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Fate of entanglement in open quantum spin liquid: Time evolution of its genuine
multipartite negativity upon sudden coupling to a dissipative bosonic environment
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Topological properties of many-body entanglement in quantum spin liquids (QSLs), persisting at
arbitrarily long distances, have been intensely explored over the past two decades, but mostly for
QSLs viewed as closed quantum systems. However, in experiments and potential quantum computing
applications, candidate materials for this exotic phase of quantum matter will always interact with
a dissipative environment, such as the one generated by bosonic quasiparticles in solids at finite
temperature. Here we investigate the spatial distribution of entanglement and its stability for the
Kitaev model of QSL made open by sudden coupling to an infinite bosonic bath of Caldeira-Leggett
type and time-evolved using the Lindblad quantum master equation in the Markovian regime (i.e., for
weak coupling) or tensor network methods for open quantum systems in the non-Markovian regime
(i.e., for strong coupling). From the time-evolved density matrix of QSL and its subregions, we
extract genuine multipartite negativity (GMN), quantum Fisher information, spin-spin correlators,
and expectation value (EV) of the Wilson loop operator. In particular, time-dependence of GMN
offers the most penetrating insights: (i) in the Markovian regime, it remains non-zero in larger
loopy subregions of QSL (as also discovered very recently for closed QSLs) up to temperatures
comparable to Kitaev exchange interaction at which other quantities, such as EV of the Wilson loop
operator, vanish; (i7) in the non-Markovian regime with pronounced memory effects, GMN remains
non-zero up to even higher temperatures, while also acquiring non-zero value in smaller non-loopy
subregions. The non-Markovian dynamics can also generate emergent interactions between spins,

thereby opening avenues for tailoring properties of QSL via engineering of dissipation.

Introduction.—Quantum spin liquids (QSLs) [1, 2] are
exotic phases of matter that, despite being composed
of magnetic atoms, do not exhibit long-range magnetic
ordering down to absolute zero temperature [3]. Nev-
ertheless, they exhibit a wealth of emergent properties,
such as topological ground-state degeneracy, long-range
entanglement [2, 4-6], and fractionalization [3, 7-11] of
its fundamental quantum spin degrees of freedom local-
ized at crystalline lattice sites into quasiparticles like itin-
erant Majorana fermions, localized visons (i.e., vortex-
like excitations of gauge field) and non-Abelian anyons
(i.e., visons accompanied by a Majorana zero mode) and
spinons. Due to fundamental interest, as well as potential
applications of their long-range entanglement to realize
scalable fault-tolerant quantum computation [5], materi-
als hosting QSLs have been highly sought [1]. Despite di-
verse experimental probes applied to many candidate ma-
terials [12-15], a definitive proof for the existence of QSL
phase remains elusive [15-17] (note that demonstration
of QSL phase, using programmable quantum simulators
composed ~ 200 Rydberg atoms, has been achieved [5]).

Since topologically ordered states appear to be liquid-
like at short length scales, they cannot be character-
ized via traditional local order parameters and broken
symmetry. Instead, topological entanglement entropy
(TEE) [4, 18-21] has been intensely studied as a smok-
ing gun of topological order in pure ground state |GS)
of QSL viewed as a closed quantum system. The TEE
quantifies bipartite entanglement between a subregion
of QSL and its complement, but it can fail to differen-
tiate topological phases with distinct fractionalized ex-
citations (for which TEE might be identical [22, 23])

or produce spurious signals (such as non-zero TEE for
topologically trivial GS [24]). A particularly interest-
ing result on spatial distribution and multipartite nature
of entanglement in closed QSLs has been obtained [25]
very recently by analyzing the so-called genuine multi-
partite negativity (GMN) [26-28] for parties of m spins.
This quantity employs the partial transpose operation
used to detect entanglement of mixed quantum states via
more familiar entanglement negativity [29-32], to which
GMN reduces for m = 2 parties. For example, GMN
shows that multipartite entanglement between spins is
absent in the small non-loopy subregions, while it be-
comes nonzero when considering loop-shaped larger sub-
regions. As GMN quantifies the collective form of en-
tanglement between remote degrees of freedom, its very
recently initiated [25] application to QSLs could lead to
a new understanding of fractionalization and how gauge
bosons can encode quantum information.

