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Magnons offer a promising path toward energy-efficient information transmission and
the development of next-generation classical and quantum computing technologies.
However, efficiently exciting, manipulating, and detecting magnons remains a critical
need. We show that magnons, despite their charge-neutrality, can induce electric
polarization through their spin and orbital moments. This effect is governed by system
symmetry, magnon band hybridization, and interactions with other quasiparticles. We
calculate the electric polarization induced by magnons in two-dimensional collinear
honeycomb and noncollinear antiferromagnets (AFMs), showing that the presence
of the Dzyaloshinskii–Moriya interaction yields a finite net electric polarization. In
NiPSe3, a collinear honeycomb AFM with Zigzag order, the induced net electric
polarization is about three orders of magnitude greater than in MnPS3, a collinear
honeycomb AFM with Néel phase. In the noncollinear AFM KFe3(OH)6(SO4)2,
the net electric polarization can be tuned via magnon hybridization, which can
be controlled by external magnetic fields. These findings reveal that electric fields
could be used to both detect and manipulate magnons under certain conditions
by leveraging their spin and orbital angular moment. They also suggest that the
discovery or engineering of materials with substantial magnon orbital moments could
enhance practical uses of magnons for future computing and information transmission
applications.

magnon orbital moment | magnon Nernst effects | electric polarization | orbitronics | spintronics

The recent rapid advancement of information technology, exemplified by artificial
intelligence systems, has driven the need for significant improvements in data storage and
processing. In particular, these technologies demand high speed operations with reduced
energy consumption and minimal energy loss. Identifying novel material systems with
unique properties is critical to addressing these energy challenges and overcoming the
limits of conventional devices based on electron charge and spin transport. In this
context, magnons, collective spin excitations in magnetic materials, are of significant
interest (1–3).

Magnons are bosonic quasi-particles arising from collective and charge-neutral
excitations of localized spins. These quanta obey the Bose–Einstein distribution
function at finite temperatures and have zero chemical potential in equilibrium.
Because magnons can carry spin information without the need for moving electric
charge, they enable low-power data transfer and energy-efficient classical computing
technologies (1–6). Magnons can also hybridize with a variety of other quantum states,
including photons (7, 8), electrons (9–11), phonons (12–14), plasmons (15, 16),
excitons (17–19) and superconducting qubits (20, 21). Because of their remarkable
properties, magnons are being explored as elements of quantum information processing
systems (20–27).

Realizing the opportunities associated with magnons requires tools for their efficient
excitation, manipulation, and detection. The field of spin caloritronics covers a wide
range of relevant magnon effects including the magnon Seebeck effect (28), thermal Hall
effect (29–37), and spin Nernst effect (38–44). These effects all involve the generation
of longitudinal and transverse heat currents or spin currents, mediated by magnons, in
response to a longitudinally applied temperature gradient. However, these effects are
difficult to exploit for information processing because it is difficult to apply thermal
gradients locally or to modulate them rapidly.

Electronic systems are easily manipulated by local electric fields and it has recently been
recognized that the orbital angular moment (OAM) of electrons can generate a number
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of previously overlooked transport effects (45–52). Magnon
OAM is expected to play a similarly important role in the
form of a magnon Orbital Nernst Effect (ONE). A few studies
have recently explored magnon OAM within different crystalline
lattices, (53–59) but these studies have focused on theoretical
measures of magnon OAM such as magnon orbital magnetiza-
tion (54) or the integral of magnon OAM over the orientation
of the magnon wave vector (55, 57). Relating magnon Spin
Nernst effect and Orbital Nernst Effect, which we collectively
refer to as magnon Nernst effects, to experimentally measurable
quantities (43) requires a more comprehensive theoretical frame-
work.

In this work, we develop a quantum mechanical formalism that
establishes the connection between magnon transport effects (e.g.
magnon Nernst effects) and electric polarization. Specifically,
we show that magnons, despite their charge-neutrality, can
induce net electric polarization in systems with either the
Dzyaloshinskii–Moriya interaction (DMI) or other interactions
(e.g. magnon–phonon coupling) that break system symmetry in a
similar manner. The formalism reveals that the magnon-induced
electric polarization occurs as a result of both magnon spin and or-
bital moments. Furthermore, we show that the magnitude of this
electric polarization can be significantly enhanced by the system’s
symmetry properties, the hybridization between magnon bands,
and interactions between magnons and other quasiparticles such
as phonons. This insight suggests that selecting materials with
the appropriate symmetry and/or tuning magnon hybridization
provide effective mechanisms for dramatically improving the
conversion of magnon orbital moments into measurable voltages.
Moreover, our findings suggest that the inverse process may also
be possible, implying that control over hybridization also provides
a mechanism for engineering materials in which electric fields,
including those of light, can be used to control and detect magnon
orbital moment transport.

To illustrate these effects, we compute and compare the
electric polarizations induced by the magnon Nernst effects in
a) 2D honeycomb materials with Néel and Zigzag magnetic
ordering and b) noncollinear antiferromagnetic materials with
a Kagomé lattice. Remarkably, our results show that in the
presence of DMI the Zigzag-ordered phase of the honeycomb
lattice, due to its underlying magnetic symmetry, induces a net
electric polarization approximately three orders of magnitude
greater than that of the Néel phase. Moreover, our study of
noncollinear AFMs demonstrates that external parameters such
as an applied magnetic field can effectively control magnon
hybridization, leading to order-of-magnitude improvements in
the voltage signals resulting from magnon Nernst effects. We
emphasize that while this work explores magnon Nernst effects
as a specific example of how our formalism predicts the electric
polarization induced by magnons, the formalism is not limited
to thermal effects. It can be applied to a broad range of magnon
transport phenomena, including light-induced magnon transport
and magnon generation via the spin Hall effect.

The paper is structured as follows. In Section 1, we describe the
origin of magnon Nernst effects in magnetic systems and summa-
rize what material properties are important for maximizing the
Orbital Nernst effect. In Section 2, we introduce the quantum
mechanical framework that reveals, and allows us to calculate, the
electric polarization and transverse voltage induced by the motion
of magnon wave-packets. In Sections 3 and 4, we demonstrate the
value of this formalism by applying it to 2D collinear honeycomb
antiferromagnets with Néel and Zigzag order. Through both our
formalism and symmetry considerations, we show that spin–orbit

coupling (SOC), specifically in the form of the Dzyaloshinskii–
Moriya interaction or SOC-like interactions that couple spins
to the lattice (e.g. magnon–phonon coupling), is essential for
generating a finite net electric polarization across the sample
from magnon Nernst effects. In Section 5, we demonstrate the
tunability of net electric polarization induced by magnons in
noncollinear antiferromagnets with a Kagomé lattice using an
external magnetic field. Finally, we conclude the paper with a
discussion and outlook in Section 6.

While the magnon Spin Nernst effect has been extensively
studied in the literature (38–44), the magnon Orbital Nernst
effect was introduced relatively recently using a semiclassical
theory (60, 61). However, refs. 60 and 61 do not include a clear
delineation of the conditions under which semiclassical theory
is applicable. More importantly, in the previous semiclassical
approach the authors describe magnons as carrying the orbital
magnetic moment of electrons rather than the intrinsic orbital
moment of the magnons themselves. Recently, the authors of ref.
59 discussed the magnon Orbital Nernst effect in a honeycomb
lattice with Néel order in the absence of the Dzyaloshinskii–
Moriya interaction, taking MnPS3 as an example. The authors
suggest that magnons in this system can induce electric polariza-
tion. However, ref. 59 does not establish a direct link between
the magnon orbital moment and induced electric polarization.
Instead, the authors attribute electric polarization to the spin-
polarized current carried by magnons, which induces polarization
through relativistic magnetoelectric coupling. Notably, their
argument is purely phenomenological, leaving open the question
of how a transverse spin-polarized current could be generated
in MnPS3 by a magnon OAM current in the absence of DMI.
Their framework predicts a finite transverse voltage driven by
the magnon orbital moment current in a honeycomb lattice with
Néel order, even without DMI. However, as we will demonstrate,
without DMI, the magnetic point group of MnPS3 remains
nonpolar, prohibiting net electric polarization and, consequently,
any transverse voltage in the system.

The rigorous quantum mechanical framework presented here
directly links both the spin current carried by magnons and the
magnon orbital moment to magnon induced electric polarization.
This formulation is crucial. Not only does this formulation pro-
vide a solid theoretical foundation for studying the magnon trans-
port effects and their observable manifestations in the form of a
net electric polarization, it also provides material design strategies
to enhance the net electric polarization induced by magnons for
practical applications involving magnon spin and orbital degrees
of freedom. Taken together, the results reported here suggest a
path toward exploiting the orbital degree of freedom of magnons
in addition to their spin moment. Specifically, the results reveal
that the measurement of induced electric polarization could be
used both for the experimental study of magnon OAM and
magnon Nernst effects and as a means of detecting the presence
of magnon transport within devices. They also suggest that the
discovery or engineering of materials with large magnon orbital
moments could increase the interactions with electric dipoles,
creating more opportunities for electrical read out or control
of magnons in future computing and information transmission
devices. Finally, the results suggest that it may also be possible
to use electromagnetic waves to both manipulate and read out
magnons through electric dipole interactions leveraging the spin
and orbital angular moment degrees of freedom of magnons. This
could potentially lead to phenomena, such as the conversion
of the angular moment of light into that of magnons and
vice versa.
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1. Origin of Magnon Nernst Effects

Magnons are inherently charge-neutral entities and can be
generated by the introduction of a temperature gradient that
induces a transverse magnon thermal current via the thermal
Hall effect and a magnon spin current via the Spin Nernst effect,
as schematically depicted in Fig. 1A. In this section, we show that
such thermal gradients can also generate a magnon orbital current
as indicated in Fig. 1B. We call this effect the magnon Orbital
Nernst Effect. We then discuss the importance of magnon OAM
and Berry curvature to the magnon Orbital Nernst effect, which
leads to predictions about what classes of materials are most likely
to show a large magnon Orbital Nernst effect.

In the semiclassical picture, the motion of a magnon
wavepacket in the nth band with position rnc and wavevector
k subject to an applied temperature gradient is given by refs. 62
and 63

ṙnc =
1
ℏ

∂En,k
∂k
− k̇ ×
n(k) [1]

with ℏk̇ = −∇U (r), where U (r) is a slowly varying potential
experienced by the magnons and 
n (k) =

∑
m 6=n
nm (k) is

the Berry curvature with


nm (k) = iℏ2�mm3 �nn3
〈n(k)|v̂k|m(k)〉 × 〈m(k)|v̂k|n(k)〉(

�nn3 En,k − �mm3 Em,k
)2

[2]

the projection of the Berry curvature of the nth band on the mth
band. Here,En,k and |n(k)〉 are, respectively, the eigenvectors and
eigenvalues of the bosonic Bogoliubov-de Gennes Hamiltonian
Ĥk; v̂k = 1

ℏ
∂Ĥk
∂k denotes the velocity vector operator; and the �3

matrix is given by �3 =
(
1N×N 0

0 −1N×N

)
, where 1N×N is

a N × N identity matrix and �nn3 = 〈n(k)|�3|n(k)〉 is the nth
diagonal element of �3.

The key point of Eq. 1 at this stage of the discussion is
the dependence on the Berry curvature 
n(k). Berry curvature
plays a pivotal role in generating both the magnon thermal
Hall effect and the nontrivial topology of magnon bands
(33, 62, 64–67). The nontrivial topology originates from the
motion of magnon wavepackets along the edge of the system
(62). Magnon wavepackets also exhibit self-rotation, referred
to as magnon OAM, as elucidated by Matsumoto using linear
response theory (62). As a result, in systems that have both
a) nontrivial topological thermal transport of magnons and b)

finite self-rotation of magnon wavepackets, the thermal Hall
current induced by the magnon bands can also facilitate the
transport of magnon OAM. This, in turn, gives rise to a magnon
orbital current in response to an applied temperature gradient,
i.e. the magnon Orbital Nernst effect. The consequence of a
finite Orbital Nernst effect is the accumulation of the OAM of
magnons at the boundaries of the system, as depicted in Fig. 1B.
In this simple picture, the magnon orbital angular moment
population accumulated at the edge of the system due to the
Orbital Nernst effect is directly proportional to SI Appendix,
section S4C:

�L
�
�� =

kB
2ℏV

∑
k

N∑
n=1

∑
m 6=n

{[
�nn3 L�nn (k) + �mm3 L�mm (k)

]
× Ωnm

�� (k) F (�n,k)
}
. [3]

where �L��� is the Orbital Nernst conductivity; V is the volume

of the system; �n,k =
(
eEn,k/kBT − 1

)−1 is the Bose–Einstein
distribution function; F (�n,k) = (1 + �n,k) ln (1 + �n,k) −
�n,k ln (�n,k); kB is the Boltzmann constant; T represents the
system’s average temperature; Ωnm

�� (k) is the ��-component of
the projected Berry curvature Eq. 2 and L�nn is the �-component
of the intraband magnon OAM in the Bloch wave of the nth
band given by SI Appendix, section S2B:

Lnn (k) = −
iℏ
2

∑
p6=n

�pp3

〈
n (k)

∣∣v̂k∣∣ p (k)
〉
×
〈
p (k)

∣∣v̂k∣∣ n (k)
〉

�nn3 En,k − �
pp
3 Ep,k

.

[4]

Several physical consequences related to the Orbital Nernst
effect can be gleaned from Eqs. 3 and 4. First, the representation
of the magnon intraband OAM in Bloch states given by
Eq. 4 has deep connections to the magnon Berry curvature
given in Eq. 2. Specifically, both are subject to the constraints
of time reversal symmetry (TRS) and combined parity-time
symmetry (CPTS). TRS requires that Lnn (k) = −Lnn (−k).
CPTS requires the intraband OAM to be zero, as expressed
by Lnn (k) = 0 (44). Thus, nonzero intraband OAM can
only be achieved when CPTS is broken. Second, broken TRS
is crucial for observing a finite magnon thermal Hall effect.
However, Eq. 3 tells us that the magnon Orbital Nernst effect
can exist even without breaking TRS. The term ΩL� ,nm

�� (k) =
1
4
[
�nn3 L�nn (k) + �mm3 L�mm (k)

]
Ωnm
�� (k) has even parity with

respect to the wavevector because both intraband OAM and

A B C

Fig. 1. Schematic illustration of (A) the magnon Spin Nernst Effect, (B) the magnon Orbital Nernst Effect, and (C) the magnon-induced electric polarization
Nernst effect. Under an applied temperature gradient ΔT , magnons carrying opposite spin and orbital angular momenta are deflected toward opposite
transverse edges, giving rise to transverse spin (A) and orbital (B) currents, accompanied by the accumulation of spin and orbital moments at the system’s
boundaries. This deflection simultaneously leads to the accumulation of electric polarization at the edges. (C) When the symmetry between oppositely oriented
electric polarizations is broken, a finite transverse voltage Vxy emerges.
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Berry curvature have the same parity with respect to the vector
k. As a result, �L��� can be finite even in the presence of TRS.
This observation, in combination with the first point above,
suggests that the best strategy for experimentally observing the
magnon Orbital Nernst effect is to identify material systems
exhibiting finite Berry curvature (i.e. breaking CPTS) and thus
having nonzero intraband OAM. In this context, collinear 2D
honeycomb AFMs in both Néel and Zigzag phases, as well as
noncollinear AFMs with Kagomé lattice structure, emerge as
promising candidates. Third, magnon intraband OAM can have
much larger magnitude than magnon spin moment, particularly
in the vicinity of the anticrossing point between two distinct
bands. This is similar to the behavior of Berry curvature.
Consequently, the Orbital Nernst effect should be larger in
magnonic crystals in which there are more band crossings for
magnons and/or more coupling with other quasiparticles such as
phonons (44, 68). This suggests that the Orbital Nernst effect
will be more pronounced in systems characterized by strong band
hybridization and a narrow energy gap between the bands because
the magnitude of both intraband OAM and Berry curvature are
significantly amplified under these conditions (44).

We note that our discussion above illustrates the Orbital
Nernst effect using a simple picture in which the topological
magnon thermal Hall current gives rise to the magnon Orbital
Nernst effect through magnon intraband OAM. However, both
magnon intraband and interband OAM can contribute. To treat
intraband and interband OAM on an equal footing, we employ
linear response theory to derive the linear thermal response
mechanism (SI Appendix, section S4) governing the flow of
magnon OAM jL

�
� = −�L���∂�T , where

�L
�
�� =

2kB
ℏV

∑
k

N∑
n=1

ΩL� ,n
�� (k) F (�n,k) [5]

is the total Orbital Nernst conductivity.
For convenience, we define a generalized Berry curvature

associated with an operator Â as

ΩÂ,n
�� (k) = −

∑
m 6=n

2ℏ2�nn3 �
mm
3

× Im


〈
n (k)

∣∣∣ĵÂ� ∣∣∣m (k)
〉 〈
m (k)

∣∣v̂�∣∣ n (k)
〉

[(�3Ek)mm − (�3Ek)nn]
2

 ,

[6]

where ĵÂ� = 1
4

(
Â�3v̂� + v̂��3Â

)
is the current operator

associated with Â along the �-direction.
With this definition, the quantity ΩL� ,n

�� (k) appearing in
Eq. 5 represents the orbital Berry curvature corresponding to
the �-component of the total magnon orbital angular moment
operator, i.e., Â ≡ L̂� .

2. Magnon-Induced Electric Polarization

2.1. Electric Polarization Induced by Magnons in Equilibrium:
The Role of Spin and Orbital Degrees of Freedom. Experimental
detection of the Orbital Nernst effect will be possible when
the accumulation of magnon orbital angular moment can be
transformed into a magnetization or electric polarization. This is
analogous to the way the Orbital Hall effect for electrons can be

measured via spin polarizations that are induced by the Orbital
Hall effect via spin–orbit coupling (69, 70). Utilizing perturba-
tion theory, Neumann et al. (54) revealed the dependence of the
orbital magnetic moment of magnons on the external magnetic
field:

�O
n,k = −

N∑
m=1

∑
�=x,y,z

∂En,k
∂�̂m

·
∂�̂m

∂B
, [7]

where B is the applied magnetic field, � is the local spin
coordinate system and En,k is the energy of the magnon in the
nth state. This dependence is a result of spin–orbit coupling or
SOC-like interactions that couple spins to the lattice (e.g. DMI
or magnon–phonon coupling). Consequently, the accumulation
of the orbital moment of magnons at the boundaries due to the
Orbital Nernst effect can manifest as a measurable magnetization
in systems featuring DMI, magnon–phonon coupling, or similar
interactions (61, 71, 72). This edge magnetization can be detected
using techniques such as the magneto-optical Kerr effect. In the
following, we further show that the orbital and spin moments
of magnons can give rise to a finite net electric polarization
in the presence of DMI, magnon–phonon coupling, or similar
interactions. This provides an alternative approach for detecting
magnon Nernst effects and controlling magnon transport in
magnetic systems.

Classically, magnons possess a magnetic moment m and the
motion of a magnon wave packet can be viewed as a movement
of magnetic moments. This leads to a current of magnetic dipoles
which can indirectly generate an electric field, ultimately inducing
a relativistic electric dipole moment p = m×v

c2 , where v is the
magnon velocity and c is speed of light. This is called the vacuum
magnetoelectric effect (VME) (73). Quantum mechanically, one
can define the electric polarization density operator for magnons
in a manner analogous to the classical relativistic electric dipole p:

p̂ =
v̂ × m̂− m̂× v̂

2Vc2 , [8]

where m̂ = g�BŜ with Ŝ the spin operator density of the magnon.
Employing perturbation theory with the electric polarization den-
sity operator defined in Eq. 8, we derive a formula to calculate the
y-component of the net equilibrium electric polarization induced
by magnon motion in magnetic materials (SI Appendix, section
S3) Py =

∑
n,k py (n, k) =

∑
n,k p

S
y (n, k) +

∑
n,k p

O
y (n, k) =

PS
y + PO

y , where Py represents the total net electric polarization,
PS
y represents the contribution from spin Berry curvature, and

PO
y represents contribution from the magnon OAM component.

Similarly py (n, k),

pSy (n, k) = −
g�B

ℏWyc2V

[
ΩSz ,n
xy (k)−ΩSx ,n

zy (k)
]

× ln
∣∣∣∣e− En,k

kBT − 1
∣∣∣∣ kBT [9]

and

pOy (n, k) = −
g�B

ℏWyc2V
�n,kℏ�nn3 Im

[〈
n (k)

∣∣∣(∂ky v̂x)�3Ŝz
∣∣∣ n (k)

〉

+ 4
∑
q 6=n

�qq3

〈
n (k)

∣∣∣∂kyĤk

∣∣∣ q (k)
〉

[�3Ek]nn − [�3Ek]qq

×

〈
q (k)

∣∣∣ĵSzx ∣∣∣ n (k)
〉
− (x ↔ z)

]
[10]
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are, respectively, the total electric polarization, the contribution
from spin Berry curvature, and the contribution from magnon
OAM induced by the magnon wave packet in the nth band with
wave vector k. Here, ΩS� ,n

�� (k) denotes the spin Berry curvature
of the nth band, defined by Eq. 6 with Â ≡ Ŝ� , where Ŝ� is the
�-component of the spin operator (� = x, z); Wy is the width
along the y-direction of the system; c is the speed of light in
vacuum.

Eqs. 9 and 10 are important because they provide a mi-
croscopic framework for computing the electric polarization
generated by magnon transport in an arbitrary magnetic system,
even in a case where the spin moment of magnons is not conserved
(e.g. due to magnon–phonon interactions). Analyzing Eqs. 9 and
10, we find that the two parts of py (n, k) describe two distinct
contributions to the electric polarization induced by the motion
of the magnon wave packets:

1. pSy (n, k) Eq. 9 describes the electric polarization that arises
from the magnon spin current. Specifically, the presence of
the spin-Berry curvatures ΩSz ,n

xy (k) and ΩSx ,n
zy (k) result in

a spin current in the y direction via the accumulation of
spin angular momentum due to, for example, the magnon
spin Nernst current carried by magnons under a temperature
gradient along the x-direction (44).

2. pOy (n, k) Eq. 10 originates in the orbital angular moment Lz

of the magnons.

In other words, our quantum mechanical formulation reveals
that the electric polarization induced by magnon motion in
magnetic materials has distinct contributions from the magnon
spin current [pSy (n, k), Eq. 9] and the magnon orbital angular
moment [pOy (n, k), Eq. 10].

We note that the VME is predicted to be weak, generating a
voltage of only a few nanovolts in topological chiral edge magnons
within a ferromagnetic insulator (73). However, we will show that
the VME in antiferromagnets can be enhanced by five or more
orders of magnitude by harnessing the spin and orbital moments
of magnons in these systems, leading to an observable transverse
voltage induced by magnons. This enhancement is achieved
through the selection of materials with appropriate symmetry
and the tuning of either magnon band hybridization or magnon
interactions with other quasiparticles to increase the spin current
and orbital angular moment of propagating magnons. These
findings underscore the importance of the formalism Eqs. 9 and
10 presented in this work.

