.3.1 Spectrum of the vortex-free state and emergence of
BCS Hamiltonian

To find the spectrum we can choose all the &« = +1, hence the model is

translational invariant and we can resolve by Fourier transformation:
d = = > elrd
=
VQ 4 !

1 . 1 |
P =Y emirgl = = 3 el
R DI AN DA
q q
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For the x terms we have

> (dh+d,) (din, = dyin, ) =
=G L i) () -
9" T

!
—_——
6,y

1
_ = T
= zq: [2 cos qxdgdq + 521 sin gy (d:;d_q + h.c.)}

After computing the Fourier transform we obtain the following Hamiltonian

for the ground state
tg il (gt
Hy =" |eqdfd, +i=2 (dfdl, +he.)
q

where:

gq=2J, —2Jycosq; —2J,cosqy
Ay = 2J,sing, + 2J,sin g,

This has the form of a BCS model and after computing a Bogoliubov trans-

formation we obtain the quasiparticle excitations, (for the details of calcu-

B, =\/e2+ A2 (2.80)

Remarkably this is the Hamiltonian of a p-wave superconductor with BCS

lation see Appendix A):

pairing.
This is a very important result because also in p-wave superconductors there
are possible vortex excitations as in the Kitaev model.

Vortex in p-wave superconductors obey fractional statistics, in particular
the are non-abelian “anyons” [20].

As showed by A. Kitaev [15] also in the honeycomb models there are
abelian and non-abelian anyons, corresponding respectively to vortex exci-
tations in the A; phase and in B phase with a magnetic field.

The mapping to a BCS theory is yet to be better understanded and we
think that it can be an interesting line of research to understand the nature

and possible use of these anyons.
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For example, an interesting feature of p-wave superconductors is that in the
core of each vortex there is an unpaired Majorana mode [30,21,23]. What
happens in the Kitaev model?

We now go ahead to find if the spectrum has a gap and in what condi-
tion. The spectrum is gapless, if £(g) = 0 and A(q) = 0.
These conditions are the same as (2.37) considered in the section of Majo-
ranization, if we can change the sign of J,, but, changing the sign of .J,, it
is equivalent to change all the sign of a, and this transformation doesn’t
modify the vortex configuration. Thus we have the same phase diagram as
in fig. 2.3.

As expected all the information on the spectrum are the same in the two

models.

2.3.2 Ground state in real space

From this representation we can also get directly the exact physical ground
state. From Appendix A we can get the ground state in term of the fermions
d:

lg) = H/ (Uk + deT_de> [0} (2.81)
k

where the prime means that the product is performed such that pair k, —k
must be considered only once.

We can get the ground space in terms of spin operators by reverting all
the transformations made before and expressing the vacuum of fermions in
term of a reference spin state |¢), for example the one with all spin up in
the o, basis, i.e. [¢p) =TT - 1).

The explicit computation is very long and is done by H. Chen and
Z. Nussinov [29].



Chapter 3

Conclusions, remarks and

further outlook

In this work we have shown how the formalism of fermionization permits to
solve exactly some models.

It is interesting to explore if this methods are generalizable for other spin
Systems.

Majorana representation is easier to apply, but it is not always convenient,
because of it needs an extended Hilbert space.

The Jordan-Wigner representation is useful because it needs no con-

straints, mapping each spin to a single fermion. But it is not always ap-
plicable. Consider for example a star lattice, i.e. four chain intersecting in
one site, for this it is impossible to apply the Jordan-Wigner transformation
used for the Kitaev model.
The problem is in the ordering. For dimensions greater than 1 an explicit
ordering does not exist, but if we can find a path that covers all the sites,
without auto-intersections, as we have done for the honeycomb, then we
may perform the Jordan-Wigner transformation along that path, although
it is not always convenient.

We have examined in detail the Kitaev model on a honeycomb lattice.
This is a two dimensional model that exhibits an important topological
behavior and we have shown that it is exactly soluble by fermionization.
The remarkable result we obtained is that we obtain the same spectrum
either if we use the Majorana representation of spins, proposed by A. Tsvelik

[9] and A. Kitaev [15], or the Jordan Wigner representation.