There has also been a growing recent interest in identi-
fying proper entanglement measures for diagnosing topo-
logical phases of mizred quantum states, as generated
by thermal fluctuations [30, 31] or decoherence (which
can occur even when energy-exchange processes are sup-
pressed [33, 34]) and dephasing [32, 35-38] as a major
obstacle in present noisy intermediate-scale quantum de-
vices. However, these approaches do not consider ex-
plicitly the structured [39-42] environment and thereby
induced dissipation to which candidate materials are al-
ways exposed, typically due to bosonic quasiparticles in
solids. Such an environment can lead to non-Gibbs mixed
quantum states, even in the long time limit [39, 43], and
it can also generate [44] new interactions between spins
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FIG. 1. Time dependence in the Markovian regime, as com-
puted by the universal Lindblad QME [45], of: (a) GMN [25—
27] for different subsystems enclosed within colored mid-
dle hexagon; (b) QFI defined in Eq. (7) for the wavevector
k = (0,0); (c) equal-time spin-spin correlator (67 (¢)67 (t)) for
two NN sites i and j; and (d) Wilson loop operator (W,)(t).
The system considered is the gapless Kitaev QSL [Eq. (1)]
composed of N = 14 localized spins locally coupled to many
baths [Eq. (3)]. The temperature of bosonic baths for (b)—(d)
is indicated in panel (c), while in (a) it is set to T = 0.3.J..

that are not present in the original equilibrium Hamilto-
nian.

Although open quantum system approaches tailored
for QSLs have emerged [10, 46-51], they typically as-
sume simplified phenomenological models while focusing
exclusively on the Markovian regime (i.e., when system-
environment coupling is weak and environmental corre-
lations are short compared to the timescale of the system
evolution [39, 45]), as described by the Lindblad quan-
tum master equation (QME) [45, 52, 53]. Since numerical
time evolution of the density matrix via Lindblad QME
becomes computationally expensive for many spins [54],
most of such studies try to evade solving it altogether and
instead focus on analyzing spectral properties of an effec-
tive non-Hermitian Hamiltonian (composed of the origi-
nal QSL Hamiltonian plus Lindblad operators). This pre-
cludes understanding of the fate of long-range entangle-
ment, as its quantification requires a time-evolved density
matrix. Furthermore, the non-Markovian dynamics with
pronounced memory effect [55, 56] of open QSLs, which is
particularly relevant [57] in quantum computing applica-
tions, remains unaddressed. This might be related to the
fact that evolution for an arbitrarily long time of large
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FIG. 2. The same information as in Fig. 1, but for the

non-Markovian regime, as computed via PT-MPO+TEBD
methodology [39-42]. The temperature of bosonic baths
for (b)—(d) is indicated in panel (c), while in (a) is set to
T = 0.5J,. Note that orange dots in panel (a) start from
zero due to the unentangled initial state required for PT-
MPO+TEBD calculations, unlike orange dots in Fig. 1(a),
where the initial state is highly entangled GS of QSL.

number of degrees of freedom in any spatial dimension
and for different types of infinite structured dissipative
environments is even more challenging than Lindbladian
dynamics and, in fact, not completely solved [39-42, 44]
problem in open quantum system theory.

In this Letter, we investigate how robust the entangle-
ment of QSL is via real-time evolution of its reduced den-
sity matrix p(¢) in both Markovian and non-Markovian
regimes. For this purpose, we utilize the universal Lind-
blad QME [45] in the former regime and tensor network
(TN) methodologies [39-42] for open quantum systems
or the reaction coordinate (RC) [58] + polaron [59, 60]
method in the latter regime. The time evolution of QSL is
initiated by coupling the Kitaev model [3], as the canon-
ical example of QSL that is also exactly solvable in the
closed case, to a bath of infinitely many bosonic modes
described by the canonical Caldeira-Leggett model [61].
Using p(t), we compute the time dependence of: GMN;
quantum Fisher information (QFI) [62, 63], which is also
experimentally accessible [64, 65]; spin-spin correlators;
and the Wilson loop operator [3, 66, 67]. Such com-
prehensive dissection of topological order and long-range
entanglement of open QSL yields principals results sum-
marized in Figs. 1- 3. To facilitate their discussion, we
first introduce key concepts and useful notation.