2.2. Electric Polarization Induced by Magnons in Nonequilib-
rium. Magnon Nernst effects result in the accumulation of
magnons with opposite orbital moments and spins at the
system’s edges. Consequently, an applied temperature gradient,
∇T , transports induced electric dipole moments with opposite
orientation to opposite edges. This gives rise to a Nernst effect
for electric polarization as indicated in Fig. 1C. The resulting
transverse electric polarization current can be computed using
Kubo’s formula, given by jP�� = −�P���∂�T where

�P��� =
2kB
ℏV

∑
k

N∑
n=1

ΩP� ,n
�� (k) F (�n) [11]

is the electric polarization Nernst conductivity, ΩP� ,n
�� (k) repre-

sents the electric polarization Berry curvature of the nth band,

defined in Eq. 6 with Â ≡ p̂� , where p̂� is the �-component of
the electric dipole moment operator as given in Eq. 8.

2.3. Transverse Voltage Generated by Finite Net Electric Po-
larization. Under a temperature gradient along the x-direction,
a finite transverse magnon-induced electric polarization current
results in the accumulation of electric polarization with opposite
orientations at the system edges. Specifically -y oriented dipoles
accumulate at the +y system boundary while +y oriented dipoles
accumulate at the -y system boundary, as shown in Fig. 1C.
However, what would be measured in practice is the transverse
voltage along the y-direction (Vxy) induced by the total net
electric polarization (Py), as also shown in Fig. 1C. Thus, even if
a finite electric polarization current leads to the accumulation of
electric polarization with opposite orientations at the ±y system
edges, the transverse voltage vanishes if the populations of electric
polarization pointing in the positive and negative y-directions are
equal. A finite Vxy can only be observed when this symmetry is
broken. We will demonstrate that this occurs in the presence of
DMI in the 2D AFMs considered in this work.

To derive a prediction of the measurable transverse voltage,
we note that the electric field Ξy along the y-direction induced
by Py reads:

Ξy =
Py
"0�

, [12]

where "0 is the electric permittivity of free space and � is the
electric susceptibility. Therefore, the transverse voltage is given by

Vxy = −
∫ Wy

0
Ξydy =

g�B
ℏ"0�c2V

∑
n,k

{[
ΩSz ,n
xy (k)−ΩSx ,n

zy (k)
]

× ln
∣∣∣∣e− En,k

kBT − 1
∣∣∣∣ kBT + ℏ�nn3 Im

×

4
∑
q 6=n

�qq3

〈
n (k)

∣∣∣∂kyĤk

∣∣∣ q (k)
〉

[�3Ek]nn − [�3Ek]qq

〈
q (k)

∣∣∣ĵSzx ∣∣∣ n (k)
〉

+
〈
n (k)

∣∣∣(∂ky v̂x)�3Ŝz
∣∣∣ n (k)

〉
− (x ↔ z)

]
�n,k

}
[13]

3. Magnon Nernst Effects and Electric
Polarizations in 2D AFMs

We now apply our electric polarization formalism to predict the
consequences of magnon Nernst effects in MnPS3 and NiPSe3,
which are 2D honeycomb AFMs possessing Néel and Zigzag
order as shown in Fig. 2 C and D, respectively. We emphasize
that our formalism is not limited to these materials or to thermal
effects, but the thermal effects in these materials provide valuable
examples for two reasons. First, as we show in this section, they
allow us to more clearly see and understand the spin and orbital
contributions to the resulting electric polarization. Second, as we
show in Section 4, they allow us to analyze the importance of
symmetry breaking to the emergence of net electric polarization.

Both MnPS3 and NiPSe3 have spins that lie on A and B
sublattices with SA = −SB = Sẑ; the z-axis is out of the
plane of the 2D material, as shown in Fig. 2A. The fundamental
spin Hamiltonian for this type of system can be expressed as
follows (39, 41, 44):
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A B C

D E F

Fig. 2. (A) Schematic view of the magnon Orbital Nernst effect in a 2D
AFM where transverse flow of magnons carrying opposite out-of-the plane
orbital moment is induced by temperature gradient∇T along the longitudinal
direction. (B) The nearest, second-nearest, and third-nearest neighbor bonds
in a honeycomb lattice are denoted by �i , �i and 
i , respectively. (C) The
Kagomé spin lattice of potassium iron jarosite with DMI vectors that have
both in-plane (arrow) and out-of-plane (�) components shown in green. (D)
Néel and (E) Zigzag ordering of honeycomb spin lattices. (F ) The Kagomé spin
lattice of potassium iron jarosite.

H =
∑
i,j

JijSi · S j + Δ
∑
i

(Szi )
2 + g�BBz

∑
i

Szi

+
∑
〈〈i,j〉〉

Dij
(
Si × S j

)
, [14]

where Si = (Sxi , S
y
i , S

z
i ) is the operator of total spin localized

at a site i of the lattice. The first term represents the exchange
energy, with Jij the exchange coupling between spins localized
at sites i and j. The sum

∑
ij runs over all atom pairs in the

lattice up to the third-nearest neighbor, as shown in Fig. 2B. The
second term involves Δ, the easy-axis anisotropy energy. The
third term represents the Zeeman energy arising from coupling
to the applied magnetic field Bz pointing along the z-axis,
which is perpendicular to the plane. Here g is the Landé g-
factor and �B is the Bohr magneton. The fourth term captures
the Dzyaloshinskii–Moriya interaction with the DM vector
Dij oriented in the z-direction. The notation 〈〈, 〉〉 indicates a
summation over second-nearest neighbors.

We employ the Holstein–Primakoff transformation (74) to
recast the spin Hamiltonian as a bosonic Bogoliubov-de Gennes
(BdG) Hamiltonian (35) H =

∑
k Ψ†HkΨ, where Ψ† =

[x†
k,1, x

†
k,2, ..., x

†
k,n, x−k,1, x−k,2, ..., x−k,n] is the Nambu spinor.

By using Colpa’s method (75), we diagonalize this Hamiltonian
to obtain the eigenenergies En,k and eigenvectors |n(k)〉 of the
system, which is what we use in the following to compute the
magnon Orbital Nernst effect from linear response theory. Please
see SI Appendix for additional information on the construction
of the BdG Hamiltonian and the magnetic parameters of the
materials employed in this model Hamiltonian.

For the specific case of the 2D collinear AFMs we are now
considering, and assuming the magnon’s spin moment to be a
well-defined quantum number, we derive:

pSy (n, k) = −
g�B

ℏWyc2V
ΩSz ,n
xy (k) ln

∣∣∣∣e− En,k
kBT − 1

∣∣∣∣ kBT [15]

pOy (n, k) = −
2g�B
Wyc2V

�nn3 SznnL
z
nn (k) �n,k [16]

as the finite temperature electric polarization induced in the nth
band with wave vector k by the magnon spin Berry curvature

Eq. 15 and the magnon orbital angular moment Eq. 16. Here
Sznn and Lznn (k) are, respectively, the spin and OAM of the
magnon in the nth band. Eqs. 15 and 16 allow us to more
clearly see that 1) the spin current term arises from the spin Berry
curvature [ΩSz ,n

xy (k)], which is intricately tied to the velocity of
the magnon wavepacket’s center and 2) the orbital term arises
from the intraband OAM of the magnon [Lznn (k)], which arises
from the inherent self-rotation of the magnon wavepacket.

We can now apply our theory to explain the electric po-
larization induced by magnon Nernst effects in MnPS3 and
NiPSe3. The presence of a temperature gradient along the x
direction leads to the accumulation of magnons with opposite
chirality along the±y boundaries of the system, as schematically
depicted in Fig. 3A. A quantitative calculation of the resulting
net electric polarization for MnPS3 and NiPSe3, as a function of
the strength of the DMI, is shown in Fig. 4 A and B. Remarkably,
in the absence of DMI the net electric polarization completely
vanishes for both Néel and Zigzag magnetic orders, even in the
presence of an externally applied magnetic field, as schematically
depicted in Fig. 3B. In the presence of DMI, however, a net
electric polarization emerges, leading to a measurable transverse
voltage as schematically depicted in Fig. 3C. We will analyze the
importance of DMI to the emergence of a nonzero net electric
polarization in Section 4. In the remainder of this section we
focus on three important observations about the emergent net
electric polarization.

First, we emphasize that the contribution of magnon OAM
to electric polarization should not be viewed as a consequence of
magnetic dipole moment current circulation. Unlike electrons,
which possess charge and whose motion is governed by electric
forces, magnons are charge-neutral and their OAM originates
solely from the geometric phase. Therefore, the contributions of
magnon OAM to electric polarization should be understood as
the changes in the magnon spin current due to the geometric
phase of the magnon wave function, which adds a correction
term (PO

y ) to the electric polarization induced by the magnon
spin current (PS

y ) as described by Eqs. 15 and 16, which are
derived quantum mechanically.

A

B

C

Fig. 3. (A) Schematic illustration of magnon orbital accumulation at the
edges of a 2D honeycomb AFM with Néel order under an applied temperature
gradient ∇T . (B) The local electric polarization (red and blue arrow) and local
polarized charges induced by magnon spin and magnon orbital angular
momentum accumulation due to the magnon Orbital Nernst effect in the
absence of the DMI. The number of charges on each side is equal, resulting
in zero net electric polarization in the absence of DMI. (C) The presence of
DMI results in a nonzero net polarized charge due to the difference in the
populations of magnons carrying opposite OAM.
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A B

C D

Fig. 4. The electric polarization (P) of MnPS3 (A) and NiPSe3 (B) normalized
to the factor Γ = −

g�B
ℏWyc2 . The polarization is plotted as a function of the

Dzyaloshinskii–Moriya interaction strength, parameterized by the ratio D/D0,
where D0 represents the baseline DMI strength for each material. These
calculations were conducted under a constant applied magnetic field of Bz =
1 T and temperature of 100 K. The electric polarization of MnPS3 (C) and
NiPSe3 (D) also varies as a function of the externally applied magnetic field
Bz . The Insets in both (C and D) zoom in on the total electric polarization to
reveal a weak dependence on Bz . These calculations were conducted for a
temperature of 100 K.

Second, and perhaps most importantly, we see that the spin
(PS

y ) and orbital (PO
y ) contributions to the overall net electric

polarization (Py) can differ in both sign and magnitude. For
MnPS3 (Fig. 4A) the magnitudes of the PS

y and PO
y terms have

opposite sign and similar magnitude, leading to a small nonzero
net electric polarization. In contrast, for NiPSe3 (Fig. 4B) the
spin and orbital contributions have the same sign, but the orbital
contribution (PO

y ) is approximately one order of magnitude larger
than the spin contribution (PS

y ), leading to a much larger net
electric polarization. This striking contrast originates in the fact
that the magnon spin angular moment in the systems we consider
can only have one of two values: the z-component of spin is locked
to the magnon chirality and is independent of the wave vector k
(38). In contrast, there is no limit on the OAM of a magnon, as
its properties are governed by system symmetry, magnon band
hybridization, and interactions with other quasiparticles. As we
will discuss in detail in the next section, the symmetry of the
Néel order enforces an odd parity of the intraband magnon OAM
Lznn (k) with respect to the wave vector k. This results in the small
PO
y and the small, though nonzero, net electric polarization.

In contrast, the symmetry of Zigzag order permits an even
parity of Lznn (k) leading to the significantly larger PO

y and net
electric polarization. Moreover, strong band hybridization can
amplify the magnitude of Lznn (k), further enhancing the effect.
These findings suggest that identifying materials with appropriate
symmetry and the ability to host a large magnon orbital moment
could be advantageous for future device applications.

In Fig. 5, assuming �0� is on the order of 10, we present
the transverse voltage Vxy induced by the net total electric
polarization as a function of the average temperature T for
both MnPS3 (Fig. 5A) and NiPSe3 (Fig. 5B) (for a detailed
discussion of the low-temperature regime, please refer to SI
Appendix, section S3B). One observes that in MnPS3, the

transverse voltage is on the order of nanovolts (10−9 V),
whereas in NiPSe3 it reaches the microvolt range (10−6 V). This
indicates that the amplitude of the transverse voltage can also be
increased by several orders of magnitude by selecting materials
with specific symmetries that amplify the orbital moment and
spin current. In Section 5, we will show that engineering of
magnon band hybridization in noncollinear AFMs with Kagomé
structure through the application of an external magnetic field
provides another tool that can be used to optimize this effect
in noncollinear antiferromagnets, resulting in transverse voltages
that are approximately five orders of magnitude larger than that
of MnPS3.

4. Symmetry Breaking and Magnon-Induced
Electric Polarization

In this section, we investigate the symmetry breaking required
for finite magnon-induced net electric polarization (Py) and a
resulting nonzero transverse voltage (Vxy) in 2D honeycomb
antiferromagnets. We will demonstrate how the Dzyaloshinskii–
Moriya interaction breaks mirror symmetry in the spin lattice,
thereby enabling a finite net electric polarization.

Fig. 4 shows that total net electric polarization vanishes
in the absence of DMI for both Néel and Zigzag magnetic
orders. However, the reasons that total net electric polarization
vanishes are different for the two orders. To understand this
more clearly, in Fig. 6, we plot the Berry curvature, orbital
angular moment, orbital Berry curvature, and the correlation
〈LzSz〉n = SznnL

z
nn (k) as a function of in-plane wavevector(

kx , ky
)

for both MnPS3 (A–D) and NiPS3 (E–H ). As expected,
these plots display, respectively, the C3 and C2h symmetries of
the magnetic structure in the two materials. The orbital Berry
curvature of both the Néel and Zigzag phases shows the even
parity with respect to the wavevector, which may lead to a finite
Orbital Nernst effect.

We first consider MnPS3, which exhibits a Néel-ordered phase.
In this material, a finite magnon orbital Nernst effect leads to the
accumulation of magnons carrying opposite intraband orbital
angular moment at the opposite edges of the system, even in the
absence of DMI. This behavior is illustrated in Fig. 7A, where we
plot the orbital Nernst conductivity of MnPS3 as a function of
temperature T with and without DMI. Notably, the spin Nernst
current vanishes in this system in the absence of DMI. Even
without DMI, the edge accumulation of intraband OAM due to
magnon Orbital Nernst effect gives rise to a finite transverse
transport of electric polarization, induced purely by magnon
OAM without any contribution from the spin Nernst current.
This results in the Nernst effect of electric polarization, with

A B

Fig. 5. The transverse voltage Vxy induced by the finite total net electric
polarization in MnPS3 (A) and NiPSe3 (B) as a function of the average
temperature T . The calculations are performed under an applied out-of-plane
magnetic field of Bz = 1 T.

PNAS 2025 Vol. 122 No. 43 e2507255122 https://doi.org/10.1073/pnas.2507255122 7 of 12

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 U
N

IV
E

R
SI

T
Y

 O
F 

D
E

L
A

W
A

R
E

 o
n 

O
ct

ob
er

 2
7,

 2
02

5 
fr

om
 I

P 
ad

dr
es

s 
12

8.
4.

18
1.

22
9.

https://www.pnas.org/lookup/doi/10.1073/pnas.2507255122#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2507255122#supplementary-materials


A B C D

E F G H

Fig. 6. (A) Berry curvature Ωxy ; (B) out-of-plane orbital angular momentum component Lz ; (C) orbital Berry curvature ΩL
z
xy , and (D) correlation 〈LzSz〉 as a

function of the in-plane wavevector (kx , ky ). calculated under an applied magnetic field B = 1 T for the left-handed magnon mode of MnPS3 with Néel magnetic
order. (E–H) Corresponding results for NiPSe3, which exhibits zigzag magnetic order.

opposite polarization directions accumulated at opposite edges.
This phenomenon is depicted in Fig. 7C, where we present the
electric polarization Nernst conductivity in MnPS3 as a function
of temperature T with and without DMI. However, as shown in
Eq. 16, the electric polarization induced by the magnon OAM is
governed by the correlation term SznnL

z
nn(k). In the Néel phase,

this correlation function is finite but exhibits odd parity with
respect to the wavevector k, as shown in Fig. 6D. This occurs
because of the odd parity of the magnon intraband OAM Lznn (k)
even in the presence of DMI, as shown in Fig. 6B. Without
DMI this correlation function maintains its odd parity and the
system possesses effective TRS (44), i.e. En,k = En,−k. In other
words, in the absence of DMI the magnon OAM induced electric
polarizations accumulated at the edges of MnPS3 are opposite in

A

C D

B

Fig. 7. The Orbital Nernst conductivity of MnPS3 (A) and NiPSe3 (B) as a
function of temperature at fixed applied magnetic field Bz = 1 T . In (A and B)
the black and pink colors indicate the results calculated with and without DMI,
respectively, the Insets show the relative difference between the black and

pink data points, defined as Δ� =
�L
z
xy (D=D0)−�L

z
xy (D=0)

�Lzxy (D=D0)
plotted as a function

of temperature. The electric polarization Nernst conductivity of MnPS3 (C)
and NiPSe3 (D) as a function of temperature at fixed applied magnetic field
Bz = 1 T . In (C and D) the black and red colors indicate the results calculated
with and without DMI, respectively.

sign but equal in magnitude, resulting in zero total net electric
polarization across the sample regardless of the externally applied
magnetic field, as schematically illustrated in Fig. 3B. A finite
total net electric polarization is only observed in the case of Néel
order when DMI breaks the symmetry between magnons carrying
opposite intraband OAM, as schematically illustrated in Fig. 3C,
leading to En,k 6= En,−k. This disparity in energy levels results in
an imbalance in the population at k and −k, thereby inducing a
finite net electric polarization as shown schematically in Fig. 3C
and quantitatively in Fig. 4A.

We now consider NiPSe3, which has Zigzag order. In contrast
to MnPS3, the correlation function of NiPSe3 has even parity
with respect to the wavevector in the presence of DMI, as
shown in Fig. 6H. The even parity leads to a substantial net
electric polarization induced by magnons, as shown in Fig. 7C.
However, in the absence of DMI, the correlation function of
the Zigzag phase, given by 〈LzSz〉n = SznnL

z
nn (k) vanishes

because of vanishing magnon intraband OAM Lznn (k), resulting
in zero magnon OAM contribution to the electric polarization.
Furthermore, because the spin Nernst current also vanishes
when DMI is absent, py (n, k) = pOy (n, k) = pSy (n, k) = 0.
Consequently, no electric polarization resulting from the magnon
Nernst effects occurs in NiPSe3 when the DMI strength is zero,
as shown in Fig. 7D. Nonzero total net electric polarization is
only observed in NiPSe3 when DMI induces a finite magnon
intraband OAM along with the finite magnon spin Nernst effect
in the system.

To further illustrate the importance of DMI in this picture,
we return to Fig. 7, which plots the Orbital Nernst conductivity
and electric polarization Nernst conductivity of MnPS3 (A and
C ) and NiPS3 (B and D) as a function of temperature T with and
without DMI. We see that the Orbital Nernst conductivity exists
even in the absence of DMI, which indicates that the Orbital
Nernst effect does not require spin–orbit coupling akin to the
Orbital Hall effect predicted for electronic systems (45, 76, 77).
This stands in stark contrast to the spin Nernst effect, where
DMI is required to observe nonzero spin Nernst effect (38).
This disparity arises from the invariance of the systems under
the combined CSMxTa symmetry, where CS is the spin rotation
symmetry operation which flips all the spins (and magnetic fields)
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in the system,Mx represents mirror symmetry with respect to the
plane perpendicular to the x-axis, and Ta denotes the translation
operator responsible for displacing the system by the vector �1
or �4 (Fig. 2B). The Orbital Nernst effect does not require the
breaking of CSMxTa symmetry, primarily because the OAM is
not preserved under noncommutative rotation and translation
operations. Consequently, the Orbital Nernst conductivity has
nonzero values whether or not DMI is present to break CSMxTa
symmetry, as illustrated in Fig. 7 A and B. However, when
the CSMxTa symmetry is preserved, the spin polarized current
along the y-direction jS

z
y must vanish (please see SI Appendix for

further detail). In other words, regardless of the externally applied
magnetic field, magnon Orbital Nernst effect does not induce a
transverse spin-polarized current in the absence of DMI. Only
when the presence of DMI breaks the CSMxTa symmetry does a
finite transverse spin-polarized current emerge within the system
as a result of the Spin Nernst effect. The finite Spin Nernst effect
in the presence of DMI coupled with finite Orbital Nernst effect
results in the observable total net electric polarization as shown
in Fig. 4 A and B. Meanwhile, as expected, the total net electric
polarization vanishes when DMI is turned off.

The Nernst effect of electric polarization in MnPS3 exhibits
the same behavior as the magnon Orbital Nernst effect in this
material, remaining finite even in the absence of DMI (D = 0, see
Fig. 7C ). Turning on the DMI leads to an observable reduction
in the electric polarization Nernst conductivity, in contrast to
the weak dependence of the Orbital Nernst conductivity on
DMI in this material. This difference arises because the electric
polarization Nernst conductivity in MnPS3 is governed by both
the spin Nernst current and the magnon intraband OAM, whose
contributions are of the same order of magnitude, but opposite in
sign, as shown in Fig. 4 A andC. In contrast, as shown in Fig. 7D,
the electric polarization Nernst conductivity in NiPSe3 vanishes
in the absence of DMI due to the absence of intraband magnon
OAM, as discussed earlier. The introduction of DMI induces
a finite electric polarization Nernst conductivity in NiPSe3.
Notably, despite the fact that the Orbital Nernst conductivity
in NiPSe3 is two-order-of magnitude larger than in MnPS3,
the electric polarization Nernst conductivity in both materials
remains of the same order. This discrepancy arises because
the Orbital Nernst conductivity in MnPS3 originates solely
from intraband magnon OAM, whereas in NiPSe3 the Orbital
Nernst conductivity receives contributions from both interband
and intraband OAM. In the absence of DMI, the intraband
OAM in NiPSe3 vanishes, leaving only the interband OAM to
contribute. Consequently, the contribution of intraband OAM
to the Orbital Nernst conductivity in NiPSe3 can be estimated
by subtracting the Orbital Nernst conductivity values with and
without DMI, yielding a magnitude comparable to the Orbital
Nernst conductivity in MnPS3. This explains why the electric
polarization Nernst conductivity in MnPS3 and NiPSe3 are of
the same order, as shown in Fig. 7 C and D. In these materials,
the electric polarization Nernst conductivity is determined solely
by the magnon intraband OAM, given that the magnon’s spin
moment Sz is a well-defined quantum number.

The dependence of the total net electric polarization on the
magnitude of the DMI strength, which is reported in Fig. 4 A
and B, can also be understood from a symmetry perspective. In
the absence of DMI, the magnetic point group of MnPS3 and
NiPSe3 are 2’/m and 2/m’ respectively. These magnetic point
groups are nonpolar, which prohibits the existence of a finite
total net electric polarization in these materials. However, the
presence of DMI lowers the symmetry of the system, thereby

allowing a finite total net electric polarization to emerge. Indeed,
in the absence of DMI and externally applied magnetic field, the
system maintains mirror symmetry (My) for Néel order and glide
mirror symmetry (My�) for Zigzag order about the plane normal
to the y-direction. Because the systems hold this symmetry, Py ≡
−Py, which means that Py must vanish. The presence of an
externally applied magnetic field breaks the mirror and glide
mirror symmetry, but it does not induce any coupling between
different magnon bands and therefore the wave functions are
unchanged. The relation En,k = En,−k is maintained, which
means Py remains zero despite the presence of the externally
applied magnetic field when DMI is absent (D/D0 = 0 as shown
in Fig. 4 A and B). However, the presence of DMI breaks theMy
symmetry and yields En,k 6= En,−k (78, 79), thereby allowing the
nonzero Py shown in Fig. 4 A and B.