63
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By analysis of the spectrum we have pointed the emergence of Quantum

Phase Transitions, that are not related to any local order parameter, so
that it is not applicable the Landau theory of phase transitions, thaw was
applicable, for example, in the Ising model. This kind of order is called
topological and the characterization of it is object of intensive study in
condensed matter theory [16,17,31,27,32].
As exposed in the works of Feng [32] and Chen [27], Majorana fermions
can be used to define fermions on bonds, the dual lattice. This sometimes
permits the definition of local order parameters and the Landau theory may
be applied. These order parameters (local in the dual lattice) correspond to
topological string order parameters (non-local) in the real lattice.

Although they give the same escitation spectrum, Majorana and Jordan-
Wigner representation are not the same thing, because the former introduce
unphysical states that do not give the correct states. The latter, instead, do
not require constraints, so it may be used to obtain exact states [29].

Using the Jordan-Wigner representation we have also shown the emer-
gence of a p-wave BCS theory from the Kitaev model.

The key feature of the model, beside being exactly solvable, is that it
contains a background Zs field interacting with Majorana fermions on sites.
This field is related to vortex.

For each vortex configuration we can obtain the spectrum of the fermions,
using the method used above [33]. We can get the vortex excitation spectrum
by taking the ground state energy for each configuration.

Vortices are topological excitations and has been shown that a spin-flip
on a site may create a pair of vortices.

In p-wave superconductors vortex are topological excitations. They are
related to zero-mode Majorana fermions localized in the core of vortices.
Since two Majorana zero-mode in two different vortices form a single
fermionic state, there is an entanglement between spatially separated vor-
tices. This entanglement is the source of a non-trivial mutual statistics when
moving a vortex around another, a non-Abelian anyonic statistics [20,30].

Emerging Anyons are also present in the Kitaev model, in particular
they are the vortex excitations and can be Abelian or non-Abelian. To
study Anyons excitation spectrum it is necessary that fermion spectrum is
gapped. In the model studied this happens only in the A; phases, and it

can be shown that these vortex are Abelian.
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Introducing a time reversal breaking term in the Hamiltonian, e.g. in-
teractions between three spins, opens a gap also in the B phase [15,34], and
the Anyons in this case are non-abelian.

Anyons are of particular importance for Topological Quantum Computa-
tion, as they permits fault-tolerant quantum computation [18], that is they
are insensitive to local perturbations due to their topological character, but,
to permit all the logical gates, they have to be non-abelian one [15]. This is
the reason why this model is important.

A major characterization of the zero-mode Majorana bound to the ver-
tices is necessary. In particular it is important to understand how unpaired
Majorana fermions in the vortex are entangled and if they are connected to

unpaired Majorana zero-modes on the boundaries [26,35,36].



Appendix A

Solution of a BCS

Hamiltonian

Consider a quadratic Hamiltonian of the BCS form:
H= Z [eqd d,+ = (ZA didt, iAqdqdq)} (A1)

where d, are fermion operators, g, is the energy for a particle with mo-
mentum ¢ and A, is a real function of the momentum that describe a BCS
pairing.

To have a physical meaning €, must be symmetric, i.e. e_, = g4, while
we consider that A, is antisymmetric, A_, = —A,.

The phase ¢ can be removed by a global gauge transformation:

df — e "id} d, — e'id,

so that (A1) becomes:
H= Z{ did, +— (dgd*_q+d_qdq)] (A2)
q

This can be diagonalized using Bogoliubov transformations, but before

it is convenient to write it in a more symmetric way, using the property of

H= Z[ (afd, +al ) + 2 (dngq+dqdq)]

g
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so that it is of the form:
H = Z [Eo (a(];aq + bl;bq> +e1 (a};b:r] + bqaq>}
q

where aq = dg and by =d_,.
Now we perform the following Bogoliubov transformations, defining

these new fermionic operators:
Ay = upay, + bl Al = ual +vb, (A3a)
B, = vkaL —ub, B,i =0, — ukbz (A3b)
where ug and vy are coefficient that can be taken to be real and they need
to be solved in order to get a diagonal Hamiltonian. These coefficient must

also satisfy the condition
4ol =1 (A4)

to give the right anticommutators of Ay and B, indeed:

{Ak,A};} = {Bk,B};} =i +vi=1

While other anticommutators are automatically satisfied by definitions (A3).