Models and methods—The plain Kitaev QSL Hamil-
tonian describes localized quantum spins S = 1/2 that
interact via highly anisotropic exchange interaction, as
given by [3]

HQSL =

Z Joo7o7 = Jye6Y —

(3)y (i5)

n

Here, (67,67,67) is the vector of the Pauli matrices de-
scribing spin at site ¢ of the honeycomb lattice; J, is
the magnitude of the Ising-like exchange interaction; and
(¢j),, denotes the nearest-neighbor (NN) bonds where
w=2x,y,z. This system is made open and dissipative
by coupling it with one or many baths of infinitely many
three-dimensional and isotropic bosonic modes [61], so
that the Hamiltonian of the total system QSL+bath(s)
becomes

H= ﬁQSL + Hpatn + V. (2)
We distinguish two cases: in the first one, denoted as

“local coupling,” we couple each quantum spin to an in-
dependent bath so that
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in the second one, denoted as “global coupling,” only one
bath is coupled to the total spin operators, so that

ngzau #T+A/t (4)
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Here operators  ay = (af,ay,aj) and
a;, = (a5, a%,a%;)" annihilate modes of frequency
wyg and w;k, respectively. The spectral content of bosonic
baths is specified [61] by J(w) =27 |gx|?6(w — wy).
For our numerical calculations, we choose the so-
called Ohmic [68] bath whose spectral function is
J(w) = Twexp(—w?/2A?)/[1 — exp(—w/T)], where T
is the temperature (we set kg = 1), I' is the single
parameter characterizing the system-bath coupling, and
A sets the exponential cutoff for high frequencies [45].
Note that the hallmark of the Ohmic bath is J(w) x w
at low frequencies.

By assuming small g, a QME of the Lindblad type [52,
53] can be derived for the reduced density matrix p of
QSL only after bosonic bath(s) are traced over. How-
ever, standard approximations used in such derivations
fail for systems with closely spaced (i.e., quasidegenerate)
energy levels, as is the typical case with quantum mag-
nets [69, 70]. Thus, to obtain Lindblad QME for open
QSL in the Markovian regime, we follow the procedure of
Ref. [45], yielding the so-called universal Lindblad QME.
This QME [45] operates with three Lindblad operators
i/iu per bath, so assuming N such baths, we obtain the
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FIG. 3. Renormalized exchange interactions of Kitaev QSL
Hamiltonian [Eq. (1)] for: (a) “local coupling” to many baths
[Eq. (3)]; and (c) “global coupling” to a single bath [Eq. (4)].
(b) EV of Wilson loop operator for the case of “global cou-
pling.” (d) Static FM structure factor for the system corre-
sponding to panel (¢). These results were obtained by diago-
nalizing the effective Hamiltonian [Eq. (A5)] produced by RC
+ polaron methodology, so they describe steady state in the
long-time limit of non-Markovian dynamics generated by ar-
bitrary strong coupling to a single global bath. The frequency
of the RC was set to Q = 8J,. Note that the limit A\/J, — 0
corresponds to the Markovian dynamics in Fig. 1.

following QME
al 1
dﬁ/dt = _Z[HQST_M[)] + Z |:L1HﬁLIp - 2{LZﬂLZlL7ﬁ}:| )

(5)
where the Lamb-shift corrections to the Hamiltonian are
neglected. We compute L;, as a power series (where we

use cutoff Ny, <5)
Ny,

L= enladi Al o= S0 [ atgtorn

= n! J_
(6)
thereby evading exact diagonalization of the full

QSL Hamiltonian [45, 71]. Here adg[X] = [H,X];
Aw—&# in the “local coupling” case [Eq. (3)] or
=, 6% in the “global coupling” case [Eq. (4)];

and the Jump correlator function is defined via the
Fourier transform of the spectral function of the bath,
g(t) = \/%ff; dw+/J(w)e~ ™t The universal Lind-
blad QME is solved using the quantum trajectories
method [72], with up to ~ 1000 trajectories, as imple-
mented in the QuTiP package [73, 74]. In these calcula-
tions we use I' = 0.001J, and A = 507"