In Fig. 4 C and D we present the dependence of the electric
polarization on Bz , the magnetic field externally applied along
the z-direction. The total net electric polarization Py, along
with its constituents from spin current PS

y and orbital angular
momentPO

y , exhibit relatively small variations as a function of the
magnetic field. The magnetic field has minimal impact because
it splits the magnon bands corresponding to opposite spins
without inducing any coupling between these distinct bands.
Consequently, the weak response of the electric polarizations to
the magnetic field Bz arises solely from changes in the magnon

population �n,k and the function ln
∣∣∣∣e− En,k

kBT − 1
∣∣∣∣ in Eq. 15,

which are due to the shift in the magnon energy band caused
by the Zeeman interaction between local spins and externally
applied magnetic field. Crucially, all components remain finite
even at zero magnetic field, suggesting the potential feasibility of
detecting the magnon Orbital Nernst effect even in the absence
of an external magnetic field.

We conclude this section with three notes about the pos-
sibility of observing the predicted effects in realistic materials.
First, we note that the net electric polarization in MnPS3 is
approximately three orders of magnitude smaller than that in
NiPSe3. Additionally, the net electric polarization in NiPSe3 is
predominantly influenced by magnon orbital angular moment,
whereas in MnPS3 both the spin Berry curvature and magnon
OAM contribute equally to the net electric polarization. This
indicates that the measurement of net electric polarization in
the Zigzag order of NiPSe3 would provide direct evidence of
magnon OAM and orbital Nernst effect in this material. Second,
in the system considered here the DMI is oriented along the
z-axis (out of plane), which means it cannot introduce scattering
between magnons. In SI Appendix, section S7 we consider what
would happen in materials for which this is not the case. Finally,
we note that the interaction between magnons and phonons in
collinear 2D antiferromagnets can break the mirror symmetry in
the spin lattice in a manner similar to the Dzyaloshinskii–Moriya
interaction. These effects may also lead to a finite contribution
from magnon Orbital Nernst effect to the net electric polarization
in these material systems.

5. Hybridization of Magnon Bands and
Magnon-Induced Electric Polarization

We turn now to a study of the manipulation of magnon
band hybridization to enhance the total net electric polariza-
tion magnitude. For that purpose we consider a noncollinear
antiferromagnet with a Kagomé lattice structure; see Fig. 2F for
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an illustration of one possible Néel state for such a structure.
In the classical limit, all Kagomé lattice ground states have a
structure in which the angle between each nearest neighbor
spin pair is about 120◦. Specifically, Fig. 2F shows a q = 0
type ordering of a Kagomé jarosite with positive chirality (80–
82). At low temperature, typically below the Néel temperature
TN (TN = 65 K for potassium iron jarosite) the magnetic
interactions in this lattice can be well described by the following
Hamiltonian (40, 82–84)

H = J1
∑
〈i,j〉

Si · S j + J2
∑
〈〈i,j〉〉

Si · S j

+
∑
〈i,j〉

Dij ·
(
Si × S j

)
− g�BBz

∑
i

Szi , [17]

where the first and second terms represent the nearest-neighbor
and next-nearest-neighbor antiferromagnetic interactions, re-
spectively. The third term describes the Dzyaloshinskii–Moriya
interaction, characterized by the DM vector Dij, which includes
both in-plane (Dp) and out-of-plane (Dz) components for the
bond (i, j). Here the out-of-plane component (Dz) stabilizes the
120◦ coplanar q = 0 spin structure. When Dz = 0, the coplanar
structure can still be stabilized by the next-nearest neighbor
interaction J2. In contrast, the in-plane component (Dp) breaks
both the mirror symmetry with respect to the Kagomé plane and
the global spin rotation symmetry. This in-plane component
induces a canting of the spins out of the plane. The canting angle
� is determined by minimizing the classical energy of the spin
system in the Kagomé AFM, which is given by

E (�)
NS2 =

1
2

(J1 + J2) [3 cos (2�)− 1]−
√

3Dz cos2 (�)

−
√

3Dp sin (2�)−
sin (�) g�B

S
Bz. [18]

Minimizing this energy would lead to a solution of

0 =
1

NS2
∂E (�)

∂�
= −3 (J1 + J2) sin (2�)

+
√

3Dz sin (2�)− 2
√

3Dp cos (2�)−
cos (�) g�B

S
Bz.

[19]

In the absence of an externally applied magnetic field, one obtains:

� =
1
2

tan−1
[

−2Dp
√

3 (J1 + J2)− Dz

]
[20]

When the applied magnetic field is present, this angle is given (to
first order and for small �) by

� =
−g�BB/S − 2

√
3Dp

6 (J1 + J2)− 2
√

3Dz
[21]

The canted spin configuration induces weak out-of-plane
ferromagnetism, resulting in a finite in-plane electric polarization
Py. Unlike 2D collinear honeycomb AFMs, where Sz remains a
good quantum number, the presence of in-plane DMI leads to
magnon band hybridization, making Sz no longer well-defined.
Consequently, we employ Eqs. 9 and 10 to compute the magnon-
induced electric polarization in these systems.

A B

Fig. 8. The total electric polarization P (A) and the corresponding transverse
voltage Vxy (B) are shown as functions of the externally applied magnetic field
along the z-direction, expressed in units of T/g�B . The individual contributions
from the magnon orbital angular moment (PO, VOxy ) and spin current (PS, VSxy )
are also presented. The calculated electric polarizations are normalized by
the factor Γ = −

g�B
ℏWyc2 .

Fig. 8 illustrates the dependence of the total net electric
polarization and associated transverse voltage in KFe3(OH)6
(SO4)2 on the externally applied magnetic field. The contribu-
tions from the magnon orbital moment and magnon spin current
are shown separately. The net electric polarization and voltage
induced by magnons in this system is proportional to the canting
angle, which determines the out-of-plane magnetic moment. The
external magnetic field not only shifts the magnon energy levels,
but also acts as an effective DMI. From Eq. 21, we observe that
varying the field modifies the canting angle, thereby altering both
the in-plane and out-of-plane DMI components and, in turn,
affecting the strength of magnon band hybridization. As a result,
the contributions from both the magnon orbital moment and
the magnon spin Nernst current to the total electric polarization
and voltage vary with the applied field, driven by the enhanced
canting angle and changes in magnon band coupling. Notably,
at Bz = 11 T /g�B this effect leads to approximately an order of
magnitude increase in polarization and voltage compared to the
zero-field case.

Importantly, within the considered magnetic field range the
magnon orbital moment emerges as the dominant contributor
to electric polarization and voltage. This suggests that measuring
the transverse voltage in this regime could provide direct evidence
of the Orbital Nernst effect of magnons in the system. Even
more strikingly, at Bz = 9T /g�B the transverse voltage in
KFe3(OH)6(SO4)2 is about five orders of magnitude larger
than in MnPS3, highlighting the potential for significantly
enhanced magnon-driven electric responses in this material by
using external magnetic field to control magnon hybridization.

6. Conclusion and Outlook

In summary, we present a formalism that allows us to connect
measurable quantities, namely electric polarization and transverse
voltage, to magnon spin and orbital moment transport. This
framework provides a robust theoretical foundation for studying
magnon transport phenomena and their observable effects on
electric polarization. Equally importantly, this framework reveals
material design strategies that can be employed to enhance electric
polarization for practical applications involving magnon spin and
orbital degrees of freedom. We introduce the representation of
magnon OAM within the Bloch wavefunction, establishing a
profound connection between magnon intraband OAM and
magnon Berry curvature. We also present a full quantum
mechanical derivation of the electric polarization induced by
magnon OAM and magnon spin current. We then apply
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our formalism to phenomena, specifically the Magnon Orbital
Nernst Effect and Magnon Spin Nernst Effect, in 2D AFMs
exhibiting either Zigzag or Néel order on the honeycomb lattice.
We demonstrate that materials with Néel order and/or Zigzag
order in combination with DMI can generate a nonzero net
electric polarization and thus a measurable transverse voltage.
Using the noncollinear AFM KFe3(OH)6(SO4)2 as an example,
we show that the net electric polarization can be enhanced
by an order of magnitude through controlled magnon band
hybridization via an external magnetic field. This serves as a
means to detect the accumulation of magnon spin and magnon
OAM at system edges as a result of magnon Nernst effects.
These intriguing findings point the way toward experimental
validation of the predicted magnon Spin Nernst effect and
magnon Orbital Nernst effect phenomenon in magnetic systems.
They may also catalyze further exploration of the emerging field
of magnon orbitronics and magnon spinorbitronics. Finally, it is
important to highlight that while our work primarily focuses on
generating magnon Nernst effects through thermal mechanisms,
its implications extend beyond this scope. Specifically, our
results suggest that, despite being electrically neutral, magnons
can interact with electromagnetic waves via the electric field

component of light. Our theory shows that both the spin
and orbital moments of magnons contribute to their electric
activity. Consequently, we anticipate that light can transfer its
angular moment into that of magnons. This insight suggests the
possibility of future research on light-driven magnon dynamics
in magnetic materials, leveraging the spin and orbital angular
moment degrees of freedom of magnons.

Data, Materials, and Software Availability. All study data are included in
the article and/or SI Appendix.
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S1. Magnon Hamiltonian via Holstein-Primakoff transformation and bosonic Bogoliubov–de Gennes Berry curva-
ture

A. Model Hamiltonian for 2D collinear honeycomb spin systems. In this work we direct our attention to two distinct types of
2D honeycomb antiferromagnets: those with Néel and Zigzag orders whose magnetic structures are illustrated in Fig. S1 (b)
and (c) respectively. The primitive cell of the Néel order comprises two magnetic atoms with opposing spins and lacks an
inversion center and, thus, inversion symmetry. Conversely, the Zigzag order’s primitive cell accommodates four magnetic
atoms, denoted by numbers 1-4 in Fig. S1 (c), with the inversion center Ic positioned between two adjacent magnetic atoms
exhibiting identical spins. We recall that the fundamental spin Hamiltonian for this type of system can be expressed as follows

H =
∑
i,j

JijSi · Sj + ∆
∑

i

(Sz
i )2 + gµBBz

∑
i

Sz
i +

∑
⟨⟨i,j⟩⟩

Dij (Si × Sj) [S1]

To derive a second-quantization version of Eq. (S1) in terms of bosonic operators creating and annihilating magnons,
we employ the standard Holstein-Primakoff transformation (1) that maps spin operators residing on sublattice A or B of a
two-dimensional antiferromagnet (2D AFM) to bosonic operators whose square root is expanded in a Taylor series and then
truncated (2) to linear order

Fig. S1. (a) The nearest, second nearest and third nearest neighbor bonds in honeycomb lattice are denoted by αi, βi and γi, respectively. The quasi 2D honeycomb
AFM lattice with Néel (b) and Zigzag (c) order formed by magnetic atoms. The arrows indicate the primitive vectors and the dashed rectangular shape shows the unit cell of
corresponding lattice. The My and Myτ represent the mirror and glide mirror symmetry of the Néel and Zigzag order, respectively.

S+
A =

√
2Sai S−

A =
√

2Sa†
i Sz

A = S − a†
iai, [S2]

S+
B =

√
2Sb†

j S−
B =

√
2Sbj Sz

B = −S + b†
jbj . [S3]

Such truncation is valid as long as the temperature is low, kBT ≪ Jij , where Jij is the exchange coupling in Eq. (2) in the
main text, and the number of magnons excited is sufficiently small (2). Here ai and bj (a†

i and b†
j) are operators annihilating

(creating) magnons at site i ∈ A or site j ∈ B, respectively. Using the Fourier transform of these operators

ai = 1√
N

∑
k

eik·rai ak,i, a†
i = 1√

N

∑
k

e−ik·rai a†
k,i, [S4]
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bi = 1√
N

∑
k

eik·rbi bk,i, b†
i = 1√

N

∑
k

e−ik·rbi b†
k,i, [S5]

the Heisenberg Hamiltonian in Eq. (2) of the main text can be re-written in second-quantization form as

Ĥ = E0 + Ĥ (k) . [S6]

Here E0 is a k-independent energy which simply shifts the energy-momentum dispersion of magnons by a constant value and,
hence, can be neglected. The k-dependent terms, containing operators which create and annihilate magnons in momentum ℏk,
are collected into Ĥ (k) = Ψ†ĤkΨ where

Ψ† =
(
x†

k,1, x
†
k,2, ..., x

†
k,n, x−k,1, x−k,2, ..., x−k,n

)
[S7]

is the Nambu spinor.
For Néel order, Ψ† =

(
a†

k, b
†
k, a−k, b−k

)
the bosonic Bogoliubov-de Gennes (BdG) Hamiltonian is (3, 4)

Ĥk = Rm

[
A (k) 0

0 AT (−k)

]
R†

m [S8]

where
A (k) = S

[
J + J2ζβ −DζD J1ζα + J3ζγ

J1ζ
∗
α J + J2ζβ +DζD

]
[S9]

Here J = 3J1 − 6J2 + 3J3 − ∆; ζΣ =
∑

m
ζΣm ; ζΣm = eik.Σm (Σ ≡ α, β, γ) and ζD =

∑
m ∈ odd

2sin (k.βm); Rm is the
rotational matrix given by:

Rm =

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 [S10]

Table S1. The exchange coupling between localized spins, for 2D AFM used in the main text.

Materials a (Å) S(µB ) J1 (meV) J2 (meV) J3 (meV) ∆ (meV) D (µeV )
MnPS3 (3, 4) 5.88 4.56 0.527 0.024 0.150 -0.002 0.39
NiPSe3 (3, 4) 6.14 1.56 -1.131 -0.069 3.975 -0.19 43.90

In the same manner, the BdG Hamiltonian for Zigzag order reads (3, 4):

Ĥk = Rm

[
B (k) 0

0 BT (−k)

]
R†

m [S11]

with Ψ† =
(
a†

1,k, b
†
1,k, b

†
2,k, a

†
2,k, a1,−k, b1,−k, b2,−k, a2,−k

)
. Here

B (k) = S

[
C (k) D (k)
D† (k) C (−k)

]
[S12]

C (k) =σ0 (−J1 + 2J2 + 3J3 −∆) + J2 [σ0 (ζβ1 + ζβ4 ) + σ1 (ζβ2 + ζβ3 + ζβ5 + ζβ6 )] [S13]
+ iD [σ0 (ζβ1 − ζβ4 ) + σ1 (−ζβ2 + ζβ3 + ζβ5 − ζβ6 )]

D (k) = J1 [σ0 (ζ∗
α2 + ζ∗

α3 ) + σ1ζ
∗
α1 ] + J3σ1

(
ζ∗

γ1 + ζ∗
γ2 + ζ∗

γ3

)
[S14]

Here

σ0 =
(

1N×N 0
0 1N×N

)
, σ1 =

(
0 1N×N

1N×N 0

)
, σ2 =

(
0 −i1N×N

i1N×N 0

)
, σ3 =

(
1N×N 0

0 −1N×N

)
. [S15]

are the Pauli matrices in Bogoliubov space, and the rotation matrix Rm is given by

Rm =



1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0


[S16]
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The material parameters used in our numerical calculations based on these Hamiltonians are listed in Table S1. By using
Colpa’s method (5), we diagonalize this Hamiltonian to obtain the eigenenergies of the system Ek satisfying the following
eigenvalue equation

σ3ĤkT (k) = T (k)σ3Ek, [S17]
as the generalized eigenvalue problem in which σ3Ĥk is a non-Hermitian matrix even though Ĥk is Hermitian. In other words,
the diagonalization of the BdG Hamiltonian deals with non-Hermitian quantum mechanics (6), but the eigenvalues Ek remain
real. In Eq. (S17), matrix T (k) is "paraunitiary" satisfying

T †(k)σ3T (k) = T (k)σ3T
†(k) = σ3, [S18]

The eigenvector |n(k)⟩ with mth element given by |n(k)⟩m = [T (k)]mn, with associated eigen-energies Ek, forms the basis for
conducting calculations related to magnon Orbital Angular Moment (OAM), Berry curvature, Orbital Berry curvature, and
other relevant quantities discussed in the main text.

One can observe that in 2D collinear antiferromagnets with out-of-plane (z-direction) magnetic order, both the exchange
interaction and the Dzyaloshinskii-Moriya interaction maintain the rotational symmetry about the z-axis. Consequently, the
z-component of the total spin, defined as Sz =

∑
i
(Sz

iA + Sz
iB), remains a conserved quantum number (7). By applying the

Holstein-Primakoff transformation, one derives the following:

Sz =
∑

k

(
b†

kbk − a†
kak

)
=
∑

k

Sz
k [S19]

Note that the Sz
k commutes with the Hamiltonian, i.e. [H,Sz

k] = 0. Consequently, it is diagonal in the Nambu basis. Employing
the Bogoliubov transformation to obtain the normal modes of the magnonic field yields:

Sz =
∑

α,β,k

(
β†

kβk − α†
kαk

)
[S20]

where αk = ukak − vkb
†
k and βk = ukbk − vka

†
k with the Bogoliubov coefficients uk and vk being thoughtfully selected to

diagonalize the Hamiltonians Eq. (S8) and Eq. (S11). This demonstrates that ⟨0|ηkS
zη†

k|0⟩ = ±1, where η represents either β or
α. Specifically, the α and β magnon carry -1 and +1 spin angular momentum along the z-direction, respectively. Consequently,
the z-component of spin is closely associated with the magnon chirality, allowing us to interpret ±1 as the helicity of the
magnon bands. Therefore, each magnon band is constrained to one of these two helicity values, which may result in a smaller
spin Nernst effect compared to the orbital Nernst effect, as discussed in the main text.

In addition, it is important to note that the approach we have presented here relies on linear spin wave theory, which is
applicable only when the temperature is significantly lower than the Néel temperature of the antiferromagnetic material.

Fig. S2. (a) The Kagomé spin lattice of potassium iron jarosite along with (b) DM vectors comprising the in-plane direction shown by green arrows and out-of-plane components
depicted by out or into the plane.

B. Model Hamiltonian for noncollinear spin systems. In addition to the 2D collinear honeycomb AFMs, we also investigate the
jarosite compound. We take KFe3(OH)6(SO4)2, a material that crystallizes in a layered structure, as an example. The Fe ions
in this compound form a two-dimensional Kagomé lattice, characterized by a network of corner-sharing triangles. Figure S2(a)
illustrates a possible Néel state for an antiferromagnetic Kagomé lattice. The magnetic interactions in this lattice can be well
described by the following Hamiltonian (8–11):

H = J1
∑
⟨i,j⟩

Si · Sj + J2
∑

⟨⟨i,j⟩⟩

Si · Sj +
∑
⟨i,j⟩

Dij · (Si × Sj)− gµBBz

∑
i

Sz
i [S21]
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where first and second terms represent the nearest-neighbor and next-nearest-neighbor antiferromagnetic interactions, respec-
tively. The third term describes the Dzyaloshinskii-Moriya interaction, characterized by the DM vector Dij which includes both
in-plane Dp and out-of-plane Dz components for the bond (i, j). Again, by applying the Holstein-Primakoff transformation
(1) to the spin operators, truncated to linear order, and performing a Fourier transformation, we obtain the Hamiltonian in
Eq. (S21) expressed in its second-quantized form which incorporates the canting angle η, as defined in the main text, and is
formulated in the basis Ψk =

(
b1,k, b2,k, b3,k, b

†
1,−k, b

†
2,−k, b

†
3,−k

)
. The Hamiltonian takes the form: H = S

2
∑

k
Ψ†

kHkΨk where

Hk =
(
Ak Bk

Bk A∗
k

)
[S22]

Here

Ak =


2
[
∆(0)

1 + ∆(0)
2 − gµBsin(η)

2S
Bz

]
∆1cos (k3) + ∆2cos (p3) ∆∗

1cos (k2) + ∆∗
2cos (p2)

∆∗
1cos (k3) + ∆∗

2cos (p3) 2
[
∆(0)

1 + ∆(0)
2 − gµBsin(η)

2S
Bz

]
∆1cos (k3) + ∆2cos (p3)

∆1cos (k2) + ∆2cos (p2) ∆∗
1cos (k1) + ∆∗

2cos (p1) 2
[
∆(0)

1 + ∆(0)
2 − gµBsin(η)

2S
Bz

]
 [S23]

and

Bk =

( 0 ∆′
1cos (k3) + ∆′

2cos (p3) ∆′
1cos (k2) + ∆′

2cos (p2)
∆′

1cos (k3) + ∆′
2cos (p3) 0 ∆′

1cos (k3) + ∆′
2cos (p3)

∆′
1cos (k2) + ∆′

2cos (p2) ∆′
1cos (k1) + ∆′

2cos (p1) 0

)
[S24]

with
∆(0)

1 = J1
[
1− 3sin2 (η)

]
−
√

3
[
Dzcos

2 (η) +Dpsin (2η)
]

[S25]

∆(0)
2 = J2

[
1− 3sin2 (η)

]
[S26]

∆1 = 1
2
{[

1− 3sin2 (η)
]
J1 +

√
3
[
1 + sin2 (η)

]
Dz

−
√

3sin (2η)Dp

}
+ i
[
cos (η)Dp + sin (η)

(
Dz +

√
3J1
)]

[S27]

∆2 = 1
2
[
1− 3sin2 (η)

]
J2 + i

√
3sin (η) J2 [S28]

∆′
1 = 1

2
[
cos2 (η)

(√
3Dz − 3J1

)
+
√

3sin (2η)Dp

]
[S29]

∆′
2 = −3

2cos
2 (η) J2 [S30]

the abbreviated notations ki = k · ei and pi = k · e′
i where e1 =

(
− 1

2 ,−
√

3
3

)
; e2 = (1, 0); e3 =

(
− 1

2 ,
√

3
2

)
; e′

1 = e2 − e3;
e′

2 = e3 − e1; e′
3 = e1 − e2.

The magnetic interaction parameters used in this Hamiltonian for KFe3(OH)6(SO4)2 are S = 5/2; J1 = 3.18 meV ;
J2 = 0.11 meV ; Dp = 0.062J1; Dz = −0.062J1 (9).