Using the condition (A4) we can write the inverse transformations:

a, = u A+ ka,]; aJ,L = ukA}; + v, B, (Aba)
b, = UkAch —u, By bL = v, A + ukBli (A5b)

Now we substitute in the Hamiltonian obtaining:

=3[ (=) + ] (414, B8 +
k

A
+ [5k“k”k - 7k (ujy — vi)} (Al:Bli + BkAk)} (A6)

Now we impose that the non diagonal term vanishes:

Ap
ERULV —

5 (up —vi) =0 (A7)
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From the condition (A4) we can write
uy, = cos by, v,=sinb

where 0 is a parameter to be determined. With these substitutions the

equation (A7) becomes
€, sin 20, — Ap cos26, =0

that gives

tan 20, = ?k (A8)
k

In order to get the diagonal part of the Hamiltonian, we solve for uz — v,%

and for u, v, , finding

1 €
2 .2 k
up — vy =cos2 = —m— o = = A9a
Bk V1+tan220, Bk (A92)
1 1 1A
U = g sin 20;, = 3 tan 26, cos 26, = iE—: (A9Db)

where Ej; = \/Ei + Ai and has been taken positive value for square root
so that A" and BT create states with positive energy, i.e. excitations. From

the first of (A9) and using condition (A4) we can write for the constants wuy,

Vi

2=1(14 5k (A10a)

k=9 E},

1 €

2 k
=—|1-= A10b
d=3(1-5) (A10b)
and from the second we can get some additional properties, indeed if we
compute u_pv_p, we get, using the symmetries, £ = Fr and A_, = —Ay:

Ay,
kU= —— All
UokVk = (A11)

Thus one of the two constants must change his sign when k& — —k, while

the other remains unchanged, we will take:

U_f = —Uk, V_f = Vi (A12)
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With this choose, we can immediately see from transformations (A3) that:
B',=Al  B,=4, (A13)

Using these relations we can compute the diagonal part of the Hamiltonian

(A6):

2 A 2 E

so that the Hamiltonian becomes, neglecting constant terms:
H=S"Lk (414 _ B B! Al
_27<kk_ kk) (A15)
k
and using the relations (A13) becomes:
_ i 1
H= Zk:Ek (AkAk — 2) (A16)

The excitations are expressed in terms of quasiparticle Af.
The ground state of that Hamiltonian is the one without any quasipar-

ticle, so when acting with annihilating operators gives zero:
Aglg) =0, vk (AL7)

It is now interesting to express the ground state in terms of the original

fermions. It can be expressed in this way:

19) = [T 410y = TT A,A_, 10) (A18)
k k

where [0) is the vacuum of the original fermions, i.e. a, |0) = b, |0) = 0 for
each k, and the prime over the product indicate that every pair k, —k is to
be considered once. This is effectively the ground state because application
of annihilating operator to |g) gives indeed zero.

It is now interesting to express the ground state in terms of the original

fermions. It can be expressed in this way:

9) = [T 410y = TT A,A_, 0) (A19)
k k
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where [0) is the vacuum of the original fermions, i.e. a; [0) = b, |0) = 0 for
each k, and the prime over the product indicate that every pair k, —k is to
be considered once. This is effectively the ground state because application
of annihilating operator to |g) gives indeed zero.

So we can express the ground state of the Hamiltonian (Al) in term of

the vacuum of original fermions, by computing:

A A 10) = (wdy +vdl ) (vyd) — ud_y) =

= (o, +vid' ) (A20)
Then imposing the normalization (g|g) = 1, we have, for each factor:

Walg), = szz (0] (uk + vkdkdfk) (uk + detde =1

Obtaining:
!
gy = TT (e + et ) 10) (A21)
k
If, for some k, FEj take the value 0, then the spectrum is gapless and
there are long range correlations, while if it is not the spectrum has a gap

and excitations have minimum energy.
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