For strong coupling of a system of a structured en-
vironment, generating non-perturbative effects and non-
Markovian dynamics [56, 75], there is currently no uni-
versal solution for time-evolving the system akin to the
Lindblad QME for the Markovian regime. Among a
handful [39, 40, 42, 44, 76-78] of very recently developed
methods that can handle many quantum spins as the
system and arbitrary spectral function or temperature
of their dissipative environment, we chose TN methodol-
ogy [39—41] implemented as process tensor matrix prod-
uct operator (PT-MPO). The PT-MPO combined time-
evolving block decimation (TEBD), as available in open-
source 0QuPy package [40], allows us to perform real-time
evolution of open QSL while also offering multitime two-
spin correlators, which are not available when only the
density matrix is known from time-evolution via non-
Markovian QMEs [56, 75, 79, 80]. Note that for time-
evolution of open QSL via 0QuPy package [40] we are
restricted to coupling the same local bosonic bath to a
single component of spin at site i, thereby making it
a particular case of the “local coupling” case. In PT-
MPO+TEBD calculations, we use A = 4.J, and stronger
I' =0.1J,. To set the system having only the NN inter-
actions, we considered supersites composed of two phys-
ical spins so that the hexagonal ladder becomes effec-
tively a chain. The PT-MPO-+TEBD is then created
with a maximum tolerance of 0.01 and the time evolu-
tion is performed keeping a maximum relative error of
O(107%) [40]. Since PT-MPO+TEBD calculations via
0QuPy package [40] are challenging to start from an entan-
gled initial state, we use p(t =0) = (I®I®---®I)/2V
for N spins, which is also a computationally favorable
choice. Here the Kronecker product contains N/2 terms
I, where I is the unit 4 x 4 matrix, so that I/4 is the
density matrix of two spins within the supersite. This
choice does not affect conclusions in the long-time limit,
as entanglement is quickly built dynamically [Figs. 2(a)
and 2(b)] despite zero entanglement in p(t = 0). Note
that each supersite is coupled to an independent bath
via the 7% operator associated with one of the two spins
within the supersite.

Finally, since TN methods can encounter an “en-
tanglement barrier” [81-83], which prevent reach-
ing truly long evolution times, to access long-time
limit of non-Markovian dynamics we also employ the
RC method [58] combined with polaron transforma-
tion [59]—this approach produces an effective Hamilto-
nian that can accurately[84] describe the steady-state of
non-Markovian dynamics. The same strategy has been
applied previously to classify possible magnetic orderings
of steady-states in the case of dissipative quantum spin
chains [60]. We explain this strategy for open QSL in the
End Matter.

Results and discussion.—We consider the Kitaev QSL
composed of N = 14 spins S = 1/2 located on the sites
of three hexagons [see insert of Fig. 1(a) for illustration],

«

for which J, = J, = J, = 1 sets the unit of energy.
Its GMN vs. time is shown in Figs. 1(a) and 2(a) for
the Markovian and non-Markovian regimes, respectively.
Let us recall [25-27] that a finite GMN value indicates
that for all possible bipartitions into subregions 1 and 2
of the total quantum system its density matrix remains
entangled, p # > pnph @ p2. Thus, diagnostics of en-
tanglement offered by GMN is more general than either
the von Neumann and Renyi entropies [85], which apply
only to pure quantum states; or logarithmic negativity
routinely employed [29, 31, 32, 86] to detect entangle-
ment in mixed quantum states but only by considering
a single bipartition. Since evaluation of GMN is compu-
tationally highly expensive, it is currently restricted to 6
spins [25, 26]. This is why in Figs. 1(a) and 2(a) we com-
pute GMN for a loopy subregion of 6 spins [such as those
residing on all sites encompassed by the yellow hexagon
in the inset of Fig. 1(a)]; as well as for a non-loopy subre-
gion of 5 spins (such as those encompassed by the green
bonds in the inset of these figures). Note that the same
subregions were considered in Ref. [25] for closed Kiteav
QSL, where the density matrix of subregions arises from
Psubregion = TTother|GS)(GS|. In contrast, in our calcula-
tions for open Kitaev QSL Ssubregion(t) = Trotherp(t). In
the Markovian regime, non-loopy subregions can exhibit
small non-zero GMN [green dots in Fig. 1(a)] because of
the environment, but at longer times this vanishes, as is
the case of closed Kitaev QSL [25]. The GMN of loopy
subregions decays with time [orange dots in Fig. 1(a)],
but it saturates at a finite value as long as temperature
T < 0.5J,.