C. Berry curvature. We now present a detailed derivation of the Berry curvature expression for magnonic systems discussed in
the main text, employing the Berry curvature formula for the bosonic BdG Hamiltonian as given in Refs. (6, 12):

Ωn
z (k) = iϵxy

[
σ3
∂T †(k)
∂kx

σ3
∂T (k)
∂ky

]
nn

[S31]

one obtains

Ωn
z (k) = i

∑
m

[
σ3
∂T †(k)
∂kx

]
nm

[
σ3
∂T (k)
∂ky

]
mn

− i
∑

m

[
σ3
∂T †(k)
∂ky

]
nm

[
σ3
∂T (k)
∂kx

]
mn

= i
∑

m

σnn
3
∂
[
T † (k)

]
nm

∂kx
σmm

3
∂ [T (k)]mn

∂ky
− i
∑

m

σnn
3
∂
[
T † (k)

]
nm

∂ky
σmm

3
∂ [T (k)]mn

∂kx
. [S32]

By defining |n(k)⟩m = [T (k)]mn as the mth element of a column vector |n(k)⟩, so that ⟨n(k)|m =
[
T † (k)

]
nm

is the mth
element of a row vector ⟨n(k)|, one has∑

n

σnn
3 |n(k)⟩σ3⟨n(k)| =

∑
n

σnn
3 |n(k)⟩⟨n(k)|σ3 = I, [S33]
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which is the completeness relation for the BdG Hamiltonian eigenbasis. Substituting Eq. (S33) into Eq. (S32), yields

Ωn
z (k) = i

∑
m

σnn
3
∂⟨n(k)|m
∂kx

σmm
3

∂|n(k)⟩m
∂ky

− i
∑

m

σnn
3
∂⟨n(k)|m
∂ky

σmm
3

∂|n(k)⟩m
∂kx

= iσnn
3

〈
∂n(k)
∂kx

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂ky

〉
− iσnn

3

〈
∂n(k)
∂ky

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂kx

〉
= i
∑
m ̸=n

σnn
3 σmm

3

〈
∂n(k)
∂kx

∣∣∣∣σ3

∣∣∣∣m(k)
〉〈

m(k)
∣∣∣∣σ3

∣∣∣∣∂n(k)
∂ky

〉
− i
∑
m ̸=n

σnn
3 σmm

3

〈
∂n(k)
∂ky

∣∣∣∣σ3

∣∣∣∣m(k)
〉〈

m(k)
∣∣∣∣σ3

∣∣∣∣∂n(k)
∂kx

〉
,

[S34]

leading to

Ωz
n(k) = i

∑
m ̸=n

σnn
3 σmm

3

〈
∂n(k)
∂kx

∣∣∣∣σ3

∣∣∣∣m(k)
〉〈

m(k)
∣∣∣∣σ3

∣∣∣∣∂n(k)
∂ky

〉
− (kx ←→ ky). [S35]

By taking the derivative of both sides of Eq. (S17) with respect to kx, and by using ⟨n(k)| =
[
T † (k)

]
n···

(the nth row of[
T † (k)

]
matrix) and |n(k)⟩ = [T (k)]···n (the nth column of [T (k)] matrix) we obtain

σ3
∂Ĥk

∂kx
|n(k)⟩+ σ3Ĥk

∣∣∣∣∂n(k)
∂kx

〉
=
[
σ3
∂Ek

∂kx

]
nn

|n(k)⟩+ [σ3Ek]nn

∣∣∣∣∂n(k)
∂kx

〉
. [S36]

Multiplying both sides of Eq. (S36) with ⟨m(k)|σ3 gives〈
m(k)

∣∣∣∣∂Ĥk

∂kx

∣∣∣∣n(k)
〉

+
〈
m(k)

∣∣∣∣Ĥk

∣∣∣∣∂n(k)
∂kx

〉
=
[
σ3
∂Ek

∂kx

]
nn

⟨m(k)|σ3|n(k)⟩+ [σ3Ek]nn

〈
m(k)

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂kx

〉
. [S37]

Note that
⟨m(k)|σ3|n(k)⟩ = 0, [S38]

with m ̸= n and 〈
m(k)

∣∣∣∣Ĥk

∣∣∣∣∂n(k)
∂kx

〉
= [σ3Ek]mm

〈
m(k)

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂kx

〉
. [S39]

Therefore, 〈
m(k)

∣∣∣∣∂Ĥk

∂kx

∣∣∣∣n(k)
〉

=
{

[σ3Ek]nn − [σ3Ek]mm

}〈
m(k)

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂kx

〉
, [S40]

leads to 〈
m(k)

∣∣∣ ∂Ĥk
∂kx

∣∣∣n(k)
〉

[σ3Ek]nn − [σ3Ek]mm

=
〈
m(k)

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂kx

〉
, [S41]

Similarly, we obtain 〈
n(k)

∣∣∣ ∂Ĥk
∂kx

∣∣∣m(k)
〉

[σ3Ek]nn − [σ3Ek]mm

=
〈
∂n(k)
∂kx

∣∣∣∣σ3

∣∣∣∣m(k)
〉
, [S42]

〈
m(k)

∣∣∣ ∂Ĥk
∂ky

∣∣∣n(k)
〉

[σ3Ek]nn − [σ3Ek]mm

=
〈
m(k)

∣∣∣∣σ3

∣∣∣∣∂n(k)
∂ky

〉
, [S43]

〈
n(k)

∣∣∣ ∂Ĥk
∂ky

∣∣∣m(k)
〉

[σ3Ek]nn − [σ3Ek]mm

=
〈
∂n(k)
∂ky

∣∣∣∣σ3

∣∣∣∣m(k)
〉
. [S44]

Combining Eq. (S35) with Eq. (S41)– Eq. (S44), we arrive at the expression for the Berry curvature

Ωn
z (k) =

∑
m ̸=n

iσnn
3 σmm

3

〈
n(k)

∣∣∣ ∂Ĥk
∂kx

∣∣∣m(k)
〉〈

m(k)
∣∣∣ ∂Ĥk

∂ky

∣∣∣n(k)
〉

{
[σ3Ek]nn − [σ3Ek]mm

}2 − (kx ←→ ky)

=
∑
m ̸=n

iσnn
3 σmm

3

〈
n(k)

∣∣∣ ∂Ĥk
∂kx

∣∣∣m(k)
〉〈

m(k)
∣∣∣ ∂Ĥk

∂ky

∣∣∣n(k)
〉

[σnn
3 En,k − σmm

3 Em,k]2
− (kx ←→ ky) [S45]
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which can also be generalized into

Ωn (k) = iℏ2
∑
m ̸=n

σnn
3 σmm

3
⟨n(k)|v̂k|m(k)⟩ × ⟨m(k)|v̂k|n(k)⟩

[σnn
3 En,k − σmm

3 Em,k]2
, [S46]

thereby completing the derivation of Eq. (2) in the main text.

D. Symmetry constraints on Berry curvature. In this section, we analyze the role of inversion (P ) symmetry, time-reversal
symmetry (TRS), and their combined parity–time symmetry (CPTS) in determining the bosonic BdG Berry curvature. Here,
CPTS refers to the simultaneous presence of both P symmetry and TRS. We emphasize that this notion of CPTS differs from
the conventional parity–time symmetry (PT ), which may be preserved even when P symmetry or TRS is individually broken.
As we demonstrate below, a finite magnon Berry curvature necessarily requires the breaking of CPTS.

The inversion symmetry and time-reversal symmetry impose the following constraints on the BdG Hamiltonian:

PĤkP−1 = Ĥ−k [S47]

T ĤkT −1 = Ĥ−k [S48]

where the inversion operation P and time reversal operation T are respectively given by paraunitary matrix:

P =
(
UP 0
0 U∗

P

)
[S49]

and

T =
(
UT 0
0 U∗

T

)
K [S50]

Here UP,T is an N ×N unitary matrix and K denotes complex conjugation such that the antiunitary time-reversal operator T
satisfies T 2 = +1.

D.1. Effective time-reversal symmetry. Suppose that the bosonic system we consider is invariant under the effective time reversal
symmetry, i.e., when the BdG Hamiltonian satisfies

T ĤkT −1 = Ĥ−k. [S51]

leads to
DĤ∗

kD† = Ĥ−k. [S52]

where
D =

(
UT 0
0 U∗

T

)
[S53]

Rewrite Eq. (S17) as
σ3Ĥ−kT (−k) = T (−k)σ3E−k [S54]

and by inserting Eq. (S52) into Eq. (S54), we obtain

σ3DĤ∗
kD†T (−k) = T (−k)σ3E−k. [S55]

Multiplying both sides of Eq. (S55) by D† from the left

D†σ3DĤ∗
kD†T (−k) = D†T (−k)σ3E−k, [S56]

leads to
σ3Ĥ

∗
kD†T (−k) = D†T (−k)σ3E−k. [S57]

Taking a complex conjugate of both sides of Eq. (S57) yields[
σ3Ĥ

∗
kD†T (−k)

]∗ =
[
D†T (−k)σ3E−k

]∗
, [S58]

Since both σ3 and Ek are composed of real numbers, we obtain

σ3ĤkD†∗T ∗(−k) = D†∗T ∗(−k)σ3E−k. [S59]

Note that the effective time reversal symmetry also imposes E−k = Ek, so that

σ3ĤkD†∗T ∗(−k) = D†∗T ∗(−k)σ3Ek. [S60]
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One can see that D†∗T ∗(−k) plays the same role as T (k), i.e., it obeys the same eigenvalue equation as T (k). This means
that they differ only by a phase factor matrix, i.e., a diagonal matrix with phase factor entries. We can ignore this phase factor
when considering the Berry curvature (12), therefore, allowing us to write

T (k) = D†∗T ∗(−k) [S61]

Inserting Eq. (S61) into the expression for the Berry curvature written in terms of the paraunitary matrix T (k) gives the
following.

Ωn
z (k) = iϵxy

[
σ3
∂T †(k)
∂kx

σ3
∂T (k)
∂ky

]
nn

= iϵxy

{
σ3
∂
[
D∗T †∗(−k)

]
∂kx

σ3
∂
[
D†∗T ∗(−k)

]
∂ky

}
nn

= iϵxy

[
σ3
∂T †∗(−k)

∂kx
D∗σ3D†∗ ∂T

∗(−k)
∂ky

]
nn

= iϵxy

[
σ3
∂T †∗(−k)

∂kx
σ3
∂T ∗(−k)
∂ky

]
nn

= −iϵxy

[
σ3
∂T †(−k)
∂kx

σ3
∂T (−k)
∂ky

]
nn

= −Ωn
z (−k), [S62]

where we have used σ3 = σ∗
3 =

(
Dσ3D†)∗ = D†∗σ∗

3D∗ = D†∗σ3D∗ together with noticing that D does not depend on the
wave vector k.

From Eq. (S62), it follows that when time-reversal symmetry is preserved, the Berry curvature of the bosonic BdG wave
function is odd under wavevector inversion.

D.2. Inversion symmetry. Now if we suppose that the bosonic system we consider is invariant under the inversion symmetry, i.e.,
when the BdG Hamiltonian satisfies

PĤkP−1 = Ĥ−k. [S63]

where P is given by Eq. (S49). In the same manner as effective time reversal symmetry, one can easily show that:

T (k) = P†T (−k) [S64]

Substituting Eq. (S64) into the Berry curvature expression gives

Ωn
z (k) = Ωn

z (−k), [S65]

indicating that, when the system preserves inversion symmetry, the Berry curvature is even with respect to the wavevector.

D.3. Combined inversion–time-reversal symmetry. We now examine the consequences of the simultaneous presence of inversion
symmetry and time-reversal symmetry in bosonic systems on the Berry curvature. For brevity, we refer to this coexistence as
the combined parity–time symmetry (CPTS).

In a system possessing CPTS, the Berry curvature must vanish identically. This follows because inversion and time-reversal
symmetries impose the conditions

Ωn
z (k) = −Ωn

z (−k), [S66]
Ωn

z (k) = Ωn
z (−k), [S67]

which together imply Ωn
z (k) = 0 for all bands n. Consequently, a finite Berry curvature and nontrivial magnon topology require

CPTS to be broken, either through the breaking of inversion symmetry, time-reversal symmetry, or both.
We again stress that CPTS, as defined here, is distinct from the conventional PT symmetry. In particular, a system

may respect PT symmetry even when P symmetry or TRS is individually broken, whereas CPTS requires the independent
coexistence of both P symmetry and TRS.

S2. Orbital angular moment of magnon

A. Representations of magnon Orbital angular moment in BdG basis. In this section, we derive the expression for magnon
orbital angular moment in the magnon Bloch representation used in the main text. This approach allows us to treat the
intra-band and inter-band orbital angular moment of magnons on an equal footing.

Magnons exhibit bosonic quasiparticle behavior and can be considered as a motion of a wavepacket. The quasi-velocity
operator v̂ describing the motion of this wavepacket is given by the Heisenberg equation of motion:

v̂ = − i
ℏ
[
r̂, Ĥk

]
[S68]

To obtain the representation of magnon orbital angular moment in the magnon Bloch states, we start with the symmetrized
expression of the total orbital angular moment operator for the rotation of a magnon wavepacket that can be written as:

L̂ = 1
4 (r̂ × v̂ − v̂ × r̂) [S69]

where r̂ is the position operator, and the velocity operator is given by Eq. (S68).
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The matrix elements of orbital angular moment in the BdG basis representation read:〈
m (k)

∣∣L̂α
∣∣n (k)

〉
= ϵβγ

4 ⟨m (k) |(r̂β v̂γ − v̂β r̂γ)|n (k)⟩ [S70]

= − iϵβγ

4ℏ
〈
m (k)

∣∣(r̂β

[
r̂γ , Ĥk

]
−
[
r̂β , Ĥk

]
r̂γ

)∣∣n (k)
〉

[S71]

= − iϵβγ

4ℏ
〈
m (k)

∣∣(r̂β r̂γĤk − 2r̂βĤkr̂γ + Ĥkr̂β r̂γ

)∣∣n (k)
〉

[S72]

where α, β, γ ≡ x, y, z. Note that:

Ĥ†
k ≡ Ĥk [S73]

and 〈
m (k)

∣∣r̂β r̂γĤk

∣∣n (k)
〉

= [σ3Ek]nn ⟨m (k) |r̂β r̂γσ3|n (k)⟩ [S74]〈
m (k)

∣∣Ĥkr̂β r̂γ

∣∣n (k)
〉

= [σ3Ek]mm ⟨m (k) |σ3r̂β r̂γ |n (k)⟩ . [S75]

The action of the position operator on the periodic part of the Bloch magnon function is given by

r̂ |n (k)⟩ = i |∂kn (k)⟩ [S76]

and because
[r̂,σ3] = 0 [S77]

one obtains 〈
m (k)

∣∣r̂β r̂γĤk

∣∣n (k)
〉

= [σ3Ek]nn ⟨m (k) |r̂βσ3r̂γ |n (k)⟩ = − [σ3Ek]nn

〈
∂kβm (k) |σ3| ∂kγn (k)

〉
[S78]〈

m (k)
∣∣Ĥkr̂β r̂γ

∣∣n (k)
〉

= [σ3Ek]mm ⟨m (k) |r̂βσ3r̂γ |n (k)⟩ = − [σ3Ek]mm

〈
∂kβm (k) |σ3| ∂kγn (k)

〉
, [S79]

which leads to 〈
m (k)

∣∣L̂α
∣∣n (k)

〉
= − iϵβγ

4ℏ
〈
m (k)

∣∣(r̂β r̂γĤk − 2r̂βĤkr̂γ + Ĥkr̂β r̂γ

)∣∣n (k)
〉

[S80]

= iϵβγ

4ℏ
{(

[σ3Ek]nn + [σ3Ek]mm

) 〈
∂kβm (k)

∣∣σ3
∣∣∂kγn (k)

〉
− 2
〈
∂kβm (k)

∣∣ Ĥk

∣∣∂kγn (k)
〉}

. [S81]

We recast the above equation as〈
m (k)

∣∣L̂∣∣n (k)
〉

= i

2ℏ ⟨∂km (k)| × Ĥk |∂kn (k)⟩ − i

4ℏ
(
[σ3Ek]nn + [σ3Ek]mm

)
⟨∂km (k)| × σ3 |∂kn (k)⟩ [S82]

For n ≡ m one obtains 〈
n (k)

∣∣L̂∣∣n (k)
〉

= i

2ℏ
〈
∂kn (k)

∣∣×{Ĥk − [σ3Ek]nn σ3
}∣∣ ∂kn (k)

〉
, [S83]

which is the intrinsic orbital angular moment of magnon in the nth-state.

B. Relationship between magnon orbital angular moment and magnon Berry curvature. We now discuss the relationship
between orbital angular moment in the magnon Bloch representation and the magnon Berry curvature. To do so, we start with
the eigenequation for the magnon system, which reads

σ3Ĥk |n (k)⟩ = [σ3Ek]nn |n (k)⟩ . [S84]

Taking the derivative of both sides with respect to ∂k, one obtains

σ3∂kĤk |n (k)⟩+ σ3Ĥk |∂kn (k)⟩ = [σ3∂kEk]nn |n (k)⟩+ [σ3Ek]nn |∂kn (k)⟩ , [S85]

Multiplying both sides with ⟨p (k)|σ3 and using σ3σ3 = I, where I is the identity matrix, one obtains:

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

+
〈
p (k)

∣∣Ĥk

∣∣ ∂kn (k)
〉

= [σ3∂kEk]nn ⟨p (k) |σ3|n (k)⟩+ [σ3Ek]nn ⟨p (k) |σ3| ∂kn (k)⟩ . [S86]

Note that ⟨p (k) |σ3|n (k)⟩ = ⟨n (k) |σ3|n (k)⟩ δp,n = σnn
3 δp,n and〈

p (k)
∣∣Ĥk

∣∣ ∂kn (k)
〉

= [σ3Ek]pp ⟨p (k) |σ3| ∂kn (k)⟩ [S87]

so that, for n ≡ p, one gets:

σnn
3 [σ3∂kEk]nn =

〈
n (k)

∣∣∂kĤk

∣∣n (k)
〉
, [S88]
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which is the well-known Hellmann-Feynman theorem. For the case n ̸= p, one has

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

=
{

[σ3Ek]nn − [σ3Ek]pp

}
⟨p (k) |σ3| ∂kn (k)⟩ , [S89]

which leads to

⟨p (k) |σ3| ∂kn (k)⟩ =
〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

. [S90]

Multiplying both sides with σpp
3 |m (k)⟩ and taking a sum over all p (p ̸= n), one has:

∑
p ̸=n

σpp
3 |p (k)⟩ ⟨p (k) |σ3| ∂kn (k)⟩ =

∑
p̸=n

σpp
3 |p (k)⟩

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

[S91]

[∑
p ̸=n

σpp
3 |p (k)⟩ ⟨p (k)|σ3

]
|∂kn (k)⟩ =

∑
p ̸=n

σpp
3 |p (k)⟩

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

. [S92]

Using the completeness equation of the BdG Hamiltonian
∑

p
σpp

3 |p (k)⟩ ⟨p (k)|σ3 = I, one obtains:

(−iAn + ∂k) |n (k)⟩ =
∑
p̸=n

σpp
3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

|p (k)⟩ [S93]

where An = iσnn
3 ⟨n (k) |σ3| ∂kn (k)⟩ is the Berry connection. A gauge choice of An = 0 can be applied, which leads to:

|∂kn (k)⟩ =
∑
p ̸=n

σpp
3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

|p (k)⟩ [S94]

In the same manner, one has

⟨∂km (k)| =
∑
l ̸=m

σll
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| . [S95]

Inserting the above relations into the expression of the following term:

⟨∂km (k)| × Ĥk |∂kn (k)⟩

=
∑
l ̸=m

σll
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| × Ĥk

∑
p̸=n

σpp
3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

|p (k)⟩ [S96]

=
∑
l ̸=m

σll
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| ×

∑
p̸=n

σpp
3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

Ĥk |p (k)⟩ [S97]

=
∑
l ̸=m

σll
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| ×

∑
p̸=n

σpp
3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

σ3 [σ3Ek]pp |p (k)⟩ [S98]

=
∑
l ̸=m

σll
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| ×

∑
p̸=n

σpp
3 [σ3E (k)]pp

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

σ3 |p (k)⟩ [S99]

=
∑
l ̸=m

∑
p ̸=n

σll
3 σ

pp
3 [σ3Ek]pp

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉
×
〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉{

[σ3Ek]mm − [σ3Ek]ll
}{

[σ3Ek]nn − [σ3Ek]pp

} ⟨l (k)|σ3 |p (k)⟩ [S100]

= ℏ2
∑
l̸=m

∑
p̸=n

σll
3 σ

pp
3 [σ3Ek]pp

⟨m (k) |v| l (k)⟩ × ⟨p (k) |v|n (k)⟩{
[σ3Ek]mm − [σ3Ek]ll

}{
[σ3Ek]nn − [σ3Ek]pp

} ⟨l (k)|σ3 |p (k)⟩ . [S101]
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Similarly, one obtains

⟨∂km (k)| × σ3 |∂kn (k)⟩

=
∑
l ̸=m

σll
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| × σ3

∑
p̸=n

σpp
3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

|p (k)⟩ [S102]

=
∑
l ̸=m

∑
p ̸=n

σll
3 σ

pp
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉

[σ3Ek]mm − [σ3Ek]ll
⟨l (k)| × σ3

〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉

[σ3Ek]nn − [σ3Ek]pp

|p (k)⟩ [S103]

=
∑
l ̸=m

∑
p ̸=n

σll
3 σ

pp
3

〈
m (k)

∣∣∂kĤk

∣∣ l (k)
〉
×
〈
p (k)

∣∣∂kĤk

∣∣n (k)
〉{

[σ3Ek]mm − [σ3Ek]ll
}{

[σ3Ek]nn − [σ3Ek]pp

} ⟨l (k)|σ3 |p (k)⟩ [S104]

= ℏ2
∑
l ̸=m

∑
p ̸=n

σll
3 σ

pp
3

⟨m (k) |v̂k| l (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{
[σ3Ek]mm − [σ3Ek]ll

}{
[σ3Ek]nn − [σ3Ek]pp

} ⟨l (k)|σ3 |p (k)⟩ [S105]

where
v̂k = 1

ℏ
∂kĤk [S106]

is the velocity operator. Note that ⟨l (k)|σ3 |p (k)⟩ = ⟨p (k)|σ3 |p (k)⟩ δp,l. Therefore, one gets:

⟨∂km (k)| × σ3 |∂kn (k)⟩

= ℏ2
∑
p ̸=m

∑
p ̸=n

σpp
3 σpp

3
⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{

[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

} ⟨p (k)|σ3 |p (k)⟩ [S107]

= ℏ2
∑

p ̸=m,n

σpp
3

⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{
[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

} [S108]

leads to

⟨∂km (k)| × σ3 |∂kn (k)⟩ = ℏ2
∑

p ̸=m,n

σpp
3

⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{
[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

} [S109]

where we have used σpp
3 σpp

3 = 1 and ⟨p (k)|σ3 |p (k)⟩ = σpp
3 .