In the non-Markovian regime, non-loopy subregions ac-
quire non-zero GMN [green dots in Fig. 2(a)], increasing
with time, which is quite different from closed Kitaev
QSL [25]. The GMN of loopy subregions remains finite
[orange dots in Fig. 2(a)] in the non-Markovian regime,
up to temperature T' < 0.7J,. It is also worth comparing
the time evolution of GMN in open QSL vs open quan-
tum antiferromagnet (QAF), both of which are defined
on the same honeycomb lattice. As shown in Fig. S1
of the Supplemental Material (SM) [87], GMN remains
non-zero in both non-loopy (in contrast to zero value in
QSL in Fig. 1(a) and Ref. [25]) and loopy subregions in
the course of Markovian dynamics.

While entanglement entropy of pure states of cold atom
simulators of quantum magnets has been directly mea-
sured [85], this is not possible in the case of solid-state
magnetic materials. Instead, recent efforts have focused
on extracting entanglement witnesses [62, 88], which are
functionals of the density matrix not requiring its full
tomography([89], both in [64, 90] and out [65, 91] of equi-
librium. One such witness is QFI [64, 65, 90, 91], which
motivates its computation in Figs. 1(b) and 2(b) using



the following expression [65, 86]

fari(k, 1) = % > e Tifp(t)5767]

— Te(p(t)57] Telp(t)57] | (7)

where r; denotes the position of the site i of the lattice
and k is the crystalline wavevector. Such time-dependent
QFT [65, 86, 91] can witness n-partite entanglement by
exhibiting fqri(q,t) < 45?n. Thus, fori(k,t) > 1 in-
dicates at least a bipartite entangled mixed state of the
whole system. Figs. 1(b) and 2(b) show that the whole
Kitaev QSL can remain bipartite entangled even at tem-
peratures at which GMN of its subregions vanishes in
Figs. 1(a) and 2(a).

As the next quantity, we compute the time evolution
of the equal-time spin-spin correlator (67 (t)57 (t)) for two
NN sites ¢ and j in open Kitaev QSL. The same quantity
has been amply studied in closed Kitaev QSL [7, 92, 93],
where it is zero beyond NN sites (&f&ﬁ o M8y s
thereby signifying a lack of long-range magnetic ordering
in QSL. We find the same feature in open QSL [Figs. 1(c)
and 2(c)], on the proviso that “local coupling” [Eq. (3)] to
many baths is used. If we use “global coupling” [Eq. (4)]
to a single bath, such a bath introduces new correlations
between spins in the non-Markovian regime [i.e., for suf-
ficiently strong A in Eq. (A1)], leading to the spin-spin
correlator being non-zero beyond NN sites [Fig. 3(d)].
We also find that (67 (¢)6%(t)) in the “local coupling”
case decays with increasing time or temperature, with
faster decay [compare Fig. 1(c) vs Fig.2(c)] in the case of
Markovian dynamics.

Figures 1(d) and 2(d) analyze the time dependence of
EV of the Wilson loop operator, (W,)(t), in the Marko-
vian and non-Markovian regimes, respectively. For Ki-
taev QSL, one often employs [94] W, = 6764656561 6%
for a loop of sites 1 to 6 forming the first hexagon in the
inset of Fig. 1(a). We adopt the same Wilson loop op-
erator, whose EV is obtained as (W,)(t) = Tr[p(t)W,].
This operator for a closed Kitaev QSL at zero tempera-
ture indicates ordering of fluxes as one of its fractional-
ized excitations within the model, and it has also been
employed to study their disordering due to thermal fluc-
tuations [94]. For open Kitaev QSL, we find that (W) (t)
decays with time in Figs. 1(d) and 2(d), with faster de-
cay at higher temperature. Nevertheless, both GMN
and QFI in Figs. 1 and 2 remain non-zero in the same
long-time limit. Note that in the non-Markovian regime,
(W,)(t) # 0 [Fig. 2(d)] in the long-time limit for suffi-
ciently low temperatures of the bosonic baths.

Finally, to handle a single global bosonic bath, we
employ the RC + polaron method (see End Matter).
This method also makes it possible to construct an effec-
tive Hamiltonian [87] whose low-energy eigenstates pro-
vide insight into the long-time limit properties of non-
Markovian dynamics at arbitrary strength of QSL-bath

coupling. Unlike the “local coupling” case [Eq. (3)] stud-
ied in Figs. 1 and 2, in the “global coupling” case [Eq. (4)]
we find new [green curve in Fig. 3(c)] bath-induced ex-
change interactions between spins or the renormalized old
ones [blue curves in Figs. 3(a) and 3(c)]. These include
all-to-all ferromagnetic Heisenberg exchange, m%lsb)\Q /9,
interaction [Eq. (A5)], which grows with the system-bath
coupling A. Therefore, a phase transition from QSL
to a quantum ferromagnet (QFM) could be expected
[Fig. 3(d)]. In addition, the EV of the Wilson loop op-
erator [Fig. 3(b)] shows that the QSL phase is stable in
the weak coupling regime, as also observed in Markovian
dynamics simulations [Fig. 1], before transitioning to an
intermediate state [Fig. 3(b)]. Upon entering the strong
coupling regime, A\/J, 2 0.8, we find the emergence of the
QFM phase [60]. Such a transition to the QFM phase for
A/J. 2 0.8 is additionally confirmed by computing the

~

static ferromagnetic structure factor [Fig. 3(d)].

Conclusions.—In contrast to amply studied bipartite
entanglement [4, 18, 19], or very recently initiated mul-
tipartite entanglement [25], for closed QSLs, the fate of
entanglement of QSLs made open by coupling them to a
dissipative structured environment remains largely unex-
plored despite its relevance for experiments and quantum
computing applications. Our direct real-time evolution
of open Kitaev QSL, via Lindblad QME in the Marko-
vian regime or TN methods in the non-Markovian regime,
demonstrates how the multipartite entanglement quanti-
fied by GMN can be remarkable robust, persisting even at
elevated temperatures of the environment at which signa-
tures of fractionalized quasiparticles have vanished. This
is akin to persistence of experimentally witnessed entan-
glement in other quantum magnets, such as in QAF, up
to temperatures much higher than their magnetic order-
ing [64]. We also unravel how non-Markovian dynamics
can induce novel effects, beyond the naive expectation
of environments simply diminishing the entanglement,
such as non-zero GMN in non-loopy subregions or addi-
tional exchange interactions between spins. Our findings
open pathways for engineering dissipation [95] and de-
coherence [36-38] to tailor properties of QSL candidate
materials for topological quantum computing, which we
relegate to future studies.
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RC + polaron methodology—The RC method [58],
which is based on the Bogoliubov transformation, in-
troduces a new RC bosonic mode per each bath. They
are created (annihilated) by an operator Bj(f)z), which
is strongly coupled to the system but weakly coupled to
the remaining modes of the bath. This transforms the
Hamiltonian in Eq. (2) into

(

where Ul = [1, exp (A/QT — ) A;,) is the polaron
transformation associated with the i-th bath. The final
step projects the Hamiltonian onto the GS of each RC,
which is an approximation valid in the low-temperature
limit [59]. The resulting effective Hamiltonian is then
given by

Heg = Trre(Ilg Hre-pllo), (A3)
where Il is the projection operator onto the product of
GSs of each RC variable. Note that special care has to
be taken in the case where the set of coupling operators
{A;,} do not commute [96], as is our case.