Similarly, one obtains:

⟨∂km (k)| × Ĥk |∂kn (k)⟩ = ℏ2
∑

p̸=m,n

σpp
3 [σ3Ek]pp

⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{
[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

} [S110]

Inserting the above relations into the expression of the magnon orbital angular moment, we obtain:

〈
m (k)

∣∣L̂∣∣n (k)
〉

= iℏ2

2ℏ

{ ∑
p ̸=m,n

σpp
3 [σ3Ek]pp

⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{
[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

}} [S111]

− iℏ2

4ℏ

{ ∑
p ̸=m,n

σpp
3
(
[σ3Ek]nn + [σ3Ek]mm

) ⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{
[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

}} [S112]

= − iℏ4

{ ∑
p̸=m,n

σpp
3
(
[σ3Ek]nn + [σ3Ek]mm − 2 [σ3Ek]pp

)
⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩{

[σ3Ek]mm − [σ3Ek]pp

}{
[σ3Ek]nn − [σ3Ek]pp

} }
[S113]

= − iℏ4

{ ∑
p̸=m,n

σpp
3

(
1

[σ3Ek]mm − [σ3Ek]pp

+ 1
[σ3Ek]nn − [σ3Ek]pp

)
⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩

}
[S114]

which can be recast as

Lmn (k) =
〈
m (k)

∣∣L̂∣∣n (k)
〉

= −iℏN mn [S115]

where

N mn = 1
4
∑

p ̸=m,n

σpp
3

(
1

[σ3Ek]mm − [σ3Ek]pp

+ 1
[σ3Ek]nn − [σ3Ek]pp

)
×

× ⟨m (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩ . [S116]
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The intra-band magnon orbital angular moment is given by:

Lnn (k) = −iℏN nn [S117]

where
N nn = 1

2
∑
p̸=n

σpp
3
⟨n (k) |v̂k| p (k)⟩ × ⟨p (k) |v̂k|n (k)⟩

[σ3Ek]nn − [σ3Ek]pp

[S118]

thereby completing the derivation of Eq. (4), which shows the deep connections to the magnon Berry curvature in Eq. (2) in
the main text.

The connection between intra-band magnon orbital angular moment and Berry curvature offers a fascinating shortcut.
Much like Berry curvature, intra-band magnon orbital angular moment exhibits analogous behaviors under combined parity
time symmetry (CPTS) and effective time reversal symmetry (TRS) operations. In this context, CPTS imposes a constraint,
rendering the intra-band magnon orbital angular moment zero, while TRS introduces an intriguing peculiarity: the intra-band
magnon orbital angular moment becomes an odd function with respect to wavevector (13). This phenomenon is particularly
noteworthy in systems such as the 2D honeycomb antiferromagnetic structure with Néel order. Here, intra-band magnon
orbital angular moment can manifest even in the absence of Dzyaloshinskii-Moriya interaction, courtesy of the self-broken
CPTS arising from the lack of an inversion center [see Fig. S1(b)]. In contrast, the Zigzag pattern’s presence of CPTS due
to the existence of the inversion center Ic, as presented in Fig. S1(c), underscores the indispensability of DMI for observing
nonvanishing intra-band magnon orbital angular moment. Hence, we see that DMI is essential to the observation of nontrivial
intra-band magnon orbital angular moment in systems exhibiting Zigzag order.

The odd parity of intra-band magnon orbital angular moment with respect to the wavevector in 2D honeycomb systems
with Néel order results in zero contribution to electric polarization in the absence of DMI. Similarly, in the 2D honeycomb
antiferromagnetic structure with Zigzag order, the lack of DMI causes the intra-band magnon orbital angular moment to vanish,
thereby leading to zero intra-band magnon orbital angular moment induced electric polarization. Consequently, we see that
DMI plays a crucial role in enabling magnon OAM to contribute to electric polarization in 2D honeycomb AFMs with either
Néel or Zigzag magnetic configuration, as discussed in the main text.

In a continued analogy to Berry curvature, intra-band magnon orbital angular moment increases at anti-crossing points or
band extrema. This suggests that materials with enhanced hybridization between different bands would exhibit substantial
intra-band magnon orbital angular moment and magnon ONE, consequently resulting in a larger observable quantity such as
electric polarization.

Finally, the total magnon orbital angular moment tensor L, which encompasses both intra- and inter-band orbital angular
momentum, is expressed as

L (k) = −iℏN [S119]

where N is a rank 3 tensor whose components and elements are given by Eq. (S116). The expression Eq. (S119) serves
as the foundation for computing the magnon orbital Berry curvature, the magnon orbital Nernst current, and the magnon
induced electric polarization, as fully derived in the subsequent sections through the application of linear response theory and
perturbation theory.

S3. Magnon-induced electric polarization

A. Electric polarization induced by magnons in equilibrium: : A perturbation theory approach. In this section we provide a
comprehensive derivation of the formula used in the main text for electric polarization induced by motions of magnon wave
packet. This idea stems from the duality between electric and magnetic fields, offering a shortcut from electron-based mechanisms
to those involving magnons (14, 15). Notably, the orbital moment of electrons is known to contribute to magnetization (16–18).
Building upon this understanding, it is reasonable to anticipate that the orbital moment of magnons, along with their finite
magnetic dipoles, could similarly influence the electric polarization. This insight opens avenues for detecting the orbital angular
moment of magnons and exploring phenomena such as the Orbital Nernst effect of magnons, which are the focus of our study.

We now employ standard perturbation theory to derive the formula for the magnon-induced electric polarization discussed
in the main text. To do so, we suppose that the system is in the ground states and calculate the energy correction due to a
uniform electric field. We consider noninteracting magnons in which the grand-canonical partition function is given by

Ω = E − TS + µN [S120]

where E is the energy density, T is the temperature and S is the entropy of the system, µ is the chemical potential and N is
the total number of particles.

The electric polarization is given by
P = − 1

V

(
∂Ω
∂Ξ

)
T
. [S121]

Because the zero-temperature electric polarization

P̃ = − 1
V

(
∂E

∂Ξ

)
T

[S122]
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is related to the finite temperature electric polarization through the relationship

P̃ = ∂ (βP )
∂β

[S123]

where β = 1
kBT

, in the following we only compute P̃ and then infer P from relationship Eq. (S123). To derive the expression
for P̃ involving the quantum mechanical wavefunction and energy dispersion, we represent the relation Eq. (S122) as

δE =
∫
drδE (r) = −

∫
drP̃ (r) Ξ (r) [S124]

where
δE (r) = P̃ (r) Ξ (r) [S125]

is the local change of the energy induced by external electric field.
We start from the single-particle Hamiltonian:

Ĥ = Ĥ0 + V̂Ξ [S126]

where Ĥ0 is the unperturbed Hamiltonian that yields the band dispersion En,k and corresponding Bloch wave function
ψn,k (r) = ⟨r |ψn,k ⟩ = eik.run,k (r).

We will now calculate the perturbed electric potential energy of the magnons V̂Ξ. The local charge polarization induced by
a magnon wavepacket with velocity v carrying magnetic dipole moment m = gµBS is described by the following operator (15):

p̂ = v̂ × m̂− m̂× v̂

2V c2 [S127]

where V represents the volume of the system, and c is the speed of light in vacuum. Under an externally applied electric field
Ξ which is generally non-uniform, the perturbing electric potential energy of the magnon wave packet at position r associated
with this charge polarization is expressed as:

V̂Ξ = gµB

V 2c2

∫ r

0

(
v̂ × Ŝ − Ŝ × v̂

)
·Ξdr = gµB

V 2c2

∫ r

0

[
v̂ ·
(
Ŝ × êΞ

)
−
(
êΞ × Ŝ

)
· v̂
]

Ξdr [S128]

Here he have set the zero potential energy at the origin r = 0; êΞ is the unit vector along Ξ direction; v̂ = − i
ℏ

[
Ĥ, r̂

]
is the

velocity operator, Ŝ is the spin operator.
Assuming that the motion of a magnon wave packet is driven by a temperature gradient along the x-axis, we will now

calculate the electric polarization induced by magnon transport in the y-direction. In principle, one could evaluate the electric
polarization using standard quantum mechanical perturbation theory to calculate the energy correction from a uniform electric
field. However, this method encounters difficulties due to the nonlocal nature of the electric polarization operator with Bloch
wave functions. To circumvent this issue, we consider an external electric field along the y-direction with an infinitely slow
in-plane spatial variation given by:

Ξ = Ξ0 cos (qyy) ŷ [S129]

with qy being small. This leads to

Ŝ × êΞ = −Ŝzx̂ + Ŝxẑ [S130]

where x̂, ŷ and ẑ are, respectively, the unit vectors along the x-axis, y-axis and z-axis.
Since the external electric field varies slowly in space, the corrections due to changes in the wave function under this variation

are of a higher order and can be neglected. This allows us to obtain the perturbing potential of the magnon wave packet at
position y by inserting Eq. (S129) into Eq. (S128) which leads to

V̂Ξ = − gµBΞ0

WyV c2

[
x̂
(
v̂Ŝz + Ŝzv̂

)
− ẑ

(
v̂Ŝx + Ŝxv̂

)] ∫ y

0
cos (qyy) dy [S131]

= −gµBΞ0sin (qyy) x̂

qyWyV c2

(
v̂Ŝz + Ŝzv̂

)
+ gµBΞ0sin (qyy) ẑ

qyWyV c2

(
v̂Ŝx + Ŝxv̂

)
[S132]

= V̂
(1)

Ξ + V̂
(2)

Ξ [S133]

where

V̂
(1)

Ξ = −gµBΞ0sin (qyy) x̂

qyWyV c2

(
v̂Ŝz + Ŝzv̂

)
[S134]

V̂
(2)

Ξ = gµBΞ0sin (qyy) ẑ

qyWyV c2

(
v̂Ŝx + Ŝxv̂

)
[S135]

and Wy represent the length of the system along the y-direction.
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The grand-canonical ensemble energy density

E (r) =
∑
n,k

ρn,kσ
nn
3 Re

{
ψ∗

n,k (r) Ĥψn,k (r)
}

[S136]

where ρn,k = [eEn,k/kBT − 1]−1 is the Bose-Einstein distribution function that describes the occupation number of single
magnon states of band index n and momentum k. The variation in total energy δE up to the first order is given by

δE (r) =
∑
n,k

{
δρn,kσ

nn
3 ψ∗

n,k (r) Ĥ0ψn,k (r) + ρn,kσ
nn
3 ψ∗

n,k (r) V̂Ξψn,k (r)

+ ρn,kσ
nn
3
[
δψ∗

n,k (r) Ĥ0ψn,k (r) + ψ∗
n,k (r) Ĥ0δψn,k (r)

]}
. [S137]

The first two terms vanish so that

δE (r) =
∑
n,k

ρn,kσ
nn
3
[
δψ∗

n,k (r) Ĥ0ψn,k (r) + ψ∗
n,k (r) Ĥ0δψn,k (r)

]
. [S138]

in another words, only the change in the wave function will contribute to the electric polarization.
In the same spirit as Eq. (S94), one obtains

|δψn,k⟩ =
∑

p ̸=n,k′

σpp
3

〈
ψp,k′

∣∣δĤ∣∣ψn,k

〉
[σ3Ek]nn − [σ3Ek′ ]pp

|ψp,k′⟩+
∑

n,k′ ̸=k

σnn
3

〈
ψn,k′

∣∣δĤ∣∣ψn,k

〉
[σ3Ek]nn − [σ3Ek′ ]nn

|ψp,k′⟩

=
∑

p̸=n,k′

σpp
3

〈
ψp,k′

∣∣V̂Ξ
∣∣ψn,k

〉
[σ3Ek]nn − [σ3Ek′ ]pp

|ψp,k′⟩+
∑

n,k′ ̸=k

σnn
3

〈
ψn,k′

∣∣V̂Ξ
∣∣ψn,k

〉
[σ3Ek]nn − [σ3Ek′ ]nn

|ψp,k′⟩ . [S139]

The matrix elements of the perturbation V̂Ξ read:〈
ψp,k′

∣∣V̂Ξ
∣∣ψn,k

〉
= 1
V

∫
drψ∗

p,k′ (r) V̂Ξψn,k (r) = 1
V0

∫
drei(k+q−k′)ru∗

p,k′ (r) V̂Ξun,k (r)

= − gµBΞ0x̂

4iqyV 2Wyc2

∫
dr
[
ei(k+q−k′)r − e−i(k−q−k′)r

]
up,k′ (r)

(
v̂k′ σ3Ŝ

z + Ŝzσ3v̂k

)
un,k (r)− (x↔ z)

= − gµBΞ0x̂

4iqyV 2Wyc2

∫
dr
[
ei(k+q−k′)rup,k′ (r)

(
v̂k′ σ3Ŝ

z + Ŝzσ3v̂k

)
un,k (r)− (q → −q)

]
− (x↔ z)

= − gµBΞ0x̂

4iqyWyV c2

[
δk′,k+q

〈
up,k′

∣∣(v̂k′ σ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
− (q → −q)

]
− (x↔ z) [S140]

where we have used sin (qyy) = sin (qr) = eiqr−e−iqr

2i
with q = [0, qy, 0]T , i.e the wave vector q is along the y-direction and〈

up,k′
∣∣(v̂k′ σ3Ŝ

z + Ŝzσ3v̂k

)∣∣un,k

〉
= 1

V0

∫
dr up,k′ (r)

(
v̂k′ σ3Ŝ

z + Ŝzσ3v̂k

)
un,k (r). From this one obtains

∑
p ̸=n,k′

σpp
3

〈
ψp,k′

∣∣V̂Ξ
∣∣ψn,k

〉
[σ3Ek]nn − [σ3Ek′ ]pp

|ψp,k′⟩

= − gµBΞ0x̂

4iqyWyV c2

∑
p ̸=n,k′

σpp
3

[
δk′,k+q

〈
up,k′

∣∣(v̂k′ σ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek′ ]pp

|ψp,k′⟩ − (q → −q)

]
− (x↔ z)

= − gµBΞ0x̂

4iqyWyV c2

∑
p ̸=n

σpp
3

[〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

|ψp,k+q⟩ − (q → −q)

]
− (x↔ z) [S141]

Similarly, one gets∑
n,k′ ̸=k

σnn
3

〈
ψn,k′

∣∣V̂Ξ
∣∣ψn,k

〉
[σ3Ek]nn − [σ3Ek′ ]nn

|ψn,k′⟩

= − gµBΞ0x̂

4iqyWyV c2

∑
n

σnn
3

[〈
un,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]nn

|ψn,k+q⟩ − (q → −q)

]
− (x↔ z) [S142]

so that

|δψn,k⟩ = − gµBΞ0x̂

4iqyWyV c2

∑
p

σpp
3

[
|ψp,k+q⟩

〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

− (q → −q)

]
− (x↔ z) . [S143]
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The first order perturbation to the wave function now reads:

δψn,k (r) = ⟨r |δψn,k⟩ [S144]

= − gµBΞ0x̂

4iqyWyV c2

∑
p

σpp
3

[
⟨r |ψp,k+q⟩

〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

− (q → −q)

]
− (x↔ z)

= − gµBΞ0x̂

4iqyWyV c2

∑
p

σpp
3

[
ψp,k+q (r)

〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

− (q → −q)

]
− (x↔ z) . [S145]

The variation of total energy can now be given by

δE (r) [S146]

=− gµBΞ0x̂

4iqyWyV c2

∑
n,p,k

ρn,kσ
nn
3 σpp

3

[
ψ∗

n,k (r) Ĥ0ψp,k+q (r)
〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

− (q → −q)

]
+ c.c.− (x↔ z) [S147]

Because

ψ∗
n,k (r) Ĥ0ψp,k+q (r) = [σ3Ek]nn e

iq.ru∗
n,k (r) σ3up,k+q (r) , [S148]

one obtains

δE (r) = − gµBΞ0x̂

4iqyWyV c2

∑
n,p,k

ρn,kσ
nn
3 σpp

3

[
eiq.ru∗

n,k (r) σ3up,k+q (r)
{

[σ3Ek]nn

[σ3Ek]nn − [σ3Ek+q]pp

}
×

×
〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
− (q → −q)

]
+ c.c.− (x↔ z) [S149]

Using Eq. (S125), the zero-temperature total electric polarization is obtained from the Fourier component of the local energy
δE (r) taking the limit qy → 0:

P̃ = − 2
Ξ0V

lim
qy→0

∫
δE (r) cos (qyy) dr. [S150]

Inserting Eq. (S149) into Eq. (S150) and using 1
V0

∫
u∗

n,k (r) σ3up,k+q (r) dr = ⟨un,k |σ3|up,k+q⟩, which is r-independent, one
can do integration by parts

1
V

∫
cos (q.r) eiqr

[
u∗

n,k (r) σ3up,k+q (r)
]
dr

= cos (q.r) eiqr ⟨un,k |σ3|up,k+q⟩ −
∫
⟨un,k |σ3|up,k+q⟩ [q sin (qr) + iq cos (qr)] eiqrdr

= cos (q.r) eiqr ⟨un,k |σ3|up,k+q⟩ − ⟨un,k |σ3|up,k+q⟩
∫

[sin (qr) + i cos (qr)] eiqrd (qr)

= cos (q.r) eiqr ⟨un,k |σ3|up,k+q⟩ − iqr ⟨un,k |σ3|up,k+q⟩ [S151]

Because q is an infinitesimal vector,
eiqr ≈ 1 + iqr [S152]

and cos(qr) ≈ 1 leads to
1
V

∫
cos (q.r) eiqr

[
u∗

n,k (r) σ3up,k+q (r)
]
dr = ⟨un,k |σ3|up,k+q⟩ . [S153]

Therefore, the electric polarization reads

P̃y = − lim
qy→0

gµBx̂

2iqyWyV c2

∑
n,p,k

σnn
3 σpp

3 ρn,k [σ3Ek]nn×

×

{〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
⟨un,k|σ3 |up,k+q⟩

[σ3Ek]nn − [σ3Ek+q]pp

− (q → −q)

}
+ c.c.− (x↔ z)

= − lim
qy→0

gµBx̂

2iqyWyV c2

∑
n,p,k

(
[σ3Ek]nn ρn,k − [σ3Ek+q]pp ρp,k+q

)
σnn

3 σpp
3 ×

×

{〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

⟨un,k|σ3 |up,k+q⟩

}
+ c.c.− (x↔ z) [S154]
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Using ⟨un,k|σ3 |up,k⟩ = σnn
3 δp,n where δp,n here is the Kronecker delta function and implementing the limit in Eq. (S154), one

obtains for p ̸= n

P̃ (1)
y = − lim

qy→0

gµBx̂

2iqyWyV c2

∑
p̸=n,k

(
[σ3Ek]nn ρn,k − [σ3Ek+q]pp ρp,k+q

)
σnn

3 σpp
3 ×

×

{〈
up,k+q

∣∣(v̂k+qσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek+q]pp

⟨un,k|σ3 |up,k+q⟩

}
+ c.c.− (x↔ z) [S155]

= − gµBx̂

2iWyV c2

∑
p ̸=n,k

(
[σ3Ek]nn ρn,k − [σ3Ek]pp ρp,k

)
σnn

3 σpp
3 ×

×

{〈
up,k

∣∣(v̂kσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
[σ3Ek]nn − [σ3Ek]pp

⟨un,k|σ3
∣∣∂kyup,k

〉}
+ c.c.− (x↔ z) [S156]

= − iℏgµB

2WyV c2

∑
n ̸=p,k

σnn
3 σpp

3
(
[σ3Ek]nn ρn,k − [σ3Ek]pp ρp,k

)
×

×
〈
up,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k |v̂y|up,k⟩{

[σ3Ek]nn − [σ3Ek]pp

}2 + c.c.− (x↔ z) [S157]

= − gµB

ℏWyV c2

∑
n ̸=p,k

Im

(
2ℏ2σnn

3 σpp
3

〈
up,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k |v̂y|up,k⟩{

[σ3Ek]nn − [σ3Ek]pp

}2

)
[σ3Ek]nn ρn,k−

− (x↔ z) [S158]

where we have used
⟨un,k |v̂k|up,k⟩ = 1

ℏ
[
(σ3Ek)pp − (σ3Ek)nn

]
⟨un,k|σ3

∣∣∂kyup,k

〉
[S159]

Noting that ∑
p̸=n

Im

(
2ℏ2σnn

3 σpp
3

〈
up,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k |v̂y|up,k⟩{

[σ3Ek]nn − [σ3Ek]pp

}2

)
≡ ΩSz ,n

xy (k) [S160]

is the magnon spin Berry curvature of nth-band (13), therefore one obtains

P̃ (1)
y = − gµB

ℏWyV c2

∑
n,k

ΩSz ,n
xy (k) [σ3Ek]nn ρn,k − (x↔ z) [S161]

= − gµB

ℏWyV c2

∑
n,k

[
ΩSz ,n

xy (k)− ΩSx,n
zy (k)

]
[σ3Ek]nn ρn,k [S162]

For p ≡ n, one gets

P̃ (2)
y = − gµBx̂

2iWyV c2

∑
n,k

(
ρn,k + [σ3Ek]nn ρ

′
n,k

) [〈
∂kyun,k

∣∣(v̂kσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
〈
un,k

∣∣(∂ky v̂k

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+
〈
un,k

∣∣(v̂kσ3Ŝ
z + Ŝzσ3v̂k

)∣∣un,k

〉
⟨un,k|σ3

∣∣∂kyun,k

〉]
+ c.c.− (x↔ z) [S163]

= − gµB

WyV c2

∑
n,k

(
ρn,k + [σ3Ek]nn ρ

′
n,k

)
Im
[〈
∂kyun,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+
〈
un,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3

∣∣∂kyun,k

〉]
− (x↔ z) [S164]

At finite temperature, the electric polarization is given by:

Py = 1
β

∫
P̃ydβ = P (1)

y + P (2)
y [S165]

where

P (1)
y = 1

β

∫
P̃ (1)

y dβ [S166]

P (2)
y = 1

β

∫
P̃ (2)

y dβ [S167]
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After performing the integration, one obtains

P (1)
y = − gµB

ℏWyV c2

∑
n,k

[
ΩSz ,n

xy (k)− ΩSx,n
zy (k)

]
ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT [S168]

and

P (2)
y = − gµB

WyV c2

∑
n,k

ρn,kIm
[〈
∂kyun,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+
〈
un,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3

∣∣∂kyun,k

〉]
− (x↔ z) [S169]

Here, we have used the relation
d

dβ
[βρn,k] = ρn,k + [σ3Ek]nn ρ

′
n,k [S170]

along with the integral identity:∫
dx

ex − 1 = ln |ex − 1| − x = ln |ex − 1|+ ln
(
e−x
)

= ln
∣∣e−x − 1

∣∣ [S171]

where we have used the logarithmic identity ln(A.B) = ln(A) + ln(B) and set the integration constant to zero.
Eq. (S168) and Eq. (S169) provide a microscopic framework to compute the electric polarization induced by magnon

transport in both 3D and 2D magnetic materials. Eq. (S168) reveals the contribution of magnon spin current to the electric
polarization through the magnon spin Berry curvatures ΩSz ,n

xy (k) and ΩSx,n
zy (k) (13). Meanwhile, the P (2)

y term in Eq. (S169)
is difficult to analyze at this stage. However, one can infer that this term is related to the orbital angular moment of the
magnon, L̂ = 1

4 (r̂ × v − v̂ × r̂) defined in Eq. (S69). This is because ⟨∂kun,k| ≡ ⟨un,k| r, (r is the position operator) appears
in a multiplication with the velocity operator v̂k as shown in Eq. (S169).

For those reasons, we relabel the expressions Eq. (S168) and Eq. (S169) as follows:

P (S)
y = − gµB

ℏWyV c2

∑
n,k

[
ΩSz ,n

xy (k)− ΩSx,n
zy (k)

]
ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT [S172]

and

P (O)
y = − gµB

WyV c2

∑
n,k

ρn,kIm
[〈
∂kyun,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+
〈
un,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3

∣∣∂kyun,k

〉]
− (x↔ z) [S173]

These labels S and O indicate the contributions from the spin Berry curvature and orbital moment to the electric polarization,
respectively. Nevertheless, in principle, one can compute numerically the finite-temperature electric polarization Py = PS

y +PO
y

for general 2D or 3D systems by using the following relations:〈
∂kyun,k

∣∣ = iAy
n ⟨un,k|+

∑
q ̸=n

σqq
3

〈
un,k

∣∣∂ky Ĥ
0
k

∣∣uq,k

〉
[σ3Ek]nn − [σ3Ek]qq

⟨uq,k| [S174]

where Ay
n = iσnn

3
〈
un,k |σ3| ∂kyun,k

〉
.