Application of Eq. (A3) to open Kitaev QSL [Eq. (2)]
yields, for the “local coupling” case [Eq. (3)], the follow-
ing effective Hamiltonian
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We see that this Hamiltonian still has the Kitaev form in
Eq. (1), but its exchange interactions are renormalized
by prefactor x s, (A\/Q) whose dependence on QSL-bath
coupling is plotted in Fig. 3(a). Further technical details
of its derivation are provided in the SM [87]. Notably,
as we couple each spin to three independent baths via
non-commuting operators, the strength of the Kitaev ex-

J

rglob
Heff -

=Y Juk gob(\/Q)6l's
(i5)

= Z T8 (A Q)6

(i)

Here mglOb()\ /Q) and mgbb()\ /) are the prefactors renor-
malizmg Kitaev and Helsenberg exchange interactions,

(A4)

change interaction does not decay to zero but instead
stabilizes at a finite value [Fig. 3(a)].

In the “global coupling” case [Eq. (4)], an additional
ferromagnetic Heisenberg exchange interaction term be-
tween spins on NN sites, as well as all-to-all ferromagnetic
Heisenberg exchange, emerge due to the bath:

_ Z% ( glob()\/Q)

m

+ K5 (/)6 ) .

(A5)

(

respectively. They are plotted in Fig. 3(b) as a function
of QSL-bath coupling.
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This Supplemental Material provides one additional Fig. S1, as well as details of the derivation, via reaction
coordinate (RC) 4 polaron method [1, 2], of the effective Hamiltonian and its renormalized parameters plotted in Fig.
3 of the main text. The additional Fig. S1 gives the same information as Fig. 1 of the main text, but for the standard

quantum antiferromagnetic (QAF) Heisenberg model defined on the honeycomb lattice and time-evolved using the
universal Lindblad quantum master equation (QME) [3].

I. TIME-EVOLUTION OF ENTANGLEMENT MEASURES IN THE MARKOVIAN REGIME OF
QUANTUM HEISENBERG ANTIFERROMAGNET

The Hamiltonian of quantum S = 1/2 antiferromagnet is given by
H=17)Y 6 6 (S1)
(i)

where (67,67,67) is the vector of the Pauli matrices describing spin at site i of the honeycomb lattice; J = 1 is
Heisenberg exchange interaction; sites ¢ and j belong to the honeycomb lattice of N = 14 sites depicted in the inset
of Fig. S1(a); and (ij) signifies that the sum is over the nearest-neighbor sites. Unlike in the case of Kitaev quantum
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FIG. S1. The same information as in Fig. 1 of the main text, but for quantum antiferromagnet on the honeycomb lattice [inset
of panel (a)] in the Markovian regime. The temperature of bosonic baths for (b)—(d) is indicated in panel (c), while in (a) is

set to T'= 0.3J. Note that the wavevector at which quantum Fisher information is computed in panel (b) is k = (, 7).
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spin liquid (QSL) [Fig. 1 of the main text], genuine multipartite negativity remains non-zero in both non-loopy and
loopy subregions at all times [Fig. S1 (a)].

II. EFFECTIVE HAMILTONIAN FROM REACTION COORDINATE + POLARON METHODOLOGY

The RC + polaron methodology could in principle be used [4] to evolve many spins in the presence of a dissispa-
tive non-Markovian environment while using the Lindblad QME. However, such evolution becomes computationally
prohibitively expensive for N = 14 spins we consider in Fig. 2 of the main text. This is the reason that in Fig. 2
of the main text we time-evolve the open QSL via tensor network methodology [5]. Nevertheless, the RC + polaron
methodology is useful for deriving an effective Hamiltonian [also displayed as Eq. (A3) in the main text]