Inserting Eq. (S174) to Eq. (S173), one obtains:

P (O)
y = − gµB

WyV c2

∑
n,k

ρn,kIm
[〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
∑
q ̸=n

σqq
3

〈
un,k

∣∣∂ky Ĥ
0
k

∣∣uq,k

〉
[σ3Ek]nn − [σ3Ek]qq

〈
uq,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+iAy
n

〈
un,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
σnn

3 +
〈
un,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3

∣∣∂kyun,k

〉]
− (x↔ z) [S175]

This leads to:

P (O)
y = − gµB

WyV c2

∑
n,k

ρn,kIm
[〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
∑
q ̸=n

σqq
3

〈
un,k

∣∣∂ky Ĥ
0
k

∣∣uq,k

〉
[σ3Ek]nn − [σ3Ek]qq

〈
uq,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

]
− (x↔ z) [S176]
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or

P (O)
y = − gµB

WyV c2

∑
n,k

ρn,kσ
nn
3 Im

[〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
+

+ 4
∑
q ̸=n

σqq
3

〈
un,k

∣∣∂ky Ĥ
0
k

∣∣uq,k

〉
[σ3Ek]nn − [σ3Ek]qq

〈
uq,k

∣∣∣ĵSz

x

∣∣∣un,k

〉]
− (x↔ z) [S177]

where
ĵSz

x = 1
4
(
v̂xσ3Ŝ

z + Ŝzσ3v̂x

)
[S178]

is the spin current operator. Eq. (S177) captures the contributions to the net electric polarization Py likely arising from both
inter-band and intra-band magnon orbital angular moment.

Given that our focus in this work is on 2D systems, we set vz = 0. Consequently, the contribution of the Sx term and thus
the V̂ (2)

Ξ in Eq. (S133) vanishes. This reduction simplifies Eq. (S172) and Eq. (S173) to

P (S)
y = − gµB

ℏWyV c2

∑
n,k

ΩSz ,n
xy (k) ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT [S179]

and

P (O)
y = − gµB

WyV c2

∑
n,k

ρn,kIm
[〈
∂kyun,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩+

+
〈
un,k

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+
〈
un,k

∣∣(v̂xσ3Ŝ
z + Ŝzσ3v̂x

)∣∣un,k

〉
⟨un,k|σ3

∣∣∂kyun,k

〉]
[S180]

Furthermore, in order to gain a deeper understanding of the physical implications of the magnon orbital moment on
polarization, we focus on scenarios where spin is conserved. This approach is valid in this work because the z-component of the
total spin should be a good quantum number under the DMI. This allows for simplification, reducing the complexity of relation
Eq. (S180) to:

PO
y = − 2gµB

WyV c2

∑
n,k

ρn,kσ
nn
3 Sz

nn Im
[〈
∂kyun,k |v̂x|un,k

〉
⟨un,k|σ3 |un,k⟩+

+ 1
2
〈
un,k

∣∣(∂ky v̂x

)∣∣un,k

〉
⟨un,k|σ3 |un,k⟩

+ ⟨un,k |v̂x|un,k⟩ ⟨un,k|σ3
∣∣∂kyun,k

〉]
[S181]

leads to

PO
y = − 2gµB

ℏWyV c2

∑
n,k

ρn,kσ
nn
3 Sz

nnIm
{〈
∂kyun,k

∣∣[(σ3Ek)nn σ3 − Ĥ0
k

]∣∣ ∂kxun,k

〉}
[S182]

Finally, one obtains

Py = PS
y + PO

y = − gµB

ℏWyV c2

∑
n,k

[
ΩSz ,n

xy (k) ln
∣∣∣∣e−

En,k
kB T − 1

∣∣∣∣ kBT + 2ℏσnn
3 Sz

nnL
z
nn (k) ρn,k

]
[S183]

where

Lz
nn (k) = 1

ℏ
Im
{〈
∂kyun,k

∣∣[(σ3Ek)nn σ3 − Ĥ0
k

]∣∣ ∂kxun,k

〉}
[S184]

≡ 1
ℏ
Im
{〈
∂kyn (k)

∣∣[(σ3Ek)nn σ3 − Ĥ0
k

]∣∣ ∂kxn (k)
〉}

[S185]

is the intra-band orbital angular moment of the magnon in the nth state as presented in Eq. (S83). Here we have used
un,k ≡ n (k).

PS
y = − gµB

ℏWyV c2

∑
n,k

ΩSz ,n
xy (k) ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT [S186]

and

PO
y = − 2gµB

WyV c2

∑
n,k

σnn
3 Sz

nnL
z
nn (k) ρn,k [S187]

thereby completing the derivation of Eq. (15) and Eq. (16) in the main text. The electric polarization induced by the motion of
the magnon wave packets has two distinct contributions:
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1. PS
y , arising from the spin current through the spin-Berry curvature ΩSz ,n

xy accounts for the accumulation of spin angular
momentum along y-direction due to, for example the magnon spin Nernst current carried by magnons under a temperature
gradient along the x-direction.

2. PO
y , which results from the intra-band orbital angular moment Lz

nn (k) of the magnons.

We note that our derivation presented in this part is based on perturbation theory within the thermodynamic limit, assuming
an infinite x-dimension and the system is not too far away from equilibrium. For the magnon Nernst effect, this condition
is satisfied when ∆xT ≪ T . The electric polarization Py in Eq. (S188) is the zeroth-order term in the expansion of electric
polarization in terms of the temperature gradient ∂xT

Py = P 0
y + P 1

y ∂xT + ... [S188]

The zeroth order P 0
y as given in Eq. (S188) is associated with the electric dipole moment, which depends on the temperature

T but is independent of ∂xT . The first-order term P 1
y ∂xT corresponds to the electric quadrupole moment and indicates the

induced electric polarization due to the temperature gradient ∂xT . In this work, for the sake of simplification, we focus on the
zeroth-order term and leave the contribution from higher-order terms for future investigation. However, we emphasise that the
higher-order term respects the system’s symmetry. This means that in the absence of DMI, the higher-order term must vanish
to ensure that the total net electric polarization is zero, as previously discussed.

(a) (b)

Fig. S3. The transverse voltage Vxy induced by the finite net electric polarization, along with its individual contributions from the orbital angular moment (V O
xy ) and spin Berry

curvature (V S
xy ), in MnPS3 (a) and NiPSe3 (b) as a function of the average temperature T . The calculations are carried out under an applied out-of-plane magnetic field of

Bz = 1 T.

B. Transverse voltage generated by finite net electric polarization. A finite net electric polarization induced by magnons gives
rise to a transverse voltage Vxy. Specifically, the electric field Ξy along the y-direction, generated by the finite net electric
polarization Py, is given by:

Ξy = Py

ε0χ
[S189]

where ε0 is the electric permittivity of free space and χ is the electric susceptibility. Therefore, the transverse voltage is given
by

Vxy = −
∫ Wy

0
Ξydy = gµB

ℏε0χc2V

∑
n,k

{[
ΩSz ,n

xy (k)− ΩSx,n
zy (k)

]
ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT

+ ℏσnn
3 Im

[〈
n (k)

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣n (k)

〉
+ 4
∑
q ̸=n

σqq
3

〈
n (k)

∣∣∂ky Ĥk

∣∣ q (k)
〉

[σ3Ek]nn − [σ3Ek]qq

〈
q (k)

∣∣∣ĵSz

x

∣∣∣n (k)
〉
− (x↔ z)

]
ρn,k

}
= V S

xy + V O
xy [S190]

where

ĵSz

x = v̂xσ3Ŝ
z + Ŝzσ3v̂x

4 ; [S191]

is the spin current operator;

V S
xy = gµB

ℏε0χc2V

∑
n,k

[
ΩSz ,n

xy (k)− ΩSx,n
zy (k)

]
ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT ; [S192]
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and

V O
xy = gµB

ε0χc2V

∑
n,k

σnn
3 Im

[〈
n (k)

∣∣(∂ky v̂x

)
σ3Ŝ

z
∣∣n (k)

〉
+ 4
∑
q ̸=n

σqq
3

〈
n (k)

∣∣∂ky Ĥk

∣∣ q (k)
〉

[σ3Ek]nn − [σ3Ek]qq

〈
q (k)

∣∣∣ĵSz

x

∣∣∣n (k)
〉
− (x↔ z)

]
ρn,k

[S193]
We note that while the electric polarizations Py directly depend on the width along y-direction of the sample, the resulting
transverse voltage Vxy does not. Indeed, when the k-point sampling is sufficiently dense, the discrete sum over momentum can
be replaced by a continuous integral according to

1
V

∑
k

→ 1
(2π)D

∫
dk. [S194]

where D is the dimension of the sample. As a result, the expressions on the right-hand side of Eq. (S168) and Eq. (S169)
decrease with the width Wy, whereas the transverse voltage in Eq. (S190) remains independent of Wy. We note that, in general,
both the electric polarization and the transverse voltage could exhibit a dependence on the sample size, since in small systems
the finite size of the sample may affect the band dispersion and the wavefunctions. Such size effects can modify quantities like
the spin Berry curvature and the orbital moment, leading to variations in the resulting polarization and voltage. However, in
this study, we assume that the system is sufficiently large such that finite-size effects on the band structure and wavefunctions
can be neglected.

Fig. S4. The spin Berry curvature as a function of in-plane wave vector (kx, ky). Calculations are performed with applied magnetic field for the left-handed magnon mode of
MnPS3 (a), which has Néel magnetic order, and NiPSe3 (b), which exhibits Zigzag magnetic order.

Furthermore, our analysis focuses on two-dimensional antiferromagnets: (i) collinear antiferromagnets on honeycomb lattices
and (ii) noncollinear antiferromagnets on Kagome lattices. The results presented here apply specifically to the monolayer
limit of these materials. In realistic experimental settings, however, multilayer samples are often used, which introduces
additional thickness dependence in both the electric polarization and the transverse voltage. For instance, in the case of 2D
honeycomb antiferromagnets such as those based on van der Waals materials with weak interlayer coupling, one may expect
an approximately linear dependence of the polarization and transverse voltage on sample thickness for multilayers with A–A
stacking. However, in thick samples, the emergence of out-of-plane temperature gradients may further influence the measured
signals, suggesting that the sample thickness should be carefully controlled to minimize such effects. In this regard, FePS3, a
2D antiferromagnet with Zigzag order known to exist in a stable monolayer form (19), emerges as a promising candidate for
experimentally exploring the phenomena proposed in this work.

For the 2D honeycomb antiferromagnet with well-defined spin alignment along the z-direction considered in this work, the
expression for the transverse voltage is given by:

Vxy = gµB

ℏε0χc2V

∑
n,k

[
ΩSz ,n

xy (k) ln
∣∣∣∣e−

En,k
kB T − 1

∣∣∣∣ kBT + ℏσnn
3 Sz

nnL
z
nn (k) ρn,k

]
[S195]

In Fig.S3, we present the transverse voltage Vxy as a function of average temperature T for MnPS3 in panel (a) and NiPSe3
in panel (b), along with the respective contributions from the orbital angular moment (V O

xy) and spin Berry curvature (V S
xy).

In NiPSe3, the orbital angular moment contribution dominates over the spin Berry curvature across the entire temperature
range. In contrast, for MnPS3, the spin Berry curvature is the dominant contributor at low temperatures. As the temperature
increases, the contribution from the orbital angular moment becomes more significant, and at T = 100K, the orbital angular
moment and spin Berry curvature contributions become comparable in magnitude. This behavior can be attributed to the
symmetry properties of the system. Specifically, at low temperatures, i.e T → 0, one finds that:

ρn,k = 1
eEn,k/kBT − 1

→ 0 when En,k > 0 [S196]
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ρn,k = 1
eEn,k/kBT − 1

→ −1 when En,k < 0 [S197]

Therefore, the second term in the square brackets of Eq. (S195) vanishes at low temperature when summing over all wave
vectors, provided that the correlation function ⟨LzSz⟩n = Sz

nnL
z
nn(k) is odd with respect to the wave vector k. This is indeed

the case for MnPS3, as shown in Fig.7(d) of the main text. As a result, the contribution from the orbital angular moment,
V O

xy, to the transverse voltage in MnPS3 vanishes at low temperature, as illustrated in Fig.S3(a). In contrast, the correlation
function in NiPSe3 is even with respect to k and therefore remains finite at low temperature, as evident from Fig.S3(b). On
the other hand, the contribution from the spin Berry curvature remains finite in both materials even as T → 0, because when
T → 0

ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT → ln (1) kBT ≡ 0 when En,k > 0 [S198]

ln

∣∣∣∣e−
En,k
kB T − 1

∣∣∣∣ kBT → ln

∣∣∣∣e−
En,k
kB T

∣∣∣∣ kBT ≡ −En,k when En,k < 0 [S199]

Therefore, although the spin Berry curvature in MnPS3 exhibits odd behavior with respect to the wave vector [see Fig. S4(a)], its
contribution to the transverse voltage remains finite due to En,k ̸= En,−k in the presence of Dzyaloshinskii–Moriya interaction.
In NiPSe3, the spin Berry curvature is even in k and also gives a finite contribution, as shown in Fig. S4(b).

Overall, the transverse voltage induced by magnon transport in MnPS3 is dominated by the spin Berry curvature contribution
at low temperatures, while at higher temperatures, both the spin Berry curvature and orbital angular moment contribute.
In contrast, NiPSe3 exhibits a dominant orbital angular moment contribution to the transverse voltage across the entire
temperature range considered here.

S4. Linear response theory of the magnon orbital Nernst effect

We now turn to the description of the linear response theory for magnon orbital transport discussed in the main text. In the
following, we shall elucidate the derivation of the continuity equation for magnon orbital angular moment density and introduce
the corresponding orbital angular moment current operator being used in the linear response theory to compute the magnon
orbital current in 2D collinear AFMs under a temperature gradient.

A. Orbital angular moment current operator. We start from the time evolution equation for the local angular moment density
Lα (r) = 1

2 Ψ† (r) L̂αΨ (r) (α = x, y, z), where the following commutators of the bosonic wavefunctions hold:

[
Ψ†

m (r) ,Ψn

(
r′)] = σmn

3 δr,r′ [S200][
Ψm (r) ,Ψn

(
r′)] = iσmn

2 δr,r′ [S201][
Ψ†

m (r) ,Ψ†
n

(
r′)] = −iσmn

2 δr,r′ [S202]

with σi (i = 1, 2, 3) Pauli matrices acting on particle-hole space. The Heisenberg equation of motion for the angular momentum
operator is then:

∂Lα (r)
∂t

= i
[
Ĥ, L̂α (r)

]
[S203]

where the total Hamiltonian can be expressed as H = 1
2

∫
drΨ̃† (r) ĤΨ̃ (r) with Ĥ =

∑
δ
Ĥδe

ip̂·δ, Tδ = eip̂·δ is the translation
operator that satisfies Tδf (r) = eip̂·δf (r) = f (r + δ), δ is the vector shift between unit cells, and Ψ̃ (r) =

(
1 + r.∇χ

2

)
Ψ (r) =

ξ (r) Ψ (r) with ∇χ the temperature gradient.
To simplify the notation, we adopt the Einstein summation convention in which repeated Roman indices imply summation

over the BdG field operator indices, which range from −N,−N + 1, ... − 1, 1, ..., N − 1, N . Additionally, we introduce the
notation CA,B = AB −BA = [A,B] representing the commutator of operators A and B and we set the Planck constant ℏ = 1.
With these conventions in place, the continuity equation can be expressed as follows

∂Lα (r)
∂t

= i
[
Ĥ, L̂α (r)

]
= i

[
1
2
∑

δ

∫
dr′Ψ̃† (r′) ĤδΨ̃

(
r′ + δ

)
,

1
2Ψ† (r) L̂αΨ (r)

]
[S204]

= − i4
∑

δ

∫
dr′ [Ψ†

n (r) L̂α
nn′ Ψn′ (r) Ψ̃†

m

(
r′) (Ĥδ

)
mk

Ψ̃k

(
r′ + δ

)
−Ψ̃†

m

(
r′) (Ĥδ

)
mk

Ψ̃k

(
r′ + δ

)
Ψ†

n (r) L̂α
nn′ Ψn′ (r)

]
[S205]

= − i2
∑

δ

{
Ψ†

n (r) L̂α
nn′σn′m

3
[
ξ (r) Ĥδξ (r + δ)

]
mk

Ψk (r + δ)

−Ψ†
m (r − δ)

[
ξ (r − δ) Ĥδξ (δ)

]
mk

σkn
3 L̂α

nn′ Ψn′ (r)
}
. [S206]
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Using
L̂αξ (r) = CL̂α,ξ(r) + ξ (r) L̂α [S207]

one has

∂Lα (r)
∂t

= − i2
∑

δ

[
Ψ̃† (r) L̂ασ3ĤδΨ̃ (r + δ)− Ψ̃† (r − δ) Ĥδσ3L̂

αΨ̃ (r)
]
−O1 [S208]

where
O1 = i

2
∑

δ

{
Ψ† (r)CL̂α,ξ(r)σ3Ĥδξ (r + δ) Ψ (r + δ) + Ψ† (r − δ) ξ (r − δ) Ĥδσ3CL̂α,ξ(r)Ψ (r)

}
. [S209]

Using the approximations Ψ̃ (r ± δ) = Ψ̃ (r)± δ ·∇Ψ̃ (r) and Ψ̃ (r) = Ψ̃ (r ± δ)∓ δ ·∇Ψ̃ (r ± δ), one gets:

− i

2
∑

δ

Ψ̃† (r) L̂ασ3ĤδΨ̃ (r + δ) = − i4
∑

δ

Ψ̃† (r) L̂ασ3ĤδΨ̃ (r + δ)− i

4
∑

δ

Ψ̃† (r) L̂ασ3ĤδΨ̃ (r + δ) [S210]

= − i4
∑

δ

[
Ψ̃† (r − δ) + δ ·∇Ψ̃† (r)

]
L̂ασ3ĤδΨ̃ (r + δ)− i

4
∑

δ

Ψ̃† (r) L̂ασ3Ĥδ

[
Ψ̃ (r) + δ ·∇Ψ̃ (r + δ)

]
[S211]

= − i4
∑

δ

[
δ ·∇Ψ̃† (r) L̂ασ3ĤδΨ̃ (r + δ) + Ψ̃† (r) L̂ασ3Ĥδδ ·∇Ψ̃ (r + δ)

]
[S212]

− i

4
∑

δ

[
Ψ̃† (r − δ) L̂ασ3ĤδΨ̃ (r + δ) + Ψ̃† (r) L̂ασ3ĤδΨ̃ (r)

]
[S213]

= − i4
∑

δ

δ ·∇
[
Ψ̃† (r) L̂ασ3ĤδΨ̃ (r + δ)

]
− i

2
∑

δ

Ψ̃† (r) L̂ασ3ĤδΨ̃ (r)

+ i

4
∑

δ

Ψ̃† (r)CL̂α,T−δ
σ3Ĥδe

ip̂·δΨ̃ (r) [S214]

= −∇1
4
[
Ψ̃† (r) L̂ασ3v̂Ψ̃ (r)

]
− i

2
∑

δ

Ψ̃† (r) L̂ασ3ĤδΨ̃ (r) + i

4
∑

δ

Ψ̃† (r)CL̂α,T−δ
eip̂·δσ3ĤδΨ̃ (r) [S215]

where v̂ = i
[
Ĥ, r̂

]
= i
∑

δ
δ · Ĥδe

ip̂δ is the velocity operator. Similarly:

i

2
∑

δ

Ψ̃† (r − δ) Ĥδσ3L̂
αΨ̃ (r) = i

4
∑

δ

Ψ̃† (r − δ) Ĥδσ3L̂
αΨ̃ (r) + i

4
∑

δ

Ψ̃† (r − δ) Ĥδσ3L̂
αΨ̃ (r) [S216]

= i

4
∑

δ

[
Ψ̃† (r)− δ ·∇Ψ̃† (r − δ)

]
Ĥδσ3L̂

αΨ̃ (r) + i

4
∑

δ

Ψ̃† (r − δ) Ĥδσ3L̂
α
[
Ψ̃ (r + δ)− δ ·∇Ψ̃ (r)

]
[S217]

= − i4
∑

δ

[
δ ·∇Ψ̃† (r − δ) Ĥδσ3L̂

αΨ̃ (r) + Ψ̃† (r − δ) Ĥδσ3L̂
αδ ·∇Ψ̃ (r)

]
[S218]

+ i

4
[
Ψ̃† (r) Ĥδσ3L̂

αΨ̃ (r) + Ψ̃† (r − δ) Ĥδσ3L̂
αΨ̃ (r + δ)

]
[S219]

= − i4
∑

δ

δ ·∇
[
Ψ̃† (r − δ) Ĥδσ3L̂

αΨ̃ (r)
]

+ i

2Ψ̃† (r) Ĥδσ3L̂
αΨ̃ (r)− i

4
∑

δ

Ψ̃† (r) Ĥδσ3CL̂α,T−δ
eip̂·δΨ̃ (r) [S220]

= −∇1
4
[
Ψ̃† (r) v̂σ3L̂

αΨ̃ (r)
]

+ i

2Ψ̃† (r) Ĥδσ3L̂
αΨ̃ (r)− i

4
∑

δ

Ψ̃† (r) Ĥδσ3CL̂α,T−δ
eip̂·δΨ̃ (r) . [S221]

Consequently

∂Lα (r)
∂t

= −∇

[
Ψ̃† (r)

(
L̂ασ3v̂ + v̂σ3L̂

α
)

4 Ψ̃ (r)

]
− 1

2Ψ̃† (r)
(
L̂ασ3Ĥδ − Ĥδσ3L̂

α
)

Ψ̃ (r) +O1 +O2

= −∇jLα

+ SLα

[S222]

where
O2 = i

4
∑

δ

Ψ̃† (r)CL̂α,T−δ
eip̂·δσ3ĤδΨ̃ (r)− i

4
∑

δ

Ψ̃† (r) Ĥδσ3CL̂α,T−δ
eip̂·δΨ̃ (r) [S223]

and

SLα

= −1
2Ψ̃† (r)

(
L̂ασ3Ĥδ − Ĥδσ3L̂

α
)

Ψ̃ (r) +O1 +O2 [S224]

Q. To, F. Garcia-Gaitan, Y. Ren, J. Zide, B. Jungfleisch, J. Xiao, B. Nikolić, G. Bryant, M. Doty S23 of S36



is the orbital source density corresponding to the orbital torque density (20) and

jLα

= Ψ̃† (r)
(
L̂ασ3v̂ + v̂σ3L̂

α
)

4 Ψ̃ (r) [S225]

is the local orbital current density. The orbital angular moment current operator can be defined as ĵ
Lα

= 1
4

(
L̂ασ3v̂ + v̂σ3L̂

α
)
.

We note that in addition to the conventional source term − 1
2 Ψ̃† (r)

(
L̂ασ3Ĥδ − Ĥδσ3L̂

α
)

Ψ̃ (r), Eq. (S224) also incorporates
the terms O1 and O2 arising due to the nonzero commutator

[
L̂, r̂

]
̸= 0. This indicates that even in a scenario where

− 1
2 Ψ̃† (r)

(
L̂ασ3Ĥδ − Ĥδσ3L̂

α
)

Ψ̃ (r) = 0, the conservation of the orbital angular moment current is not guaranteed. Additional
considerations such as source density and magnon orbital torque are beyond the scope of this study. Instead, our focus will be
exclusively on the orbital current term. The inclusion of a source term will result in some dissipation; nevertheless, our findings
remain valid within the orbital relaxation time.

MnPS

NiPSe

T = 100 K

T = 100 K

(a) (b)

3

3

8

Fig. S5. The Orbital Nernst conductivity of MnPS3 (a) and NiPSe3 (b) as a function of externally applied magnetic field along z-direction Bz computed at fixed temperature
T = 100 K.

B. Responses of magnonic system to thermal gradient: Linear response theory. We are now deriving the expression describing
the response of the magnon orbital angular moment current to a temperature gradient within the linear response theory. In
this pursuit, we adopt the work of Matsumoto et al., in Ref. (12), Zyuzin et al., in Ref. (21), and Park et al., in Ref. (6) to
deal with the magnon orbital angular moment current. Our analysis involves a 2D magnon system exposed to a temperature
gradient, and the resulting orbital current can be represented as

jLα

(r) = Ψ̃† (r)
[
L̂ασ3v̂ + v̂σ3L̂

α

4

]
Ψ̃ (r) [S226]

where Ψ̃ (r) =
(
1 + r · ∇χ

2

)
Ψ (r) so that

jLα

(r) = Ψ† (r)
(

1 + r · ∇χ

2

)[
L̂ασ3v̂ + v̂σ3L̂

α

4

](
1 + r · ∇χ

2

)
Ψ (r) . [S227]

To linear order in the temperature gradient the Orbital angular moment current is decomposed as

jLα

(r) = jLα(0) (r) + jLα(1) (r) [S228]

where
jLα(0) (r) = Ψ† (r) L̂

ασ3v̂ + v̂σ3L̂
α

4 Ψ (r) [S229]

and
jLα(1) (r) = 1

2Ψ† (r)
[(

L̂ασ3v̂ + v̂σ3L̂
α

4

)
r̂ + r̂

(
L̂ασ3v̂ + v̂σ3L̂

α

4

)]
Ψ (r) ∇χ. [S230]

Defining JLα

=
∫
dr jLα

(r), one obtains 〈
JLα

〉
=
〈

JLα(0)
〉

neq
+
〈

JLα(1)
〉

eq
. [S231]

Employing the Kubo formula (22–24) we evaluate the first term〈
JLα(0)

µ

〉
neq

= − lim
ω→0

∂

∂ω

∫ β

0
dτeiωτ

〈
TτJ

Lα(0)
µ (τ) J(Q)

ν (0)
〉
∇νχ ≡ −Sµν∇νχ [S232]
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where

J (Q) = 1
4
∑

k

Ψ†
k

[
Ĥkσ3v̂k + v̂kσ3Ĥk

]
Ψk [S233]

and
JLα(0) = 1

4
∑

k

Ψ†
k

[
L̂ασ3v̂k + v̂kσ3L̂

α
]

Ψk. [S234]

Introducing the field operator for the energy eigenstates

Φk = TkΨk [S235]

one has

Sµν = 1
16 lim

ω→0

∂

∂ω

∫ β

0
dτeiωτ

∑
k,k′

〈
Φ†

k (τ)T †
k

(
L̂ασ3v̂k,µ + v̂k,µσ3L̂

α
)
TkΦk (τ) Φ†

k′ (0) ×

× T †
k′

(
Ĥk′ σ3v̂k′,ν + v̂k′,νσ3Ĥk′

)
Tk′ Φk′ (0)

〉
. [S236]

Using the identity 〈
Φ†

k,m (τ) Φk,n (τ) Φ†
k′,p (0) Φk′,q (0)

〉
=
〈
Φ†

k,m (τ) Φk,n (τ)
〉 〈

Φ†
k′,p (0) Φk′,q (0)

〉
+
〈
Φ†

k,m (τ) Φ†
k′,p (0)

〉
⟨Φk,n (τ) Φk′,q (0)⟩+

〈
Φ†

k,m (τ) Φk′,q (0)
〉 〈

Φk,n (τ) Φ†
k′,p (0)

〉
[S237]

the integral
∫ β

0 eiωτ
〈
Φ†

k,m (τ) Φk,n (τ)
〉 〈

Φ†
k′,p

(0) Φk′,q (0)
〉

= 0 because ω = 2nπ
β

and〈
Φ†

k,m (τ) Φ†
k′,p (0)

〉
= iδk,−k′σmp

2 ρ
[
(σ3Ek)mm

]
e(σ3Ek)mmτ [S238]

⟨Φk,n (τ) Φk′,q (0)⟩ = −iδk,−k′σnq
2 ρ
[
− (σ3Ek)nn

]
e−(σ3Ek)nnτ [S239]〈

Φ†
k,m (τ) Φk′,q (0)

〉
= δk,k′σmq

3 ρ
[
(σ3Ek)mm

]
e(σ3Ek)mmτ [S240]〈

Φk,n (τ) Φ†
k′,p (0)

〉
= −δk,k′σnp

3 ρ
[
(−σ3Ek)nn

]
e−(σ3Ek)nnτ [S241]

where ρ(x) = 1
eβx−1 is the Bose-Einstein distribution with β = kBT . We define

VLα

k = T †
k

[
L̂ασ3v̂k + v̂kσ3L̂

α
]
Tk, [S242]

Vk = T †
k v̂kTk, [S243]

which leads to

Sµν = 1
16 lim

ω→0

∂

∂ω

∫ β

0
dτeiωτ

∑
k,k′

[
VLα

k,µ

]
mn

[Ek′ σ3Vk′,ν + Vk′,νσ3Ek′ ]
pq

[
σmp

2 σnq
2 δk,−k′ − σmq

3 σnp
3 δk,k′

]
× ρ
[
(σ3Ek)mm

]
ρ
[
− (σ3Ek)nn

]
e[(σ3Ek)mm−(σ3Ek)nn]τ . [S244]

Using the integral

lim
ω→0

∂

∂ω

∫ β

0
dτe[iω+(σ3Ek)mm−(σ3Ek)nn]τ = lim

ω→0

∂

∂ω

eβ(σ3Ek)mm−β(σ3Ek)nn − 1
iω + (σ3Ek)mm − (σ3Ek)nn

= −i e
β(σ3Ek)mm−β(σ3Ek)nn − 1[
(σ3Ek)mm − (σ3Ek)nn

]2 [S245]

together with
ρ(x)− ρ(−y) = −ρ(x)ρ(−y)

(
eβx−βy − 1

)
[S246]

one obtains

Sµν = i

16
∑
k,k′

[
VLα

k,µ

]
mn

[Ek′ σ3Vk′,ν + Vk′,νσ3Ek′ ]
pq

[
σmp

2 σnq
2 δk,−k′ − σmq

3 σnp
3 δk,k′

]
×

×
ρ
[
(σ3Ek)mm

]
− ρ
[
(σ3Ek)nn

][
(σ3Ek)mm − (σ3Ek)nn

]2 [S247]

= − i8
∑

k

[
VLα

k,µ

]
mn

[
σ3
(
T †

k v̂k,νTkσ3Ek + Ekσ3T
†
k v̂k,νTk

)
σ3
]

nm

ρ
[
(σ3Ek)mm

]
− ρ
[
(σ3Ek)nn

][
(σ3Ek)mm − (σ3Ek)nn

]2 [S248]

= − i8
∑

k

⟨n (k) |L̂ασ3v̂k,µ + v̂k,µσ3L̂
α|m (k)⟩⟨m (k) |v̂k,ν |n (k)⟩×

×
(Enn

k σmm
3 + Emm

k σnn
3 )
{
ρ
[
(σ3Ek)mm

]
− ρ
[
(σ3Ek)nn

]}[
(σ3Ek)mm − (σ3Ek)nn

]2 . [S249]
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Consequently,

Sµν = − i8
∑

k

⟨n (k) |L̂ασ3v̂k,µ + v̂k,µσ3L̂
α|m (k)⟩⟨m (k) |v̂k,ν |n (k)⟩×

×
(Enn

k σmm
3 + Emm

k σnn
3 )
{
ρ
[
(σ3Ek)mm

]
− ρ
[
(σ3Ek)nn

]}[
(σ3Ek)mm − (σ3Ek)nn

]2 [S250]

In our next step we are going to evaluate 〈
J L̂α(1)

µ

〉
eq

= −Mµν∇νχ [S251]

by using the Smrcka and Streda method (12, 21, 25), where

Mµν = −1
8
∑

k

∫
dηρ (η)Tr

{
σ3
[(
L̂ασ3v̂µ,k + v̂µ,kσ3L̂

α
)
r̂ν + r̂ν

(
L̂ασ3v̂µ,k + v̂µ,kσ3L̂

α
)]
δ
(
η − σ3Ĥk

)}
. [S252]

We first define

ŵk = L̂ασ3v̂k, ûk = v̂kσ3L̂
α. [S253]

For the sake of simplicity, we temporarily omit the notation dependent on the wave vector k and will reintroduce it at the
conclusion of our discussion. We introduce

Aµν = i

2Tr
[

σ3ŵµ
dG+

dη
σ3v̂νδ

(
η − σ3Ĥ

)
− σ3ŵµδ

(
η − σ3Ĥ

)
σ3v̂ν

dG−

dη

]
[S254]

Bµν = i

2Tr
[
σ3ŵµG

+σ3v̂νδ
(
η − σ3Ĥ

)
− σ3ŵµδ

(
η − σ3Ĥ

)
σ3v̂νG

−] [S255]

where
G± = 1

η ± iϵ− σ3Ĥ
[S256]

is the Green’s function that satisfies:

iδ
(
η − σ3Ĥ

)
= − 1

2π
(
G+ −G−) , dG±

dη
= −

(
G±)2

, i
d

dη
δ
(
η − σ3Ĥ

)
= 1

2π

[(
G+)2 −

(
G−)2

]
[S257]

so that one has

dBµν

dη
= i

2Tr

[
σ3ŵµ

dG+

dη
σ3v̂νδ

(
η − σ3Ĥ

)
+ σ3ŵµG

+σ3v̂ν

dδ
(
η − σ3Ĥ

)
dη

[S258]

− σ3ŵµ

dδ
(
η − σ3Ĥ

)
dη

σ3v̂νG
− − σ3ŵµδ

(
η − σ3Ĥ

)
σ3v̂ν

dG−

dη

]
. [S259]

Consequently,

Aµν −
1
2
dBµν

dη
= i

4Tr

[
σ3ŵµ

dG+

dη
σ3v̂νδ

(
η − σ3Ĥ

)
− σ3ŵµG

+σ3v̂ν

dδ
(
η − σ3Ĥ

)
dη

+ σ3ŵµ

dδ
(
η − σ3Ĥ

)
dη

σ3v̂νG
− − σ3ŵµδ

(
η − σ3Ĥ

)
σ3v̂ν

dG−

dη

]
[S260]

= 1
8πTr

[
σ3ŵµ

(
G+)2

σ3v̂ν

(
G+ −G−)− σ3ŵµG

+σ3v̂ν

[(
G+)2 −

(
G−)2

]
+ σ3ŵµ

[(
G+)2 −

(
G−)2

]
σ3v̂νG

− − σ3ŵµ

(
G+ −G−)σ3v̂ν

(
G−)2

]
[S261]

= 1
8πTr

[
σ3ŵµ

(
G+)2

σ3v̂νG
+ + σ3ŵµG

−σ3v̂ν

(
G−)2 − σ3ŵµG

+σ3v̂ν

(
G+)2 − σ3ŵµ

(
G−)2

σ3v̂νG
−
]
. [S262]

Note that

v̂ = i
[
r̂,σ3

(
G±)−1

]
, ŵ = iσ3L̂

α
[
r̂,σ3

(
G±)−1

]
, û = i

[
r̂,σ3

(
G±)−1

]
σ3L̂

α. [S263]
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Using those relations, we obtain

Aµν −
1
2
dBµν

dη

= 1
8πTr

[
σ3ŵµ

(
G+)2

σ3v̂νG
+ + σ3ŵµG

−σ3v̂ν

(
G−)2 − σ3ŵµG

+σ3v̂ν

(
G+)2 − σ3ŵµ

(
G−)2

σ3v̂νG
−
]

[S264]

= i

8πTr
{

σ3ŵµ

(
G+)2

[(
G+)−1

r̂ν − r̂ν

(
G+)−1

]
G+ + σ3ŵµG

−
[(
G−)−1

r̂ν − r̂ν

(
G−)−1

] (
G−)2

−σ3ŵµG
+
[(
G+)−1

r̂ν − r̂ν

(
G+)−1

] (
G+)2 − σ3ŵµ

(
G−)2

[(
G−)−1

r̂ν − r̂ν

(
G−)−1

]
G−
}

[S265]

where we have used σ3σ3 ≡ I, the identity matrix. Finally, we arrive at

Aµν −
1
2
dBµν

dη

= i

8πTr
{

σ3ŵµ

[(
G+)2 −

(
G−)2

]
r̂ν + σ3ŵµr̂ν

[(
G+)2 −

(
G−)2

]
+ 2σ3ŵµ

[
G−r̂νG

− −G+r̂νG
+]} . [S266]

Considering the last term, one has

2σ3ŵµ

[
G−r̂νG

− −G+r̂νG
+] = 2σ3iσ3L̂

α
[
r̂µ,σ3

(
G±)−1

] [
G−r̂νG

− −G+r̂νG
+] [S267]

= 2iCĤ,L̂α r̂µδ
(
η − σ3Ĥ

)
r̂νG

+ + 2iCĤ,L̂α r̂µG
−r̂νδ

(
η − σ3Ĥ

)
[S268]

where CĤ,L̂α = σ3
[
Ĥ, L̂ασ3

]
. We note that for the models considered in this work both the exchange interaction and the

Dzyaloshinskii-Moriya interaction preserve the rotational symmetry about the z-axis. Consequently, CĤ,L̂z = σ3
[
Ĥ, L̂zσ3

]
= 0.

Generally, this particular term CĤ,L̂α can also be anticipated to be relatively small compared to the other terms in Eq. (S266).
For instance, in systems where magnon-phonon coupling is present, CĤ,L̂α scales with the magnon-phonon coupling strength,
which tends to be much smaller than the exchange interactions. Hence, it is reasonable to disregard this term in our analysis.
Consequently, our final result can be summarized as

Aµν −
1
2
dBµν

dη
=1

4Tr
[

σ3ŵµ
d

dη
δ
(
η − σ3Ĥ

)
r̂ν + σ3ŵµr̂ν

d

dη
δ
(
η − σ3Ĥ

)]
. [S269]

If we replace ŵ by û, we have

Ãµν −
1
2
dB̃µν

dη
=1

4Tr
[

σ3ûµ
d

dη
δ
(
η − σ3Ĥ

)
r̂ν + σ3ûµr̂ν

d

dη
δ
(
η − σ3Ĥ

)]
. [S270]

Note that for a bounded spectrum we have δ
[
±∞− (σ3E)nn

]
= 0 ∀ n leading to∫ +∞

−∞
dη

[
Aµν (η)− 1

2
dBµν (η)

dη

]
= 0,

∫ +∞

−∞
dη

[
Ãµν (η)− 1

2
dB̃µν (η)

dη

]
= 0. [S271]

Consequently,

Mµν = 1
2
∑

k

∫ +∞

−∞
dηρ (η)

∫ η

−∞
dη̃

[
Aµν (η̃)− 1

2
dBµν (η̃)

dη̃
+ Ãµν (η̃)− 1

2
dB̃µν (η̃)

dη̃

]
. [S272]

Using

Aµν (η̃)− 1
2
dBµν (η̃)

dη
= i

4Tr

[
σ3ŵµ

dG+

dη̃
σ3v̂νδ

(
η̃ − σ3Ĥ

)
− σ3ŵµG

+σ3v̂ν

dδ
(
η̃ − σ3Ĥ

)
dη̃

+ σ3ŵµ

dδ
(
η̃ − σ3Ĥ

)
dη̃

σ3v̂νG
− − σ3ŵµδ

(
η̃ − σ3Ĥ

)
σ3v̂ν

dG−

dη̃

]
[S273]

and

Ãµν (η̃)− 1
2
dB̃µν (η̃)

dη̃
= i

4Tr

[
σ3ûµ

dG+

dη̃
σ3v̂νδ

(
η̃ − σ3Ĥ

)
− σ3ûµG

+σ3v̂ν

dδ
(
η̃ − σ3Ĥ

)
dη̃

+ σ3ûµ

dδ
(
η̃ − σ3Ĥ

)
dη̃

σ3v̂νG
− − σ3ûµδ

(
η̃ − σ3Ĥ

)
σ3v̂ν

dG−

dη̃

]
[S274]
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along with relations Eq. (S257) we obtain

Mµν = i

4
∑

k

σnn
3 σmm

3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)nn − (σ3E)mm

]2

∫ (σ3E)mm

(σ3E)nn

dηρ (η)

+ i

8
∑

k

[⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩×

×
(σmm

3 Enn − σnn
3 Emm)

{
ρ
[
(σ3E)mm

]
+ ρ
[
(σ3E)nn

]}[
(σ3E)nn − (σ3E)mm

]2

]
. [S275]

Therefore, we have

Sµν +Mµν = i

4
∑

k

σnn
3 σmm

3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)nn − (σ3E)mm

]2

∫ (σ3E)mm

(σ3E)nn

dηρ (η)

+ i

4
∑

k

[
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩

σmm
3 Ennρ

[
(σ3E)nn

]
− σnn

3 Emmρ
[
(σ3E)mm

][
(σ3E)mm − (σ3E)nn

]2

]
[S276]

= i

4
∑

k

σnn
3 σmm

3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)nn − (σ3E)mm

]2

∫ (σ3E)mm

(σ3E)nn

dηρ (η)

+ i

4
∑

k

[
σnn

3 σmm
3 ⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩

σnn
3 Ennρ

[
(σ3E)nn

]
− σmm

3 Emmρ
[
(σ3E)mm

][
(σ3E)mm − (σ3E)nn

]2

]
[S277]

= i

4
∑

k

σnn
3 σmm

3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)nn − (σ3E)mm

]2

∫ (σ3E)mm

(σ3E)nn

dηρ (η)

− i

4
∑

k

[
σnn

3 σmm
3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)mm − (σ3E)nn

]2

∫ (σ3E)mm

(σ3E)nn

d [ηρ (η)]

]
[S278]

= − i4
∑

k

[
σnn

3 σmm
3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)mm − (σ3E)nn

]2

∫ (σ3E)mm

(σ3E)nn

ηd [ρ (η)]

]
[S279]

= i

4
∑

k

[
σnn

3 σmm
3
⟨n (k) |ŵk,µ + ûk,µ|m (k)⟩ ⟨m (k) |v̂ν |n (k)⟩[

(σ3E)mm − (σ3E)nn

]2

∫ (σ3E)nn

(σ3E)mm

ηd [ρ (η)]

]
[S280]

where we have used d [ηρ (η)] = ηd [ρ (η)] + dηρ (η). Finally, by restoring the sum over the repeated Roman indices and the
Planck constant ℏ we arrive at the following expression

Sµν +Mµν [S281]

= iℏ
4
∑

k

∑
m ̸=n

[
σnn

3 σmm
3

〈
n (k)

∣∣L̂ασ3v̂k,µ + v̂k,µσ3L̂
α
∣∣m (k)

〉
⟨m (k) |v̂ν |n (k)⟩[

(σ3Ek)mm − (σ3Ek)nn

]2

∫ (σ3Ek)nn

(σ3Ek)mm

ηd [ρ (η)]

]
. [S282]

Inserting the η = kBTζ and the Orbital angular moment current operator ĵLα

µ = 1
4

(
L̂ασ3v̂k,µ + v̂k,µσ3L̂

α
)
, we obtain the

Orbital Nernst conductivity λLα

µν = Sµν +Mµν

V T
:

λLα

µν = kB

ℏV

∑
k

∑
m ̸=n

[
iℏ2σnn

3 σmm
3

〈
n (k)

∣∣ĵLα

µ

∣∣m (k)
〉
⟨m (k) |v̂ν |n (k)⟩[

(σ3Ek)mm − (σ3Ek)nn

]2

∫ (σ3E)nn

(σ3E)mm

ζd [ρ (ζ)]

]
[S283]

= kB

ℏV

∑
k

∑
m ̸=n

iℏ2σnn
3 σmm

3

〈
n (k)

∣∣ĵLα

µ

∣∣m (k)
〉
⟨m (k) |v̂ν |n (k)⟩[

(σ3Ek)mm − (σ3Ek)nn

]2 [F (ρn)− F (ρm)] [S284]

= − kB

ℏV

∑
k

∑
m ̸=n

2ℏ2σnn
3 σmm

3 Im

[〈
n (k)

∣∣ĵLα

µ

∣∣m (k)
〉
⟨m (k) |v̂ν |n (k)⟩[

(σ3Ek)mm − (σ3Ek)nn

]2

]
F (ρn) , [S285]

which leads to

λLα

µν = kB

ℏV

∑
k

∑
n

ΩLα,n
µν (k)F (ρn) ≡ 2kB

ℏV

∑
k

N∑
n=1

ΩLα,n
µν (k)F (ρn) [S286]
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where ΩLα,n
µν (k) =

∑
m ̸=n

ΩLα,nm
µν (k) is the Orbital Berry curvature of the nth band,

ΩLα,nm
µν (k) = −2ℏ2σnn

3 σmm
3 Im

[〈
n (k)

∣∣ĵLα

µ

∣∣m (k)
〉
⟨m (k) |v̂ν |n (k)⟩[

(σ3Ek)mm − (σ3Ek)nn

]2

]
[S287]

is the projected Orbital Berry curvature of the nth band on the mth band, and

F (ρn) = (1 + ρn) ln (1 + ρn)− ρnln (ρn) , [S288]

Fig. S6. The projected Orbital Berry curvatures from 1st to 3rd band ΩLz,13
xy (k) (a,d), ΩLz,13

xy(1) (k) (b,e) and ΩLz,13
xy(2) (k) (c,f) for MnPS3 as a function of in-plane wave

vector (kx, ky) without (a-c) and with (d-f) the DMI. These calculations were performed with the externally applied magnetic field Bz = 1 T .