Heg = Trre(Ilo Hreospllo), (52)

which describes the steady-state phase in the long-time limit of non-Markovian dynamics and assuming low tem-
perature of the bosonic bath. Here Hrcyp is the Hamiltonian after RC and polaron transformation, and Ilj is the
projector to the ground state of the RC. This approach, initially formulated in Refs. [2, 6], encounters obstacles when
multiple baths are coupled to QSL via non-commuting operators. This is the case for both “local coupling” [Eq.
(3) in the main text] and “global coupling” [Eq. (4) in the main text] cases. This problem can be solved [7] by a
non-factorizing polaron transformation, leading to an effective Hamiltonian

R o A2
He = ToUp HsU Ty — y oo

A (53)

iy

where U p = exp [Zw Aif Ql(l;j — IA)Z)AZ,L} is the net polaron transformation. Here )\; is the i-th reaction coordinate

coupling strength to the system; €; is its frequency; A;,, is the QSL operator coupled to the bath [Egs. (3)-(4) in
the main text]; and effective operators O are defined as O°f = ToUpOUIly. We computed O°F by expressing
operators of each reaction coordinate in the momentum representation [7] as

2
e_pn

O = / 0r(e)OUH0) [T = (84)

where p is a vector that gathers all the momentum associated with different reaction coordinates, and U p(p) =

exp (—Z\/§ don pn)\n/QnAn) )

A. Local coupling

In the “local coupling” case [Eq. (3) in the main text], each spin is coupled to three identical baths via the &,
Gy, G, operators, respectively. Note that the second term in Eq. (S3) will only contribute to a global shift in energy.
Therefore, we focus on the first term by considering a generic Ising-like interaction in the Kitaev QSL Hamiltonian
and its corresponding transformation. Since all RC degrees of freedom whose corresponding coupling to the system
does commute with the term one is transforming vanish in Eq. (S4), the transformed version of a generic Ising-like
term will only involve six degrees of freedom (three per site) for the sites to which Ising-like interaction connects. The
Up(p) operators then become 4 x 4 matrices that can be written as

Up(p) = f(p) —igp) [[ pivsoles. (5)
H7V6{x7y7z}

Here p; = /> L (pf")? is the norm; the subscript of the pi denotes the site to which RC is coupled, while its superscript

denotes the spin operator to which it couples; f(p) = cos(p1p2A/); and g(p) = sin(p1p2A/Q)/(p1p2). Without the
loss of generality, we consider the transformation of the term 676%. To determine the integrand in Eq. (S4), we use
the following property of Pauli matrices, 6#6" = §,, + i€,,26", where §,, refers to the Kronecker delta, €, is
the Levi-Civita symbol, and the summation is assumed over repeated indices. After a lengthy but straightforward



calculation, we obtained the following integral

pv
+9°(p) ) [6165 (4P pipsps) — 26165 (i (p5)%) — 26565 (1) psp3) + 6765 (pY)* (p3)?] . (S6)
v
The above expression can be further simplified by noting that both f and g functions are even. Since the integral do-

main is symmetric, the whole integral must be even to yield a non-zero value, so [ ], e~Pn /TG (p) S " P pipyps o
0uz0,~. Then, the integrand is reduced to

Up(p)5565U%(p) = [£2(p) + ¢%(p) 95)2(3)?] 6763, (S7)

where the remaining six-dimensional integral is carried out by standard Monte Carlo integration.

B. Global coupling

In the “global coupling” case [Eq. (4) in the main text], three identical baths are coupled to each component of
the total spin of the system, i.e., 4,, = >, 67". In this case, the second term in Eq. (S3) becomes non-trivial because

A2 = NI 42 > i<j 0707 Just like in the “local coupling”, we focus on the transformation of 6763, which can be
simplified to the one involving 4 X 4 matrices. But in this case, the integral is three-dimensional. Then Eq. (S6) is
replaced by

Up(p)6i65U5(p) = [£2(P) + (—2(p:)*(p2)” + 3(p:))g* (P)]6765 + 97 (P)4(p2)* (p2)*61 - 62, (S8)

where an additional Heisenberg interaction (last term on the right-hand side) is induced by the global nature of the
bath. Here, we can simplify the momentum labels as no distinction of different sites is needed, so that subscript of
py indicates the spin operator to which the corresponding RC is coupled.
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