Overall, the Orbital transverse current of quasiparticle transport underlying the Orbital Nernst effect is computed as:

jLα

µ = −λLα

µν ∂νT [S289]

In Fig. S5, we present the computed orbital Nernst conductivity (ONC) of MnPS3 [Fig. S5(a)] and NiPSe3 [Fig. S5(b)] as
functions of the external magnetic field Bz, computed at a constant temperature of 100 K. We observe that the ONC behaves
as an even function of Bz for both Néel and Zigzag orders. Importantly, the ONC remains finite even without an applied
magnetic field, allowing for the probing of this effect in the absence of an external field. Moreover, the ONC for both Néel
and Zigzag orders exhibits only a slight dependence on the out-of-plane magnetic field Bz. This minimal impact results from
the magnetic field causing a splitting in the magnon bands corresponding to opposite spins, without inducing any coupling
between these distinct bands. Consequently, the weak response of the ONC to the magnetic field Bz arises solely from changes
in the magnon population ρn and hence the function F (ρn) in Eq. (S286), which are due to the shift in the magnon energy
band caused by the Zeeman interaction between local spins and external applied magnetic field akin to the behavior of electric
polarization under the applied magnetic field as discussed in the main text.

C. Orbital Berry curvature. It is worth emphasizing that our linear response theory, as presented here, and our utilization of the
Orbital angular moment representation within the Bloch states enable us to treat the intra-band and inter-band orbital angular
moment contributions to the orbital Nernst effect equally. In this section, we will distinguish between these two contributions
and derive the expression for the topological thermal magnon contribution to the ONE, as utilized in the main text. We begin
with the projected Orbital Berry curvature given by:

ΩLα,nm
µν (k) = −1

2ℏ
2σnn

3 σmm
3 Im

[〈
n (k)

∣∣L̂ασ3v̂µ + v̂µσ3L̂
α
∣∣m (k)

〉
⟨m (k) |v̂ν |n (k)⟩[

(σ3Ek)mm − (σ3Ek)nn

]2

]
. [S290]

Using the completeness relation ∑
l

σll
3 |l (k)⟩ ⟨l (k)|σ3 = I [S291]
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Fig. S7. The projected Orbital Berry curvatures from 1st to 3rd band ΩLz,13
xy (k) (a,d), ΩLz,13

xy(1) (k) (b,e) and ΩLz,13
xy(2) (k) (c,f) for NiPSe3 as a function of in-plane wave

vector (kx, ky) without (a-c) and with (d-f) the DMI. These calculations were performed with the externally applied magnetic field Bz = 1 T .

we have

⟨n(k)|
(
L̂ασ3v̂µ + v̂µσ3L̂

α
)
|m(k)⟩ [S292]

= ⟨n(k)|

(
L̂α
∑

l

σll
3 |l (k)⟩ ⟨l (k)|σ3σ3v̂µ + v̂µ

∑
q

σqq
3 |q (k)⟩ ⟨q (k)|σ3σ3L̂

α

)
|m(k)⟩ [S293]

= ⟨n(k)|

(
L̂α
∑

l

σll
3 |l (k)⟩ ⟨l (k)| v̂µ + v̂µ

∑
q

σqq
3 |q (k)⟩ ⟨q (k)| L̂α

)
|m(k)⟩ [S294]

=
∑

l

σll
3 ⟨n(k)|L̂α |l (k)⟩ ⟨l (k)| v̂µ|m(k)⟩+

∑
q

σqq
3 ⟨n(k)|v̂µ |q (k)⟩ ⟨q (k)| L̂α|m(k)⟩ [S295]

= [σnn
3 Lα

nn (k) + σmm
3 Lα

mm (k)] ⟨n(k)|v̂µ |m (k)⟩+
∑
l̸=n

σll
3 ⟨n(k)|L̂α |l (k)⟩ ⟨l (k)| v̂µ|m(k)⟩ [S296]

+
∑
q ̸=m

σqq
3 ⟨n(k)|v̂µ |q (k)⟩ ⟨q (k)| L̂α|m(k)⟩, [S297]

which leads to

ΩLα,nm
µν (k) = −1

2ℏ
2σnn

3 σmm
3 Im

{∑
l

[
σll

3 ⟨n(k)|L̂α |l (k)⟩ ⟨l (k)| v̂µ|m(k)⟩
]
⟨m(k)|v̂ν |n(k)⟩[

σnn
3 (Ek)nn − σmm

3 (Ek)mm

]2

}
[S298]

− 1
2ℏ

2σnn
3 σmm

3 Im

{∑
q

[
σqq

3 ⟨n(k)|v̂µ |q (k)⟩ ⟨q (k)| L̂α|m(k)⟩
]
⟨m(k)|v̂ν |n(k)⟩[

σnn
3 (Ek)nn − σmm

3 (Ek)mm

]2

}
[S299]

= −1
2ℏ

2σnn
3 σmm

3 [σnn
3 Lα

nn (k) + σmm
3 Lα

mm (k)] Im

{
⟨n (k)| v̂µ|m(k)⟨m(k)|v̂ν |n(k)⟩[
σnn

3 (Ek)nn − σmm
3 (Ek)mm

]2

}
[S300]

− 1
2ℏ

2σnn
3 σmm

3 Im

{∑
l ̸=n

[
σll

3 ⟨n(k)|L̂α |l (k)⟩ ⟨l (k)| v̂µ|m(k)⟩
]
⟨m(k)|v̂ν |n(k)⟩[

σnn
3 (Ek)nn − σmm

3 (Ek)mm

]2

}
[S301]

− 1
2ℏ

2σnn
3 σmm

3 Im

{∑
q ̸=m

[
σqq

3 ⟨n(k)|v̂µ |q (k)⟩ ⟨q (k)| L̂α|m(k)⟩
]
⟨m(k)|v̂ν |n(k)⟩[

σnn
3 (Ek)nn − σmm

3 (Ek)mm

]2

}
[S302]

= ΩLα,nm
µν(1) (k) + ΩLα,nm

µν(2) (k) [S303]
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where

ΩLα,nm
µν(1) (k) = −1

2ℏ
2σnn

3 σmm
3 [σnn

3 Lα
nn (k) + σmm

3 Lα
mm (k)] Im

{
⟨n (k)| v̂µ|m(k)⟨m(k)|v̂ν |n(k)⟩[
σnn

3 (Ek)nn − σmm
3 (Ek)mm

]2

}
[S304]

and

ΩLα,nm
µν(2) (k) = −1

2ℏ
2σnn

3 σmm
3 Im

{∑
l ̸=n

[
σll

3 ⟨n(k)|L̂α |l (k)⟩ ⟨l (k)| v̂µ|m(k)⟩
]
⟨m(k)|v̂ν |n(k)⟩[

σnn
3 (Ek)nn − σmm

3 (Ek)mm

]2

}
[S305]

− 1
2ℏ

2σnn
3 σmm

3 Im

{∑
q ̸=m

[
σqq

3 ⟨n(k)|v̂µ |q (k)⟩ ⟨q (k)| L̂α|m(k)⟩
]
⟨m(k)|v̂ν |n(k)⟩[

σnn
3 (Ek)nn − σmm

3 (Ek)mm

]2

}
. [S306]

Notice that

−2ℏ2σnn
3 σmm

3 Im

{
⟨n (k)| v̂µ|m(k)⟨m(k)|v̂ν |n(k)⟩[
σnn

3 (Ek)nn − σmm
3 (Ek)mm

]2

}
≡ Ωnm

µν (k) [S307]

is the projected Berry curvature of the nth band on the mth band as defined in Equation (6) in the main text. We can then
rewrite the first term as

ΩLα,nm
µν(1) (k) = 1

4 [σnn
3 Lα

nn (k) + σmm
3 Lα

mm (k)] Ωnm
µν (k) , [S308]

which leads to

ΩLα,n
µν(1) (k) =

∑
m ̸=n

ΩLα,nm
µν(1) (k) =

∑
m ̸=n

1
4 [σnn

3 Lα
nn (k) + σmm

3 Lα
mm (k)] Ωnm

µν (k) . [S309]

Consequently, the magnon orbital Nernst conductivity arising from the ΩLα,n
µν(1) (k) is

λLα

µν(1) = 2kB

ℏV

∑
k

N∑
n=1

ΩLα,n
µν(1) (k)F (ρn) = kB

2ℏV
∑

k

N∑
n=1

∑
m ̸=n

[σnn
3 Lα

nn (k) + σmm
3 Lα

mm (k)] Ωnm
µν (k)F (ρn). [S310]

Notably, the expression of ΩLα,n
µν(1) (k) represents the product of intra-band magnon orbital angular moment and Berry curvature.

Consequently, Eq. (S310) underscores the role of topological thermal magnon bands in inducing the Orbital Nernst effect,
specifically via the intra-band magnon OAM. On the other hand, the second term ΩLα,nm

µν(2) (k) captures the magnon Orbital
Nernst effect arising from inter-band magnon orbital angular moment.

We observe that both ΩLα,nm
µν(1) (k) and ΩLα,nm

µν(2) (k) depend on the inter-band current density and the energy spacing between
two subbands. Because there is no coupling between the two magnons with opposite spin in the systems we consider here,
the inter-band current between two-subbands with opposite spin vanishes. Consequently, only the projected orbital Berry
curvatures between bands of the same spin remains finite, originating in non-zero interband transitions that adhere to the spin
selection rules. Thus, the magnon orbital Nernst conductivities are predominantly influenced by the interband transitions
between two magnon subbands with the same spin. This accounts for the weak dependence of the magnon ONCs on the
externally applied magnetic field Bz for both MnPS3 and NiPSe3, as shown in Fig. S5: the changing magnetic field does not
affect the magnon wavefunction or change the energy spacing between two subbands of the same spin.

In Figs. S6 and S7 we plot the projected Orbital Berry curvatures of the 1st magnon subband onto the 3rd magnon
subband with the same spin up: ΩLz ,13

xy (k) (a,d), ΩLz ,13
xy(1) (k) (b,e) and ΩLz ,13

xy(2) (k) (c,f) for, respectively, MnPS3 (Fig. S6) and
NiPSe3 (Fig. S7) as a function of the in-plane wave vector (kx, ky) without (a-c) and with (d-f) the DMI. As shown in Fig. S6,
the Orbital Berry curvature of MnPS3 is primarily determined by the topological properties of the magnon bands through
the first term ΩLz ,13

xy(1) (k) because the second term ΩLz ,13
xy(2) (k) vanishes regardless of the presence of DMI. As discussed in the

main text, due to the symmetry of the Néel order, this first term ΩLz ,13
xy(1) (k) remains finite even without DMI because both

Berry curvature and the intra-band orbital angular moment of the Néel phase are finite regardless of the DMI. Additionally,
because the wavefunction is unaffected by DMI, the projected orbital Berry curvature ΩLz ,13

xy(1) (k) and hence ΩLz ,13
xy (k) remains

unchanged for MnPS3 when DMI is turned off. Consequently, the orbital Nernst conductivity of MnPS3 exhibits an extremely
weak dependence on DMI, as shown in Fig. S8(a). The relative difference between the black and pink curves shown in the inset
of Fig. S8(a) arises solely from changes in the function F (ρn) in Eq. (S310) due to the shift in magnon dispersion under the
DMI. Since the DMI in MnPS3 is very weak (see Table S1), the resulting difference is negligibly small. This is evident in the
inset of Fig. S8(a) where the relative difference between the black and pink curves is on the order of 10−7.

In contrast, for NiPSe3 in the absence of the DMI the projected Orbital Berry curvatures ΩLz ,13
xy(1) (k) vanish simply because of

the vanishing intra-band OAM of the magnon in the 2D honeycomb AFM with Zigzag order, as discussed previously. Therefore
the projected Berry curvatures ΩLz ,13

xy (k) are primarily determined by the ΩLz ,13
xy(2) (k). When the DMI is present, the ΩLz ,13

xy(1) (k)
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Fig. S8. The orbital Nernst conductivity of MnPS3 (a) and NiPSe3 (b) as a function of temperature at fixed applied magnetic field Bz = 1 T . The black and pink
colors indicate the results calculated with and without DMI, respectively. The insets show the relative difference between the black and pink data points, defined as

∆λ =
λLz

xy (D=D0)−λLz
xy (D=0)

λLz
xy (D=D0)

plotted as a function of temperature. The results indicate a negligible difference for MnPS3, while in NiPSe3, the ONC exhibits a weak

dependence on DMI.

becomes finite while the ΩLz ,13
xy(2) (k) remains unchanged. However, the magnitude of ΩLz ,13

xy(1) (k) is approximately three orders
smaller than that of ΩLz ,13

xy(2) (k), highlighting that the inter-band magnon OAM is the primary contributor to the magnon
Orbital Nernst effect. This observation also clarifies why the magnon orbital Nernst conductivity shows a weak dependence on
DMI, which is due to the combined effects of changes in the function F (ρn) caused by the shift in magnon dispersion and the
finiteness of ΩLz ,13

xy(1) (k) under the DMI, as shown in Fig. S8(b).
We conclude this section by illustrating the dependence of the orbital Nernst conductivity of both MnPS3 and NiPSe3 on

DMI strength, parameterized by the ratio D/D0 in Fig. S9.

S5. Symmetry and magnon spin current

We now analyze symmetry constraints on the magnon spin current in the 2D collinear honeycomb AFMs considered in this
work. Specifically, we consider the CSMxTa symmetry operation discussed in the main text. The total transverse spin current
carried by a magnon along the y-direction under the applied temperature gradient along the x-direction is given by

jSz

y = jSz↑
y − jSz↓

y = −λSz

xy ∂xT [S311]

where λSz

xy is the magon spin conductivity.
Under the CSMxTa symmetry operation, the temperature gradient changes only its sign:

[CSMxTa] ∂xT = −∂xT [S312]

while the magnon spin up and down current remain unchanged:

[CSMxTa] jSz↑
y → jSz↑

y [S313]

[CSMxTa] jSz↓
y → jSz↓

y [S314]

which leads to

[CSMxTa] jSz

y = [CSMxTa] jSz↑
y − [CSMxTa] jSz↓

y = jSz↑
y − jSz↓

y = jSz

y . [S315]

Because the 2D honecomb AFMs with Néel and Zigzag order both preserve CSMxTa symmetry in the absence of DMI, the
magnon spin conductivity is unchanged under this operation. Combining Eq. (S311), Eq. (S312) and Eq. (S315), one obtains

−λSz

xy ∂xT = λSz

xy ∂xT. [S316]

Consequently, the magnon spin conductivity must vanish, i.e. λSz

xy = 0, under the CSMxTa symmetry constraint because ∂xT is
finite. In other words, there is no transverse spin polarized current carried by magnons in the 2D honeycomb AFMs considered
in this work in the absence of DMI regardless of the externally applied magnetic field.

We note that the orbital current remains finite regardless of DMI as discussed in the main text. This suggests that the
orbital Nernst effect of magnons is a more universal phenomenon than the magnon spin Nernst effect. Furthermore, a finite
transverse spin current carried by magnons under a temperature gradient in the 2D honeycomb antiferromagnets considered
here must be identical to the spin current resulting from the spin Nernst effect. This finite spin current arises due to the broken
CSMxTa symmetry discussed above, caused by interactions such as the Dzyaloshinskii-Moriya interaction or magnon-phonon
coupling that resemble spin-orbit coupling (SOC) in that they couple the spin and orbital angular moment of magnons. In this
context, the magnon spin current resulting from the SNE may be viewed as a conversion of orbital current into spin current.
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Fig. S9. The ONC of MnPS3 (Figure a) and NiPSe3 (Figure b) varies as a function of the Dzyaloshinskii-Moriya interaction strength, parameterized by the ratio D/D0. Here
D0 represents the baseline DMI strength for each material. These calculations were conducted under a constant applied magnetic field of Bz = 1 T and temperature of 100
K.

S6. Spin, Orbital and local charge polarization accumulations induced by the magnon Nernst effects

The magnon Nernst effects lead to the accumulation of orbital, spin moments and local charge polarization at the boundaries
of finite systems. In this section, we present the formalism for calculating these accumulations at the system’s edges, resulting
from the magnon Nernst effects, without delving into detailed computations for specific systems, as that is beyond the scope of
this work. To achieve this, we assume the system is periodic along the direction of the temperature gradient but finite in the
perpendicular direction to ∇T . The accumulation of magnon spin and orbital moments under an applied temperature gradient
can be attributed to two distinct contributions: intrinsic and extrinsic.

A. Intrinsic Contribution: Kubo Formula. First, we focus on the intrinsic contributions to the spin and orbital density which
reads

⟨δMα (r)⟩in = ⟨Mα (r)⟩in
neq − ⟨M

α (r)⟩in
eq [S317]

Using the Kubo formula, we derive these intrinsic contributions to the spin and orbital densities as follows:

⟨δMα (r)⟩in = − lim
ω→0

∂

∂ω

∫ β

0
dτeiωτ

〈
TτMα (r, τ) JQ

ν (0)
〉
∇νχ [S318]

whereMα (r) ≡ Sα (r) , Lα (r) , pα (r) which are the α-component of spin, orbital angular moment and local charge polarization
of magnon wavepacket at position r respectively. For the finite size, r will become the index r for the unit cells along this
dimension which is denoted by y-direction in our consideration. By using the Fourier transformation, one obtains:

Mα (r) = 1
2
∑

k

Ψ†
kM

α
r Ψk [S319]

JQ = 1
4

∫
drΨ†

k

(
Ĥkσ3v̂k + v̂kσ3Ĥk

)
Ψk [S320]

where Mα
r represents the α component of spin

(
Ŝ
)
, orbital moment

[
L̂ = 1

4 (r̂ × v̂ − v̂ × r̂)
]

and local charge polarization
density

[
p̂ = gµB

2V0c2

(
v̂ × Ŝ − Ŝ × v̂

)]
operator of the rth strip.

In the same manner as the orbital moment current, after evaluating the Kubo terms, one obtains:

⟨δMα (r)⟩in = κin
ν (r)∇νT [S321]

where

κin
ν (r) = − i

2T
∑

k,m ̸=n

⟨n (k) |Mα
r |m (k)⟩⟨m (k) |v̂k,ν |n (k)⟩×

×
(Enn

k σmm
3 + Emm

k σnn
3 )
{
ρ
[
(σ3Ek)mm

]
− ρ
[
(σ3Ek)nn

]}[
(σ3Ek)mm − (σ3Ek)nn

]2 [S322]

where the superscript ’in’ denotes the intrinsic contribution.
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B. Extrinsic contribution: Boltzmann equation. We will now assess the extrinsic contribution to the spin, orbital moment and
and local charge polarization density using the Boltzmann equation. Under the relaxation time approximation, denoted by τ0
the Boltzmann equation is expressed as follows:

ρneq − ρeq

τ0
= −vν∇νT

∂ρeq

∂T
= −vν∇νT

E

kBT 2
eE/kBT

(eE/kBT − 1)2 [S323]

where ρeq =
(
eE/kBT − 1

)−1.
The spin and orbital moment density is given by

⟨δMα (r)⟩ex = 1
V
Mα (r) (ρneq − ρeq) = − 1

V
Mα (r) vν

τ0E

kBT 2
eE/kBT

(eE/kBT − 1)2∇νT [S324]

= κex
ν (r)∇νT [S325]

where V is the volume of the system.
By using the Fourier transformation, one obtains:

κex
ν (r) = − τ0

2V kBT 2

∑
k

2N∑
n=1

⟨n (k) |Mα
r |n (k)⟩⟨n (k) |v̂k,ν |n (k)⟩

(σ3Ek)nn e
(σ3Ek)nn/kBT(

e(σ3Ek)nn/kBT − 1
)2 [S326]

Eq. (S322) and Eq. (S326) establish a basic framework for calculating the accumulation of angular moment (both spin and
orbital) of magnons and and local charge polarization induced by magnons at the boundary of a finite system, incorporating
intrinsic and extrinsic contributions. An investigation of a finite system, however is beyond the scope of the present paper, and
we leave it for future exploration.

S7. Magnon-magnon interaction effects

The topological properties of the magnon bands hosted by 2D honeycomb AFMs, for example Berry curvature and Chern
number, are introduced in close analogy with electronic bands in the celebrated Haldane model (26). In both cases, one considers
noninteracting (i.e., infinitely long-lived) quasiparticles as described by the magnon Hamiltonian or Haldane Hamiltonian
containing only terms that are quadratic in bosonic or fermionic operators, respectively. Such a quadratic Hamiltonian for
magnons is generated by a linearized [i.e., truncated (2)] HP transformation. We employ the same tranformation [Eq. (S2)
and Eq. (S3)] with the belief that its success in describing ferromagnets at low temperatures will translate to honeycomb
AFMs—that is, conclusions made about the topology of noninteracting magnons produced by the linearized HP transformation
can carry over to the full spin Hamiltonian [Eq. (S1)].

−1 −0.5 0 0.5 1
qx/π

0

1

2

3

4

ω
(m

eV
)

Fig. S10. Spin structure factor for a brick ladder, corresponding to a single row of hexagons of the honeycomb lattice, which hosts quantum spins S = 1/2 interacting via
nearest-neighbor antiferromagnetic exchange interaction and next-nearest-neighbor DMI with Dij vector in Eq. (S1) that is not parallel to the staggered magnetization.

In this section we consider the possible consequences of magnon-magnon interactions. We stress that in the work reported in
the main manuscript and previous sections of the supplement we consider only DMI oriented strictly out-of-plane, which means
that it cannot introduce maganon-magnon interactions. Thus in this section we are considering a more general case in which
the DMI has an in-plane component in the full spin Hamiltonian that can lead to important magnon-magnon interaction effects,
even at zero temperature. The importance of such effects was revealed by recent perturbative analyses (27, 28) of the resulting
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nonquadratic terms in the bosonic Hamiltonian (e.g. those containing three bosonic operators). For example, such an effect can
lead to (28): spontaneous decay (29) of edge magnon modes; their hybridization with bulk magnons, thereby delocalizing them
away from the edge; and even hybridization of magnons at opposite edges, as mediated by bulk magnons. The three magnon
interactions can also lift spurious symmetries (30) present in the quadratic Hamiltonian, thereby making possible a nonzero
transport response (31) to applied thermal gradient that is absent when one considers only noninteracting magnons.

To illustrate the potential importance of magnon-magnon interactions, assume that the Dij vector has a component in the
x-direction, which means that the corresponding DMI contains a term∑

⟨⟨i,j⟩⟩

Dx
ij

2 (Ŝ+
i + Ŝ−

i )Ŝz
j − Ŝz

i (Ŝ+
j + Ŝ−

j ). [S327]

The presence of this term in the full spin Hamiltonian [Eq. (S1)] generates terms containing three bosonic operators when
the square root of the HP transformation is expanded (2) beyond the lowest order used in Eq. (S2) and Eq. (S3). To
understand the importance of these effects, here we employ nonperturbative calculations for the full spin Hamiltonian using
a time-dependent density matrix renormalization group algorithm for the spin structure factor (32), which we implement
via time-dependent variational principle (33, 34) calculations within the ITensor (35) package. For purposes of illustrating
the effects of magnon-magnon interactions, we use a honeycomb lattice composed of only one row of hexagons hosting an
antiferromagnetic nearest-neighbor exchange and next-nearest neighbor DMI. The spin structure factor for this system, which
is plotted in Fig. S10, reveals that the degeneracy of the bands of the quadratic Hamiltonian obtained from the linearized HP
transformation is lifted when the Dij vector has a component in the x-direction. In other words, the presence of maganon-
magnon interactions breaks the degeneracy of the bands. We stress, however, that our analysis in the main text and other
sections of the SI remains valid as long as the DMI vector remains parallel to the staggered magnetization Mstag = MA −MB .
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